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A previously developed average electron theory for the }-cycle multipacting mode of low-pressure, high 
frequency breakdown (secondary electron resonance) has been generalized and extended to higher order 
modes. A semitheoretical plot of breakdown voltage V vs the product of frequency times electrode separation 
{Xd using representative fitting parameters is given for the }- through 9/2-cycle modes. In addition to the 
customary }-cycle cutoff the theory predicts a modified cutoff in each of the mode transition regions. 
Breakdown data for internal metal electrodes at 2 microns pressure show the typical }-cycle cutoff at about 
100 Mc-cm/sec plus a newly observed }-cycle cutoff as indicated by a dip in the breakdown curve at about 
450 Mc-cm/sec. The }-cycle dip exhibits a strong dependence on electrode surface conditions. The theory is 
compared with multipacting breakdown data from several sources covering a wide range of conditions, 
including microwave breakdown at sufficiently low pressures. 


I. INTRODUCTION 


HE fundamental mode of the multipacting mecha- 

nism of low-pressure high-frequency gaseous 
breakdown, also known as the secondary electron reso- 
nance mechanism, is postulated on (a) $-cycle electron 
transit times between electrodes, and (b) electron 
multiplication by secondary electron emission at the 
electrode surfaces. Under appropriate dynamical condi- 
tions, multipacting is the dominant high-frequency 
breakdown mechanism when the electron mean free 
path exceeds the electrode separation. The possibility of 
higher order modes was first suggested and briefly in- 
vestigated by Farnsworth.! Gill and von Engel* discuss 
some of the theoretical aspects of the higher order 
multipacting modes. The most recent studies of the 
multipacting modes have been made by Krebs and 
Meerbach,’ and by Hoover and Smither.‘ Krebs and 


* Supported by the Bureau of Ordnance, U. S. Navy, through 
cooperation of the Applied Physics Laboratory of the Johns 
Hopkins University, Silver Spring, Maryland, and by the U. S. 
Atomic Energy Commission. 
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Meerbach limited their higher order mode study to 
theory. Hoover and Smither reported a set of breakdown 
voltages for a resonant cavity which was consistent with 
their formulation of the multiple mode theory. The 
theoretical work of Krebs and Meerbach and of Hoover 
and Smither has its ultimate portrayal in terms of the 
time phase angle of secondary electron emission, an 
internal parameter. Such a portrayal does not lend itself 
readily to comparison with experimental data. 

The purpose of this paper is to generalize and extend 
the theory of the fundamental and higher order multi- 
pacting modes, and to present experimental data which 
demonstrate newly observed features of these modes. 
The new portrayal of the theory in terms of the external 
parameters of applied frequency, electrode separation, 
and breakdown voltage makes possible the correlation 
of a wide range of multipacting data, including micro- 
wave breakdown. 

Il. THEORY 


The theory is based on the same postulates and as- 
sumptions as our previous formulation of the simple or 
average electron theory of the }3-cycle multipacting 
mode.® The }-cycle transit time, however, is extended to 
include the higher order modes of 3-, $-- - -cycle transit 


6 A. J. Hatch and H. B. Williams, J. Appl. Phys. 25, 417 (1954). 
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times. The permitted modes can be represented by 
transit times of (2n—1)x, where n=1, 2, 3--+ is the 
mode index. 

The basic equation of undamped motion for an elec- 
tron of mass m and charge e in a sinusoidal field of peak 
strength EZ and frequency f=w/2rz is 

mi=eE sinwt. (1) 
A first integration of (1) evaluated for the transit-time 
boundary conditions gives the arrival velocity at the 


opposite electrode as 


k /2eE 
+= —(—) cos¢, 
k—-1\m 


(2) 


where ¢ is the time phase angle at which secondary 
electrons are emitted, and k=v,/v is the assumed con- 
stant ratio of electron arrival velocity to emission 
velocity as first used by Gill and von Engel.’ A second 
integration of (1) evaluated for the resonance boundary 
conditions gives the multipacting breakdown voltage, 


4n*( fd)? 
V=———_.,, 
(e/m)®,, 


(3) 


>,= (4) 


k+1 
(—) 2n—1)e cosp+2 sing. 


The lower breakdown curve limiting phase angle ¢; is 
obtained by maximizing ®, with respect to ¢, yielding 


k—-1 2 
6:-tar ————-| (5) 
k+1 (2n—1)x 
A simple fitting procedure involving Eqs. (3), (4), and 
(5) leads to an evaluation of k, ¢:, and @., the latter 
representing the upper breakdown curve limiting phase 
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Fic. 1. Multiple mode multipacting theory, 4- through 9/2-cycle 
modes, n=1, 2, 3, 4, 5. 
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angle. Finally we can combine the expression for elec- 
tron arrival energy at an electrode, eW s= }mv/, with 
(2) and (3) to obtain 


(k—1), seWy\3 
k cosd ( 8m ) 
This equation is fitted to the cutoff portion of break- 
down data to evaluate Wy;, the electron arrival energy 
at an electrode for which the effective secondary emis- 

sion ratio 6= 1. 

Fitting this theory to most of the available data 
for }-cycle multipacting breakdown by the method 
outlined previously’ has yielded the following nomi- 
nal parameter ranges: 2.59 k<£4; +15°Co:<+20°; 
—60°< ¢,< —40°; 25 ev< Wr,< 100 ev. On the basis 
of these figures, one can select representative values of 
the fitting parameters which can be used to plot a 
representative set of breakdown curves. These repre- 
sentative values have been chosen as follows: k=3; 
¢:=17.7°, 6.1°, 3.7°, 2.6°, 2.0°, for the 3- through 
9/2-cycle modes, respectively ; ¢,.= —58°, independent 
of mode; and W+s,=50 ev. The small changes in ¢, for 
the various modes are a consequence of the theory which 
appears to have negligible physical significance.* In 
order to complete the simple theoretical description of 
multipacting breakdown, it is necessary to take into 
account the existence of an upper limiting Wy, above 
which the secondary emission ratio drops below 1. For 
most metals this value occurs in the nominal range of 
2000 to 10 000 ev; a representative value of 5000 ev is 
chosen. The assumption that k, ¢., Wri, and Wy, are 
independent of mode order, and can therefore be 
extrapolated from 4-cycle data to the higher order 
modes, is not completely warranted as will be illustrated 
by certain aspects of the data which follow. However, it 
is a plausible first approximation of the multiple-mode 
problem. If suitable data were available, the fitting 
parameters could be evaluated independently for each 
mode. The present data permit quasi-separate modal 
evaluation of only one fitting parameter, Ws/:. 

The multipacting modes in Fig. 1 have been plotted 
using these representative values of the fitting parame- 
ters. Each mode is represented as a completely bounded 
domain. There is a small separation between the 4- and 
3-cycle domains. For the higher order modes, however, 
overlapping of the domains is indicated, the extent of 
the overlap increasing with mode index. The }-cycle 
cutoff is absolute since for fd values less than about 80 
Mc-cm/sec (dependent on electrode surface conditions), 
it is impossible to obtain breakdown even with very 
large rf voltages. The 3-cycle cutoff as theoretically 


(6) 


*It can be shown that within the framework of the present 
theory there is actually a wide range of ¢: values instead of the 
single value used here. This range is several times as pat as the 
small modal changes. A more detailed discussion of this point 
(which is significant in the electron bunching characteristics of 
multipacting) is being prepared for publication. 
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predicted in the vicinity of 400 Mc-cm/sec, however, 
should be indicated only by a relatively small dip in the 
lower breakdown curve. The $-cycle cutoff at about 650 
Mc-cm/sec, and the succeeding higher mode cutoffs, if 
they exist, should be indicated by progressively less 
prominent dips. 


Ill. EXPERIMENTAL METHOD AND RESULTS 


The experimental! search for the higher order modes 
was made with the electrode assembly shown in Fig. 2. 
This is a demountable system with waxed glass-metal 
joints. The 33-inch diameter aluminum electrodes were 
machined with a clean dry tool. No liquid cleaning 
agents were used. Electrode separation was adjusted by 
means of the sliding plunger which passed through the 
O-ring seal. The usable electrode separation range 
was from about 1 cm to 5.3 cm. Frequencies of 70 and 
140 megacycles/sec were used. This combination of 
electrode separation and frequency provided an fd 
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Fic. 2. Breakdown tube with adjustable separation electrodes. 


range from 70 to 742 Mc-cm/sec. A double-diode rf 
voltmeter similar to the one described previously was 
used. Breakdown voltage measurements were accurate 
to within +5% and precise to within +2%. Electrode 
separation accuracy ranged from 1 to 5%, and frequency 
accuracy was 1%. The vacuum system included an oil 
diffusion pump and a dry ice trap. Breakdown was 
indicated by appearance of glow and sudden lowering of 
applied voltage. 

Observability of the }-cycle cutoff was found to be 
critically dependent on electrode surface conditions as 
controlled by outgassing procedure. A sequence of three 
runs was purposely programed to illustrate this de- 
pendence. The breakdown data are shown in Fig. 3. All 
data were taken at the same pressure, 2 microns Hg, in 
air. At this pressure, multipacting breakdown voltage is 
independent of gas pressure. In run No. 1 the electrodes 
had been partially outgassed by burning the discharge 
at 10 mm Hg for half an hour immediately before 
obtaining data. This procedure brings out a definite dip 
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Fic. 3. Multiple mode breakdown data compared with theoretical 


curves from Fig. 1. Pressure=2 microns Hg for all data. 


in breakdown data at about 380 Mc-cm/sec, approxi- 
mately at the 3-cycle theoretical cutoff for Ws,=50 ev. 
In run No. 2 the electrodes had been standing at 2 
microns pressure for 24 hours prior to obtaining data 
and were in an un-outgassed condition. Water vapor 
was the most likely electrode surface contaminant. 
There is no evidence of a 3-cycle cutoff in this run. In 
run No. 3 the electrodes were more thoroughly outgassed 
than in run No. 1 by doubling the outgassing time. The 
dip in run No. 3 at about 470 Mc-cm/sec is more 
prominent than in run No. 1 and corresponds to 3-cycle 
theoretical cutoff at about Wy,;=70 ev. Such a shift of 
cutoff to higher fd and Wy, with increased outgassing 
has been observed previously for the }-cycle mode and 
is consistent with the well-known reduction in secondary 
emission yield with progressive stages of outgassing. In 
run No. 3 the lower portion of the 4-cycle breakdown 
curve was explored down to }-cycle cutoff which oc- 
curred at 105 Mc-cm/sec.’ The lower end of this curve 
in the vicinity of cutoff fits the theoretical }-cycle cutoff 
for Wr,=50 ev. A confirmatory run through this entire 
fd range was then made immediately in the reverse 
direction. The data for the two directions, including the 
$-cycle cutoff dip, agreed within the over-all experi- 
mental precision of about 3%. Overlap of the 70 and 140 
Mc/sec data in run No. 3 is within experimental error 
limits. The fact that the $-cycle cutoff Wy, is 70 ev 
compared to 50 ev for }-cycle cutoff in run No. 3 indi- 
cates that electron losses in the $-cycle mode are greater 
than in the 3-cycle mode and must be compensated for 


7 The discrepancy between the theoretical and observed cutoff 
frequencies (80 and 105 Mc-cm/sec in this case) is due in part to 
oversimplifications in the simple theory and to variable electrode 
surface conditions. (See reference 5.) Another factor is that in this 
region multipacting can begin with currents too small to cause a 
visible glow or lowering of applied rf voltage. A multipacting cur- 
rent threshold curve has been observed to extend to fd values 
below the visible glow cutoff, closer to the theoretical cutoff. 
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Fic. 4. Comparison of various multipacting data with theory. 
Electron mean free path exceeds electrode separation for all 
data. 


by a higher secondary emission yield. This dependence 
of Wy, on mode order also illustrates the remarks in 
Sec. II regarding the validity of extrapolating }-cycle 
fitting parameters to the higher order modes. In this 
case we have assumed that k= 3 for all modes and that 
there is no mode overlapping, neither of these assump- 
tions necessarily representing the actual physical 
situation. 

None of the data in Fig. 3 indicates a $-cycle cutoff. 
This cutoff may be concealed by mode overlapping, or 
it may lie outside the fd range of the experiment. Recent 
measurements by Davis Philip at New }‘exico College 
of Agriculture and Mechanic Arts, using ...c apparatus 
of Fig. 2 with range extended to 1000 Mc-cm/sec, show 
small dips which are apparently (but not conclusively) 
due to $- and j-cycle cutoffs. These dips were not 
consistently reproducible, a feature not at all surprising 
in view of strong dependence of the }- and 3-cycle mode 
cutoffs on electrode surface conditions. 


IV. DISCUSSION OF RESULTS 


The experimental breakdown data exhibit two dis- 
tinct slopes. In run No. 2 the slope is approximately 1 
for all of the data. In runs No. 1 and No. 3 the slope 
changes just below the $-cycle cutoff. In the major por- 
tion of the 3-cycle mode data for runs 1 and 3, the slope 
is approximately 2 on the log-log plot, in accordance with 
the 3-cycle theory, V « (fd).? As the }-cycle cutoff is 
approached from the }-cycle side, however, the slope 
changes to approximately 1, V « (fd)!. The slope of both 
the first and third runs above the $-cycle cutoff is also 1. 
This unity slope is approximately the same as that of the 
envelope of the higher mode curves. Thus, the existence 
of unity slope appears to be associated with mode 
overlapping. A possible theoretical representation of 
mode overlapping can be obtained by eliminating the 
mode parameter ®, from Eqs. (3) and (6). This gives 
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the breakdown voltage as 


(k—1)4 /2W,\!8 
v= —— *(- ) Jew (7) 
k cosh \e/m 


This relation can also be obtained by eliminating v, 
from Eq. (2) and the energy relation eW s=4mv/. 
Equation (7) can be fitted to the slope 1 portion of the 
breakdown curves by letting the bracket be a constant, 
V=constX fd. In this case we obtain V=0.85 fd. Any 
determination of the internal parameters k, ¢, and W, 
within the brackets appears to be without significance. 


V. CORRELATION WITH OTHER DATA 


The generality of the multipacting variables V and fd 
makes possible the ready comparison of multipacting 
data covering a wide range of conditions. 

In Fig. 4 are plotted experimental multipacting break- 
down curves and data points selected from several 
sources along with a portion of the theoretical curves 
from Fig. 1. All data in this figure were taken at pres- 
sures sufficiently low to satisfy the electron mean free 
path requirement for multipacting. The Gutton curve 
for glass electrodes at 5-cm separation is from the 
original observations on multipacting.* We are unable to 
find any reason for the factor of 2 difference between 
the data of the Guttons and other multipacting data. 
The change in slope at about 300 Mc-cm/sec appears to 
indicate a transition from }-cycle mode operation to an 
overlapping }- and 3-cycle mode operation. The Gill and 
von Engel curves are also for glass electrodes at separa- 
tions of 3 and 6 cm. Their curves are higher than the 
representative theoretical curve in the cutoff region, a 
result which can be explained on the basis of the lower 
secondary emission yield for glass compared with 
metals. The two curves of the present authors are for 
metal electrodes. Included are run No. 3 of Fig. 3, and a 
partially closed breakdown curve for 3-cm electrode 
separation as previously reported (Fig. 4 of reference 5, 
partially overlapping run No. 3). 

The Hoover and Smither’s‘ data are of interest in that 
they represent multipacting in a heavy-particle rf linear 
accelerator rather than in a system designed especially 
for basic breakdown studies. Multipacting breakdown in 
this case was observed in a 50-Mc/sec re-entrant 
cylindrical copper-lined cavity. Breakdown occurred. at 
70 volts in a 2.54-cm gap, and at 1100, 2000, 3500, and 
10 000 volts in a 25.4-cm gap. The 70-volt value fits the 
3-cycle mode curve at 125 Mc-cm/sec; the succeeding 
voltages can be associated with the }-, $-, 3- and }-cycle 
modes, respectively, at 1250 Mc-cm/sec. The distinct- 
ness with which these modes were observed can be 
attributed to several factors. Among these were the 
inherent high sensitivity of their high-Q cavity to the 
load imposed by multipacting, the use of dc bias to 
eliminate unwanted modes, and the availability of rf 


8H. Gutton, Ann. phys. 13, 62 (1930). 
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power in the kilowatt range. All the above data are for TABLE I. Low-pressure extrapolation of microwave breakdown 
data showing multipacting characteristics (adapted from Herlin 


frequencies in the 10- to 140-Mc/sec range and for ang Brown®). 
electrode separations from 1 to 10 cm. ERIE SR _ eS 
Finally, the Herlin and Brown® data show that — pyectrode separation fa. Sebi Meeibieee Y. 
multipacting can be the dominant microwave break- _ seas Moca/ac tm vom vee 
down mechanism at pressures below the mean free path 0.0635 1800 
limit of the diffusion mechanism.” Their breakdown oo ron 
data for 3125 Mc/sec (Fig. 2 in reference 9) indicate that re . 
at a pressure of about 0.1 mm Hg in air the field strength 
vs pressure curves tend to level off to steady values. 
From Herlin and Brown’s curves we have determined 
these values as listed in column 3 of Table I. The 
electrode separations and corresponding fd values are 
listed in columns 1 and 2, respectively. The breakdown 
V values in peak volts in column 4 are obtained from 
column 1 and the rms £ values of column 3. The kinetic- 





® See reference 9. 


theory mean free path for electrons in air at this pressure 
is about 0.5 cm, longer than any of the electrode 
separations used. The V and fd values from this table 
are plotted in Fig. 4. The three points appear to 
correspond to 4-, $-, and }-cycle multipacting. The 
i aes ead 0 © ena Pk hee emergence of multipacting as the dominant mechanism 
S.C. Brown and A. D. MacDonald, Phys. Rev. 76, 1629 4¢ sufficiently low pressures is similarly evident in other 


(1949). microwave breakdown data. 
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Energy-Band Interpolation Scheme Based on a Pseudopotential 


James C. PHILLIPs 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 14, 1958) 


In this paper an interpolation scheme is developed that depends on only a few parameters. This is done 
by observing that the effective potential for electrons near the Fermi level can be split into two parts, the 
part due to the core, and the part due to the other valence electrons. It is assumed that for semiconductors 
the relative effect of the core is small, so that it can be replaced by an effective repulsive potential. In this 
way two-parameter pseudopotentials are constructed for diamond and Si that give good agreement with 
orthogonalized plane wave calculations and experiment at special points of the Brillouin zone, and also 
yield reasonable results for the bands at other points of the zone. A by-product of the calculations is the 
discovery of an error in the model for the valence bands of Si near the center of the zone proposed by 
Dresselhaus. A compromise model is proposed in good agreement with theory and experiment. Good results 
are obtained for Ge with a three-parameter pseudopotential. Finally, the many experimental facts that have 
been deduced about the band structures of Si and Ge are augmented by the results of the pseudopotential 
calculations to yield fairly accurate (6£<0.05 ry) sketches of the energy bands of these crystals along the 
[100] and [111] directions in the neighborhood of the energy gap. 


1. INTRODUCTION obtained. In addition, the E(k) curves are known! to 
be smooth functions of k, so that if one knew £;(k) at 
two symmetry points, one would be tempted to inter- 
polate between them, at least along the symmetry line 
connecting them. 

For these reasons Slater and Koster* proposed an 
interpolation scheme based on the tight-binding 
approximation. They pointed out that if the various 
overlap integrals occurring in the tight-binding formal- 
ism are regarded as disposable parameters, the matrix 
eiements of the secular equation will have, as a function 
of k, a simple analytic form. The parameters are then 
determined by fitting energy values determined by 
FESR SY cellular or orthogonalized plane wave treatments at 
1 Bouckaert, Smoluchowski, and Winger, Phys. Rev. 50, 58 symmetry points. While this viewpoint is appropriate 


(1936). | st ceiaselaell 
2 F, Herman, Phys. Rev. 88, 1210 (1952); 93, 1214 (1954). 3 J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 


HE complete determination of the electronic 

energy bands of a solid requires knowledge of the 
energy £ in the ith branch, for all 7 of interest, and for 
all wave vectors k of the Brillouin zone. In practice 
most calculations have determined /;(k) only for wave 
vectors k possessing a sufficiently high symmetry. In 
such cases group theory'” can be used to reduce the 
order of the secular equation. It has been found? that 
in semiconductors even the points of highest symmetry, 
such as k=O, require the solution of approximately 
10X10 secular equations. Thus a convergent solution 
at other points of the Brillouin zone is not easily 
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Fic. 1. A schematic diagram of the energy bands of a diamond- 
type lattice in the nearly-free-electron limit along the [100] 
direction. For the sake of clarity, the separations of the bracketed 
bands are greatly exaggerated. The notation used for the ir- 
reducible representations in this and the subsequent figures is 
that of Herring.® 


to d bands whose atomic functions have a small overlap, 
it is not appropriate, e.g., to the conduction bands of 
the group IV semiconductors. In this case the wave 
functions are more nearly like plane waves, and for 
this reason Allen‘ proposed an alternate interpolation 
scheme based on Herring’s orthogonalized plane-wave 
formalism.® Allen’s approach was similar to Slater and 
Koster’s with regard to core orbitals, but it introduced 
the first few Fourier coefficients of the crystal potential 
also as disposable parameters. The resulting number of 
parameters was about the same as Slater and Koster’s, 
and was susceptible to reduction by a simplified treat- 
ment of core orbitals. The method, however, still con- 
tained orthogonality terms whose k dependence com- 
plicated the form of the solution. 

For these reasons we were led to consider modifica- 
tions of the orthogonalized plane wave formalism that 
would convert it into a simple interpolation scheme. 
The basic ideas that dictated the formalism that was 
finally selected will now be discussed. 


2. GENERAL CONSIDERATIONS REGARDING 
INTERPOLATION SCHEMES 


Before exploring the orthogonalized plane wave 
formalism further with a view to using it as an inter- 
polation scheme, we find it convenient to consider the 
approximation of nearly free electrons. The results 
that would be obtained in this approximation for a 
diamond lattice along the [100] direction are shown 
schematically in Fig. 1.° In the free-electron approxi- 
mation (V=0) the various representations that are 


*L. C. Allen, Phys. Rev. 98, 993 (1955). 

5 C. Herring, Phys. Rev. 57, 1169 (1940). 

* The notation used for the various symmetry points is the 
same as that of reference 1. The notation for the various ir- 
reducible representations of the diamond lattice is the same as 
that of C. Herring, J. Franklin Inst. 233, 525 (1942). 
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grouped by brackets would be degenerate, as would a 
number of the energy curves along A. The first-order 
effect of V is to separate representations of different 
symmetry. In second order, representations of the same 
symmetry that happen to cross are separated, as is 
indicated by the dotted lines in Fig. 1. 

Thus when we seek to construct the actual energy 
bands when V is not small, two different kinds of 
results must be obtained: (1) We must obtain the 
quantitative order of the energy levels, and (2) we 
must obtain the shape of each band, as a function of k. 
The former result must presumably be obtained by 
detailed calculations at the symmetry points, while 
the latter results are to be obtained from the inter- 
polation scheme. Thus, it is not actually necessary 
that the interpolation scheme reproduce al! the term 
values that have been calculated. What is more de- 
sirable is that the scheme depend on a small number 
of parameters but reproduce a large number of term 
values approximately. If this is the case we may be 
satisfied concerning the physical validity of the method, 
and have considerable confidence in the band shapes it 
predicts. These shapes may then be used to interpolate 
between the term values obtained more accurately 
from other calculations, or from experiment. Indeed, 
if the interpolation scheme can be made to depend on 
a sufficiently small number of parameters, these may 
be determined directly from experiment, and the scheme 
then enables one to deduce other features of the band 
structure of interest. 

Another point to be emphasized in this connection 
is that even at symmetry points the term values that 
are obtained in detailed calculations may not be fully 
convergent. Thus exact agreement, obtained by using 
a large number of parameters, is not especially signifi- 
cant. Indeed, one desirable feature of the interpolation 
scheme is that it yield values in better agreement with 
experiment than those obtained from only partially 
convergent calculations. In this sense the scheme can 
provide a “bridge” between the results of experiment 
and calculations of band structure based on first 
principles. Since an increasingly detailed picture of 
various parts of the bands is being obtained experi- 
mentally, a simple scheme based on a few parameters 
that correlates the experimental information should be 
most welcome. As an example of this approach, in 
Sec. 5 a two-parameter model for Si is constructed 
that yields good agreement with eight experimental 
values ; similar results are also obtained for Ge in Sec. 6. 
Finally, in Sec. 7 these results are collected and the 
energy bands of both crystals are sketched with con- 
siderable accuracy in the [100] and [111] directions 
by slightly modifying the earlier results to bring them 
into complete agreement with experiment. 


3. A PS9EUDOPOTENTIAL INTERPOLATION SCHEME 


From the discussion of the last section it is clear 
that the best justification for an interpolation scheme 
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lies in the results that can be obtained from it. Never- 
theless, in this section we shall describe our scheme and 
present some physical arguments which suggest that it 
might be successful. In practice it turns out to be much 
more successful than the arguments would imply; 
thus, the arguments should be understood more nearly 
as an attempt to explain the results rather than to 
justify them. 

Our method is based on a pseudopotential, which is 
constructed in such a way that it includes the effects 
of the core. Thus, the lowest states of the pseudo- 
potential are the lowest states of the valence band, 
which we presume are well separated from the core 
levels. For the sake of simplicity we direct our attention 
now to semiconductors; the discussion would also 
apply to metals, if suitably modified. 

We now define our pseudopotential by demanding 
that it give a good fit for the energy bands of interest, 
which are the bands near the energy gap. The entire 
effect of the core, through orthogonality corrections as 
well as through its contributions to the crystal potential, 
is to be included in the pseudopotential. Moreover, in 
practice it proves necessary to truncate the Fourier 
expansions of eigenfunctions at a small number of 
plane waves. It is intended that the pseudopotential 
should include the effects of interactions with higher 
plane waves with the states of interest in an approxi- 
mate way. We now discuss the possibility of achieving 
these objectives. 

That core effects might be represented by a repulsive 
contribution to a pseudopotential was first recognized 
by Hellman,’ who applied the method to molecules? 
and metals.’ As Herring has observed,’ his approxi- 
mation can be justified formally by observing that the 
orthogonalization terms in the orthogonalized plane 
wave formalism’ have a repulsive character. The 
appearance of the expression (Z,;—£) in these terms 
causes no difficulty, since & can be approximated by 
any constant value chosen to fit the region of interest ; 
the error should be small since the core levels E,; are 
so far away from the region of interest. Symmetry 
effects (a valence electron in an s state such as T; 
experiences orthogonality corrections only from s levels 
in the core) can presumably be included approximately 
by using operators measuring the relative s, p, d,... 
character of the various plane waves. If one is concerned 
primarily with s and p functions and mixtures of them, 
the problem is considerably simplified. Moreover, the 
effect of truncation (which is discussed in more detail 
below) is to reduce the importance of the higher 
Fourier coefficients in the calculation. 

Since the core is small, we find it plausible that its 

7H. Hellmann, J. Chem. Phys. 3, 61 (1935); Acta Physicochim. 
U.R.S.S. 1, 913 (1935); Acta Physicochim. U.R.S.S. 4, 225 (1936). 

5H. Hellmann and W. Kassatotschkin, J. Chem. Phys. 4, 234 
(1936); Acta Physicochim. U.R.S.S. 5, 23 (i936, 

®C. Herring, Proceedings of the Conference on Photoconductivity, 


Atlantic City, 1954, edited by R. Breckenridge ef al. (John Wiley 
and Sons, Inc., New York, 1956), p. 81. 
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effect on the energy bands can be represented approxi- 
mately by a pseudopotential. It is less clear how the 
crystal potential itself is to be represented. The con- 
tributions of the core to the crystal potential can easily 
be included along with its repulsive effects. The difficult 
part is the contribution of the valence electrons. The 
latter part of the potential, however, may be expected 
to be slowly varying, so that only its first few Fourier 
coefficients should be appreciable. We may also take 
these as disposable parameters; thus, in the spirit of 
Ewald, we split the crystal potential into two parts, 
one of which is large only near the origin of physical 
space, the other large only near the origin of & space. 

Finally, we must consider the size of the secular 
determinants we shall solve, and the effect of limiting 
them (truncating) on the results. It was originally 
hoped that including all the states in the valence band 
and an equal breadth in energy in the conduction band 
would be sufficient. This did not prove to be the case; 
instead it was necessary to adopt the criterion that 
enough states were included so that each state of interest 
near the energy gap interacted with at least one higher 
state (of the same symmetry). 

Even in this case we shall presumably include con- 
siderably fewer states than have been included in the 
more accurate calculations at the symmetry points; 
this in fact was one of the original objectives. The 
question now arises, to which term values shall we fit 
our parameters? One might use the best values, 
obtained with as many states as possible, or one might 
fit to the results obtained using a realistic potential 
and the same number of states. Since different repre- 
sentations converge at different rates (especially the 
p states as compared to the s states; see Herman? and 
Woodruff’), this is a significant point. Our view is the 
following: if values have been obtained which appear 
to have converged reasonably well, these are the ones 
that should be used, even if they have been obtained 
by including more states than we use in the pseudo- 
potential calculation. The justification for this is that 
different rates of convergence appear to be due chiefly 
to different atomic symmetries, and we have already 
attempted to include such effects in our treatment of 
the repulsive effect of the core, so that it is consistent 
to extend the earlier treatment to this point as well. 

The introduction of a pseudopotential to represent 
the repulsive effect of the core can also be justified by 
a Thomas-Fermi treatment of the core. Thus Gombas'!! 
and his associates have independently given a semi- 
classical treatment that is in many respects parallel to 
that of Hellman. In particular Szepfalusy" has shown 
that the orthogonality terms can be replaced by a 
linear operator which has a semiclassical interpretation 
in the statistical theory as a repulsive potential. We 


1 T. O. Woodruff, Phys. Rev. 103, 1159 (1956). 

1 P, Gombids, Die Statistische Theorie des Atoms und Thre 
Anwendung (Springer-Verlag, Vienna, 1949), p. 150. 

2 C. Szepfalusy, Acta Phys. Acad. Sci. Hung. 5, 325 (1955). 
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are not concerned here in such detail with the core 
since the effect of truncating the secular equations is 
to reduce the importance of the core, and to introduce 
“nonphysical” contributions to the pseudopotential in 
order to compensate for the different rates of con- 
vergence of s and # states. It is sufficient for our pur- 
poses that an approximate treatment of the effects of 
the core can be given by the pseudopotential method. 


4. APPLICATION TO DIAMOND 


After this long discussion it may not be surprising 
that the pseudopotential to be used for group IV 
semiconductors is quite simple. From Herman’s table 
of the Fourier coefficients of the crystal potential of 
diamond’ it is seen that the valence electrons make an 
appreciable contribution only to Vi. (Their next 
largest contribution, to V 20, is some 20 times smaller.) 
Thus the remaining coefficients belong to the core, so 
that they should decrease gradually as a function of k. 
(This is actually the case, as may also be seen from 
Herman’s table.) For our purpose, it is sufficient to 
take the remaining coefficients equal to a single con- 
stant. This is a consistent procedure as long as we 
truncate the secular equation and restrict ourselves to 
a limited number of plane waves. It should be remarked 
that our parameters refer to the potential of a single 
atom. If there is more than one atom of the same kind 
per unit cell we introduce the usual form factor [see 
Eq. (4.3) below, which can be compared with Eqs. (3.7) 
and (3.8) of reference 2]. Finally the zero of energy is 
fixed by a suitable choice of V 900. 

Thus we obtain our energy bands from the following 
one-electron Hamiltonian : 


H=p?/2m+V,(r), (4.1) 


where V,(r) is the pseudopotential. Since V, is a local 
space potential, we have assumed that the effects of 
exchange and correlation can be approximated by the 
introduction of effective local exchange and correlation 
potentials. In practice this assumption is made for 
almost all band calculations. The pseudopotential can 
now he expanded in a Fourier series 
V,(r)=DVre™", (4.2) 
where our prescription for the Fourier coefficients is 
Veup= Vi cos[ 8"'(K,+K2+K3)a |, 
Ve=y cos[8“"(Ki+K2+K;)a], 
K+0, (111), 
where K denotes a reciprocal lattice vector, and (111) 
denotes any of the reciprocal lattice vectors of the form 
(42n/a,+24/0,+24/a). Thus we have introduced 


three disposable parameters: a, y, and V;. This is the 
form of pseudopotential used for diamond and silicon; 


V oo0=a, 


(4.3) 


BF, Herman, Ph.D. thesis, Columbia University, 1953 
(unpublished), p. 48. Available on microfilm through University 
Microfilms, University of Michigan, Ann Arbor, Michigan. 
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TABLE I. Comparison of term values for diamond obtained by 
Herman*> in an orthogonalized plane wave calculation with 
those obtained by the three-parameter interp ition scheme 


described in the text. Energies are measured in rydbergs, and 
the notation for the various representations is that of Herring.* 
Term levels near the energy gap are in boldface. 





Interpolation 
scheme 


—3.03 
—0.90 
—0.43 
0.02 
0.65 
0.73 


2.30 
—1.46 
—0.69 
1.16 
1.40 


—2.19 
—2.59 
—1.10 

-0.17 
—0.48 


Term Herman 





Tr, 
T'95°)) 
Ty5 
Ty 
Tyo) 
r,® 
X, 
X,) 
X, 
X; 
xX,” 


L,™ 
Ly 
Ly) 
Ly 


L,® 


® See reference 2. 
> See reference 11. 
© See reference 6. 


if necessary, it can be generalized by taking more of 
the lower Fourier coefficients as parameters. This is 
done for germanium, where our scheme requires four 
parameters. By contrast Slater and Koster’s scheme 
for diamond* used eleven parameters. 

The numerical values of the parameters that are 
required are determined by trial and error. More 
explicitly, one inspects the factored secular determin- 
ants at points of maximum symmetry until one can 
guess good starting parameters; these are then varied 
slowly until a “best” set has been obtained. Apparently 
for the cases we have studied this leads to an essentially 
unique set {a,Vi,y} for each crystal. Since there are 
many term values, all of which depend on many 
Fourier coefficients, the restriction to only a few 
parameters results in a substantial overdetermination 
of the problem. The foregoing physical arguments 
were presented to indicate that one might still expect 
to obtain approximate solutions; inspection of the 
secular equations supports this view since it shows that 
the interband matrix elements between the lowest 
conduction and highest valence bands, which are the 
most important ones in determining the variation of E 
with k near the energy gap, depend primarily on the 
first few Fourier coefficients. 

We discuss the results for diamond first. They were 
obtained for a= — 2.72 ry, Vi= —0.50 ry, and y=+0.17 
ry. The results for various symmetry points are pre- 
sented in Table I, which also lists Herman’s best 
(most convergent) results. Our results in general were 
obtained using about 27 plane waves, which led to at 
most third-order secular equations at I’ (k=0) and at 
most sixth-order equations along A [k= (k00)]. 
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Herman used as many as 146 plane waves at I’, and his 
largest secular equation was of order 16. He used fewer 
waves at X [k=2ra—(100)] and L [k=za~"(111) ], so 
that the correct term values at those points should be 
lower than the ones he lists. Also his L; and Ly term 
values are probably in error due to a mistake in con- 
structing the factored secular determinants for these 
representations. 

Our pseudopotential has been constructed to yield 
optimal term values near the energy gap, and it is 
indeed these values, which are in boldface in Table I, 
that are of the greatest interest. The basic limitations 
of our scheme can be best evaluated, however, by 
considering the errors in the pseudopotential values for 
r,, ¥,@, and L,™. The errors in these terms, while 
fairly large, are not sufficient to disturb band shapes 
near the energy gaps, as can be easily seen from per- 
turbation theory. On the other hand, when one realizes 
that these term values differ mainly from the ones near 
the energy gap by kinetic energy terms it is clear that 
the pseudopotential correction to the free-electron 
values is several times that which is obtained by 
Herman, and so grossly in error (but not, it is to be 
emphasized, in a way that will spoil band shapes near 
the energy gap). The reason the pseudopotential yields 
poor values is that I," corresponds to an atomic 1s 
state, instead of to an atomic 2s state as it should.™ 
To have treated these states correctly would have 
required more parameters and orthogonalization to the 
1s level, and would very probably not have materially 
improved band shapes near the energy gap. 

We now consider the pseudopotential results for 
this region in detail. From the table we see that the 
pseudopotential scheme yields term values that are in 
the right order not only at the center of the zone, but 
also at the edge points X and L. Moreover, the numeri- 
cal agreement is qualitatively excellent at I, X, and L, 
and indeed the discrepancies, especially at X and L, are 
well within the limits of error due to inadequate con- 
vergence at those points. More convergent solutions 
would probably improve the agreement between the 
two sets of results. 

More interesting are the results obtained along the 
symmetry line A connecting I and X. These are shown 
in Fig. 2. Term values were calculated at intervals 
Ak=0.1(27a~"')(1,0,0).  Sixth-order equations were 
solved for A;, Az, and As, which means that only 24 
plane waves were used for each value of k. At each k 
the lowest six symmetry types were used, and thus a 
discontinuous truncation is made for each type as one 
passes from I to X. (The values of k at which these 
truncations were made are the same as those shown in 
Fig. 5 by doubled arrows.) These discontinuities 
produced discontinuities in the term values near the 
energy gap of order 0.05 ry, and in accordance with 


“Tam grateful to Dr. F. Herman for bringing this point to 
my attention. 
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Fic. 2. The energy bands of diamond along the [100] direction, 
as calculated by using the interpolation scheme described in the 
text 


the variational principle, at each discontinuity a smooth 
curve was drawn lying somewhat lower than the 
calculated points. 

From the figure several conclusions can be drawn. 
The minimum in the conduction band may well occur 
in the [100] direction, as suggested by Herman,® and 
for k~0.85(2ra~') (1,0,0). The vertical energy gap at 
I is 6 ev, but the indirect gap is 2.5 ev. Measure- 
ments:'® of the ultraviolet absorption show that the 
indirect transition requires about 5.5 ev. Thus if we 
were fitting to experiment we would guess the direct 
gap to be about 9 ev. Since comparatively little is 
known experimentally about the band structure of 
diamond, we content ourselves here with a comparison 
with Herman’s model. 

The shape of the energy bands obtained from the 
interpolation scheme is very similar to that sketched by 
Herman, on the basis of calculations of effective masses 
at I’. For comparison Herman’s results are shown in 
Fig. 3, and the results obtained by Slater and Koster 
by fitting eleven tight-binding parameters to Herman’s 
results are shown in Fig. 4. 

From the figures it is clear that the pseudopotential 
scheme yields results in excellent qualitative agreement 
with those of Herman, and if Herman’s results were 
more convergent at X and L quite satisfactory quanti- 
tative agreement might also be obtained. The tight- 
binding scheme, on the other hand, yields qualitatively 
incorrect results. For example, it predicts the conduction 
band minimum at the center of the zone, and the 


18 Robertson, Fox, and Martin, Trans. Roy. Soc. (London) 
A232, 463 (1934). 
16S. Ramanathon, Proc. Indian Acad. Sci. A24, 137 (1946). 
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Fic. 3. The energy bands of diamond along the [100] direction, 
as sketched by Herman? on the basis of his orthogonalized plane 
wave calculations. 


valence band maximum elsewhere, whereas the reverse 
is actually the case. The reason for this can be seen by 
comparing Fig. 4 with Fig. 1. It is clear that the tight- 
binding approximation has actually produced an 





Lk? +M (k,?+k.2)—r 
Nkk, 
Nkk. 


The values of the constants L, M, and N obtained from 
the interpolation scheme are compared with those of 
Herman in Table II. It can be seen the results are in 
excellent qualitative agreement, but that the inter- 
polation scheme yields constants that are about 30% 
too large (or effective masses about 30% too small). 
This is a consequence of truncating the secular equation 
at a Jow order. The constants are essentially propor- 
tional to dobo, where ao and bo are the coefficients of the 
(111) plane waves in expansions of the eigenfunctions 
belonging to I's and T';5". Since we are not admitting 
higher order plane waves, ao and do will be somewhat 
larger than they would be in a more complete expansion. 
Thus we tend to overestimate the values for the 
constants. 
5. SILICON 

We next consider the results for silicon. Calculations 
were performed for two sets of values of a, Vi, and 7; 
one set was chosen to fit the orthogonalized plane wave 


TABLE II. Values of the constants L, M, and N appearing in 
Eq. (4.4) of the text, as calculated by Herman* and by the 
interpolation scheme described in the text. The units are rydbergs. 








Interpolation 


Herman scheme 


—4.07 
—3.59 
—5.13 





—4.92 
—4.93 
—7.69 


—2.43 
4.40 
1.97 


rw'| 


—2.19 
2.88 


Tis } 
0.69 








* See reference 11. 


Nkek, 
Lh2-+M (k2-+k2)—d 
Niyke 
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interpolation similar to the one that would be obtained 
for nearly free electrons. This is because the term 
values that have been fitted do not lead to a tight- 
binding picture, but more nearly a free-electron one, 
so that all overlap integrals approximate those of free 
electrons. A qualitatively correct shape for the energy 
bands is obtained from the pseudopotential scheme 
because it includes enough interaction with higher 
waves. To include as many states in the ‘tight-binding 
scheme would probably require the determination of 
20 or 30 parameters. 

Since the interpolation scheme has yielded the right 
qualitative shape for the energy bands, it is of some 
interest to compare quantitatively the effective masses 
(curvatures) of the energy bands at I’ calculated from 
the interpolation scheme with those derived by Herman. 
Without spin-orbit interaction the shape of energy 
bands near Ios, and T's is obtained from the secular 
equation (see Dresselhaus, Kip, and Kittel!’ and 
Dresselhaus,'* whose notation we follow) 


Nkok 
Nhyke | =0. 


(4.4) 
Lh2+M (k2-+k,2)—d| 


(OPW) calculations of Woodruff’ and Bassani,!® while 
the other set determined V, and y to fit the experi- 
mental values of the direct energy gap at k=0 (Ep) 





TABLE III. Comparison of term values for silicon obtained by 
Woodruff* and Bassani” in an orthogonalized plane wave calcula- 
tion with those obtained from the three-parameter interpolation 
scheme based on experiment which is described in the text. 
Energies are measured in rydbergs, and the notation for the 
various representations is that of Herring.* Term levels near the 
energy gap are in boldface. The experimental values discussed 
in Sec. 7 of the text are also listed. 





Interpolation 


OPWs.» scheme 


— 1.48 
— 0.86 
—0.54 
—0.08 


Term 


r,™ 
(1) 
Pi 
Ty) 
Ty) 
Tr, 


Xi (1) 
Xy 
X,® 
xX, 
X,® 


L, 
Ly® 
Ly™ 
L;® 
L,® 








* See reference 10. 
> See reference 19. 
© See reference 6. 


17 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
18G. F. Dresselhaus, Ph.D. thesis, University of California, 


1955 (unpublished). 
1 F. Bassani, Phys. Rev. 108, 263 (1957). 
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and the indirect minimum energy from the top of the 
valence to the bottom of the conduction band (6£;). 
The results were almost the same in both cases, so that 
we report mainly the values obtained from the second 
model, which is based directly on experiment. In 
Table III we list the calculated term values for the 
second model, for which a= —1.61 ry, Vi= —0.16 ry, 
and y=+0.12 ry, and compare them with those of the 
OPW calculations. It can be seen that the two are in 
excellent agreement, especially when it is remembered 
that the OPW values are not fully convergent. 

The energy bands that are now obtained along the 
[100 ] direction are shown in Fig. 5. We find 6£)=0.177 
ry (=2.4 ev) and 6£,=0.11 ry (=1.5 ev), in approxi- 
mate agreement with the values observed optically by 
Dash and Newman.’ [A slight modification of the 
parameters could be made to make 6£,=0.08 ry 

=1.1 ev), but this model yields sufficient agreement 
for our purposes. ] In addition, from these curves we 
can locate the minimum in the conduction band. 
By solving the secular equation with ko [where 
k= ko2ra~'(1,0,0) | varying from 0.84 to 0.92 by steps 
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Fic. 4, The energy bands of diamond along the [100] direction, 
according to the tight-binding interpolation scheme of Slater and 
Koster.? 


” W.C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
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Fic. 5. The energy bands of Si along the [100] direction, as 
calculated from the interpolation scheme described in the text. 
The double arrows indicate values of k at which discontinuous 
truncations took place for the various irreducible representations. 


of 0.02, we find the minimum occurs for ko=0.88+0.02. 
The first model, which used a= —1.54 ry, Vi= —0.18 
ry, and y=+0.12 ry, yielded 6Eo=3 ev, 5£,=2 ev, 
and ko=0.86+0.02. These values for ko are in excellent 
agreement with the experimental value of 0.83+-0.02 
deduced from the fine structure of the recombination 
radiation observed by Haynes, Lax, and Flood.! 

The results obtained in Fig. 5 should be compared 
with those of Bassani," who used the tight-binding 
interpolation scheme to obtain the bands along A. It 
will be seen that his results for silicon are very similar 
to those of Slater and Koster for diamond, and are 
subject to the same criticism. 

Once &o is known, the effective masses for electrons 
can be calculated and compared with the values ob- 
tained by Dresselhaus, Kip, and Kittle’? by cyclotron 
resonance. We find (m ,*/m)=0.98 and (mr*/m)=0.30, 
whereas the respective experimental values are 0.98 
and 0.19. The agreement for the longitudinal masses 
is not entirely fortuitous, since it is a consequence of 
cancellation between small contributions of the lower 
and next two highest A, levels that modify the 
free electron value. On the other hand, the value 
for the transverse mass is a sensitive function 
of E(A,;*)—E(A,™) at ko. If we write this as 


LE(A,)—E(Ps: 1) )J+LE (Pes?) — E(A;) ] 


and evaluate the former from experiment and the latter 
from the OPW values of Table III, we find (mr*/m) 
~0.18. However, the OPW values are not convergent, 
and so are not especially significant. The conclusion is 
that the theoretical uncertainties in the calculation are 
too large to warrant including the exchange and 

*t Haynes, Lax, and Flood, Bull. Am. Phys. Soc. Ser. II, 3, 30 
(1958). Note added in proof.—B. N. Brockhouse (J. Phys. Chem. 
Solids, to be published) has recently pointed out that the inter- 
pretation given by Haynes, Lax, and Flood of their data is not 
consistent with the vibration spectrum of Si as deduced from other 
experiments. The value of ko has also been deduced by G. Feher 
(J. Phys. Chem. Solids, to be published) from resonance studies 
of donor-electron wave functions. He finds ko=0.85, in good agree- 
ment with our results. 
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TABLE IV. Constants appropriate to the top of the valence band in silicon. The constants, which are described in the text, are 
measured in units of #?/2m, and the results obtained by various workers from experiment and theory are compared. 


A 


—4,1 
—4.0 
—4.1 
—4.0 
Zig 








DKKs (exper.) 
DZL> (exper.) 
DKK: (theory) 
De (theory) 
Pseudopotential 
Compromise 


* See reference 17. 
> Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). 
© See reference 18. 


truncation corrections mentioned at the end of this 
section. 

We now consider the bands near the top of the 
valence band at T25. In order to compare our results 
with those obtained from cyclotron resonance, it is 
necessary to include the effects of spin-orbit coupling. 
When this is done, the energy surfaces of interest have 
the form!’:"* 


EXARP+[ BRAC (kek? +h7kP+kek,) }, (5.1) 


where 

A=h?/(2m)+(L+2M)/3, 

B=((L—M)/3/, 

C?=4[ N?—(L—M)?]. 
Here A, B, C, L, M, and N are measured in units of 
h?/2m. Dresselhaus!* has shown that the constants L, 
M, and N, which previously appeared in Eq. (4.4), 
have the form L=F+2G, M=H,+ Ho, and N=F-—G 
+H,— Hs. Here, for To5’, 


9 


pz|T 2) |? 
E,—E, 


| (T5°" 


L 


Pe 


2 


| (Ps | pe| Pie) | 
.— ——, 
' EE; 


— [ee | py Pas) |? 

A,.=— > —— —, 
m? Tis E,—E; 

h? | (Tos | py| P25“) |? 

a isle a 


m? VT) E,-E; 


H.= (5.6) 


In the matrix elements occurring in Eqs. (5.3)—(5.6), 
for example, I'2 “” denotes an appropriate basis function. 
as defined by Dresselhaus.'* From the experimental 
values!’ (in units of h?/2m), A= —4.1+0.2, | B| =1.6 
+0.2, and |C| =3.30.5, two sets of values for L, M, 
and WN have been deduced.“ It’ was originally hoped 
that results from the interpolation scheme could 
differentiate between these two. However, this has 
proved unnecessary, since the second model is based 
on an arithmetic error. In deducing F, G, and H; from 
L, M, and N, one assumes Hx~0 due to the remoteness 





of the nearest I's; level. Then from L= —7.2, M=3.9, 
N=-—7.7, one finds the correct values H,;=—3.9, 
F=—4.9 and G=—1.1. However, it is easy to see 
that H, (the term due to I’y,"’) must have a magnitude 
about 3 times that of F (which is due to Ix). Thus 
this model must be incorrect.?*~*4 

The values of the various have been 
calculated by using the term values derived from the 
pseudopotential. These are listed in Table IV, together 
with the experimental results of Dresselhaus, Kip, and 
Kittel’? and Dexter and Lax.*® The various models are 
also listed, and in the last line a model is proposed 
which, in the author’s opinion, represents a good 
compromise between the experimental and theoretical 
results. (This model is rather similar to the one first 
proposed by Dresselhaus, Kip, and Kittel.'?) Acomment 
that is appropriate here is that A, B, and C, as calcu- 
lated from the interpolation scheme, are in rather too 
good agreement with the experimental values. From 
the comments made at the end of Sec. 4, we would 
have expected the interpolation scheme to over- 
estimate these constants somewhat. Actually the good 
agreement is a result of a fortuitous cancellation of two 
errors. This will be discussed further at the end of the 
next section. 

It is perhaps worth emphasizing here that the model 
that we have constructed for silicon determines its 
two parameters from experiment (6/) and 6£;) and 
then predicts six other values [ ko, (mz*/m), (mr*/m), 
A, |B|, |C|] which are in good agreement with the 
results of various measurements. 


constants 


6. GERMANIUM 


Since the term scheme for Ge, even at the center of 
the zone, is considerably different from that of diamond 
and Si, it is interesting to consider the results obtainable 
from the pseudopotential scheme when it is applied to 
Ge. Before we present these results we review briefly 
what is known about the levels near the energy gap. 

2 Since this model has been used in several calculations, 
(see references 24 and 25) it is significant that band theory shows 
that it is incorrect. 

28W. Kohn in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 5. 

4 FE. O. Kane, J. Phys. Chem. Solids 1, 82 (1956). 

25 R. N. Dexter and B. Lax, Phys. Rev. 96, 223 (1954). 





ENERGY-BAND 


The most important difference between the energy 
bands of Si and Ge is that in Si the antibonding 9 state, 
I’\s, lies lower than the antibonding s state, I», whereas 
the opposite case obtains for Ge, as was first shown by 
Herman.*:** In a sense this means the bands of Ge are 
nearer those that would be obtained in the tight- 
binding approximation. Thus in Ge an extra parameter 
is necessary to fit the term levels even approximately, 
and this we take to be 8= V 220, so that our prescription 
for the Fourier coefficients of the pseudopotential is now 


V o0=a, V; cos[8"'(Ki+ K+ Ks)a], 
V <220>=B cos 8 (Ki+K2+Ks)a ], 
Ve=7 cos[8"'(Kit+-K2+Ks)a], 
K+0, (111), 


Venu 


(220). (6.1) 

In Ge we find a good fit is obtained by taking 
a= —0.60 ry, Vi= —0.25 ry, B=0.011 ry, y=0.05 ry. 
By comparing these values with those used for Si we 
can understand the significance of the parameters. 
The parameter V; is negative in both cases, and 
represents the bonding effect due to the valence 
electrons. Both 6 and y are considerably smaller in 
Ge than in Si; 8 is used to adjust the relative levels of 
I'y and I'y5. It is clear that the result B=~y, which 
occurred in Si, is in general a fortuitous one. Finally, 
in Ge we have fitted our four parameters to the five 
term values Ios, Tx, Tus, 21%, and X,%. The 
second of these is obtained from Dash and Newman’s 
results”; the fourth is determined from the indirect 
energy gap, and the last can be obtained by extra- 
polating measurements of the energy gap in Ge-Si 
alloys.27:?5 I'45? —I'95? can be determined reasonably 
well from Herman’s calculations, since the difference 
is relatively insensitive to the stage of convergence. 

The results that are obtained with this choice of 
parameters are listed in Table V, which also shows 
Herman’s values and the values obtained from experi- 
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Fic. 6. The energy bands of Ge along the [100] direction, as 
calculated from the interpolation scheme described in the text. 

26 F, Herman, Physica 20, 801 (1954). 

27 E, R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954). 

*8 Braunstein, Moore, and Herman, Phys. Rev. 109, 695 (1958). 
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TABLE V. Comparison of term values for germanium obtained 
by the interpolation scheme described in the text with those 
obtained by Herman* in an orthogonalized plane wave calculation, 
and with values deduced from experiment. Energies are measured 
in rydbergs, and the notation for the various representations is 
that of Herring.» Term levels near the energy gap are in boldface. 


Interpolation 
scheme Exper. 


—0.80 
0.09 
0.15 
0.32 
0.59 





Term Herman 


r,™ —0.76 
T'25) 0.09 
Te) 0.20 

0.42 


0.09 
0.15 


—0.50 
—0.04 
0.44 


—0.37 
—0.65 
—0.01 
0.34 
0.56 


* See reference 21. 
b See reference 6 


ment. (The zeros of energy have been chosen so that 
all three columns have approximately the same value 
for Ts5‘.) From the table it is seen that the results 
agree with the experimental values to within 0.05 ry, 
and with Herman’s value of I'y5" to within 0.1 ry, 
which is about the probable error of Herman’s 
calculations. 

The values obtained for the constants characterizing 
the top of the valence band at I are (in units of h?/2m) : 
L=—18.7, M=—3.6, N=—20.7, A= —7.6, | B| =5.0 
and |C|=8.4. The experimental values are A = — 13.0, 
|B|=8.9, |C|=10.3. In the case of Ge we have not 
obtained such good agreement with the results of 
experiment as we did for Si. This is because our 
calculations of effective masses are limited not only by 
truncation errors, as was discussed in connection with 
diamond, but also by exchange corrections due to the 
nonlocal character of the exchange potential. In the 
case of Si there is a fortuitous cancellation of the two 
effects, but in Ge, where the chief perturbation is due 
to the I» level instead of the I’); level, this does not 
occur. The exchange corrections are discussed in detail 
elsewhere.” 

Energy bands along A have been calculated using 
this pseudopotential; the results are shown in Fig. 6. 
They are similar to the results obtained by Herman.” 
In addition the effective masses for electrons in the 
conduction band at L have been calculated. One 
obtains (mz,*/m)=1.27, compared with the experi- 
mental value of 1.58. For the transverse mass we find 
(mr*/m)=0.15, whereas the experimental value is 
0.082. Agreement with experiment is improved if the 
experimental value of 1,° is introduced. Thus if 
one computes E£(L,;%)—E(Ly) from [E(L,°) 
— E(T es) J—LE(M 25) — E(Le®) J and uses for the 


*” J. C. Phillips, J. Phys. Chem. Solids 7, 52 (1958). 
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former term the experimental value of 0.045 ry and 
for the latter the value 0.03 ry obtained from the 
pseudopotential values listed in Table V, one finds 
(mr*/m)=0.09, in very good agreement with experi- 
ment. Since truncation and nonlocal effects have not 
been included in the calculation, the agreement is 
partially fortuitous. It is believed that it is not entirely 
so, however, since it would appear that in this case the 
truncation and nonlocal corrections tend to cancel, as 
they did for the holes in Si. Incidentally, this argument 
suggests that the pseudopotential value for L3 is 
quite satisfactory. 

The results that have been presented show that the 
model that has been constructed for Ge is as successful 
as that constructed for Si in fitting a large number of 
experimental facts with a model depending on only a 
few disposable parameters. As was pointed out in the 
beginning of this section, the energy bands of Ge and 
Si are qualitatively rather different, so that it is re- 
assuring that the method is successful in both cases. 


7. ENERGY BANDS OF Si AND Ge AS 
DEDUCED FROM EXPERIMENT 


We are now in a position to take advantage of the 
“bridge” that we have constructed and so sketch the 
highest valence and lowest conduction bands of Si and 
Ge in the [100] and [111] directions with some ac- 
curacy, using wherever possible the experimental facts. 
These are as follows: 


(1) the direct energy gap, as determined optically by 
Dash and Newman”; 

(2) the locations of the minima in the conduction 
pands, and the indirect energy gaps, thus yielding 
E(X,) and E(L,) for Si and Ge, respectively ; 

(3) the converse values, as determined from extra- 
polating measurements?’:?* on Ge-Si alloys [although 
E(L,) for Si is somewhat unreliable, on a ry scale the 
uncertainty is still small ]; 

(4) the location of the minimum in the (100) 
direction in Si, as determined from the fine-structure 
of recombination radiation” ; and 

(5) the direct valence-conduction band gaps at X 
and L for Si and Ge, respectively, as can be inferred 
from the transverse effective masses for electrons. 


These experimental facts lead to only slight modifica- 
tious of the term values already calculated. The effective 
masses (curvatures) may then be modified by assuming 
that the matrix elements are unchanged but taking 
into account the change in the energy gaps. (This is a 
good approximation since ordinarily most of the curva- 
ture at symmetry points is produced by interactions 
between different irreducible representations.) Finally, 
the remaining interpolation curves are sketched by 
comparison with the results of Secs. 5 and 6, which 
should be approximately correct here also because of 
the approximate agreement of the interpolation term 
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Fic. 7. The energy bands of Si near the energy, gap. The figure 
summarizes all that is deduced about the shape of the bands by 
combining experimental and theoretical information in the way 
described in Sec. 7. Probable errors for term values at the center 
and edge of the Brillouin zone are also indicated. 


values with the experimental ones. The results are 
shown in Figs. 7 and 8. The curves so obtained should 
be accurate to about 0.05 ry at worst. Probable errors 
in various term values at symmetry points are indicated 
in the figures by brackets. 

It is clear that if the use of a simple interpolation 
scheme has led to the bands along the [100] and [111] 
directions, then a more elaborate scheme, using perhaps 
5 or 6 parameters and larger determinants to obtain a 
fit to the results of Figs. 7 and 8, can be used to extend 
the latter results to other directions in the Brillouin 
zone. This approach would yield the bands near the 
energy gap for all k. On the other hand, if all that is 
desired is the density of states near the valence and 
conduction band edges, this quantity can be obtained 
much more simply by applying the moment-singularity 
method developed by Lax and Lebowitz” and the 
author*® to the present models. All that is required in 
this approach are term values and curvatures for 
critical points of the band surfaces near the energy gap. 
Most of these quantities can be deduced from experi- 
ment, using effective masses and term values deduced 
from Figs. 7 and 8. Critical points not located at 
symmetry points can be discovered by group-theoretical 
and topological arguments* and their term values and 
curvatures estimated from the interpolation models 
developed in Secs. 5 and 6. It should be noticed that in 
practice most of the additional critical points will still 
lie on symmetry lines of the zone. This is an important 
point, since it greatly reduces the order of the secular 
equations to be solved, and greatly simplifies the 
perturbation theory necessary to calculate the trans- 
verse curvatures. In this way one can circumvent the 
very considerable amount of labor that would be 
required to sample solutions of the secular equation at 
general points of the zone, since even our truncated 
interpolation scheme leads to secular equations of 
order 25 at such points. 


%® M. Lax and J. L. Lebowitz, Phys. Rev. 96, 594 (1954). 
31 J. C. Phillips, Phys. Rev. 104, 1263 (1956). 
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Fic. 8. The energy bands of Ge near the energy gap. The figure 
summarizes all that is deduced about the shape of the bands by 
combining experimental and theoretical information in the way 
described in Sec, 7. Probable errors for term values at the center 
and edge of the Brillouin zone are also indicated. 


Finally, we remark that in the bands sketched in 
Figs. 7 and 8 the effects of spin-orbit coupling are 
neglected; these are probably important only at the 
top of the valence band at I’, and the behavior of the 
bands in the neighborhood of I’ has been discussed by 
several authors.!*.*4 


8. CONCLUSIONS 


The results obtained from an interpolation scheme 
should not be taken too seriously. Nevertheless the 
great success, both qualitative and quantitative, that 
we have had in correlating many experimental values 
related to the energy band structures of Ge and Si by 
schemes based on a few parameters justifies several 
comments. 

First, we have obtained satisfactory shapes for the 
bands only by including interaction with a sufficiently 
large number of the higher conduction band states. 
This is because the shape of the bands away from the 
symmetry points of the Brillouin zone is determined 
primarily by kinetic energy terms and second-order 
perturbations from other levels. 

We also see that the simple scheme that has been 
discussed here provides a convenient bridge between 
experimental results and extensive and laborious band 
calculations. This device was used to good effect to 
sketch the energy bands of Ge and Si in Sec. 7. More- 
over, the general similarity between the various schemes 
for silicon suggests that although Woodruff did not 
concentrate his attention on obtaining a realistic 
crystal potential, it may well be that if his calculations 
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were carried through to a convergent conclusion they 
would yield results more nearly in agreement with 
experiment than those that have been obtained for any 
other complicated band structure. In addition, it is 
easy to see how slight modifications of the crystal 
potential could remove the remaining discrepancies. 

In this connection the present work suggests the 
possibility of using the OPW method to construct a 
crystal potential that would yield energy bands in 
agreement with experiment. Previously Herman* 
suggested that something like this might be done by 
adjusting the values of the core levels Ey; (this might 
be especially appropriate for the 3d levels in Ge, with 
which Herman was especially concerned). Our view- 
point is somewhat different. We suggest that the first 
few Fourier coefficients of the potential be allowed to 
vary somewhat. In any calculation of the potential 
from first principles these are the quantities that are 
most uncertain, while the higher coefficients, which 
are associated with the core, may be determined from 
self-consistent calculations for the atom. By proceeding 
in this way one includes the effect of the shape of the 
unit cell and bonding in an empirical way. 

Finally, we remark that if a method based on plane 
waves is successful for semiconductors, a_ similar 
treatment should certainly be valid for metals. Again 
one could hope to determine the parameters either 
from theory or experiment. Something like this has 
been done by Heine® for aluminum. For metals, 
however, the matter is more difficult, since one is con- 
cerned with “pockets” of the Fermi surface near zone 
boundaries, and the principal curvatures of pockets 
are not so basic to the band structure as are effective 
masses and energy gaps. 
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Specific Heat of a Face-Centered-Cubic Mn —Fe Alloy at Liquid 
Helium Temperatures* 


CHUAN-TSENG WEI, CHIN-HUAN CHENG, AND Pau A. BECK 
University of Illinois, Urbana, Illinois 
(Received July 11, 1958) 


An Fe+45 atomic percent Mn alloy, vacuum melted and homogenized at 1050°C for 48 hours, was found 
to consist at room temperature of a single face-centered-cubic phase, even after an excursion to liquid 
helium temperatures. Low-temperature specific heats were determined in the range from about 1.7 to 4.8°K. 
The electronic specific heat coefficient was found to be 14.6X 10~ cal mole deg. The Debye temperature 


was 0=482°K. 


LSON ef al.' measured the electronic specific heat 

coefficient for a-Mn at liquid hydrogen tempera- 
tures. Their value, y=42X10~ cal mole deg, is the 
highest for any element. More recently, Guthrie, Fried- 
berg, and Goldman? obtained the electronic specific 
heat coefficient for a-Mn at liquid helium temperatures, 
and reported a value of y=30X10~ cal mole deg~. 
Even the lower one of these two values is so high that 
it is far outside of the scatter band that may be plotted 
for the electronic specific heat coefficients of the various 
first, second, and third long period transition elements 
as a function of the number of electrons outside of 
closed shells,? Fig. 1. It may be suspected that the 
anomalous value for a-Mn may be a result of the com- 
plex crystal structure of this metal as compared with 
the other transition elements in the first, second, and 
third long periods. It is well known that other proper- 
ties of a-Mn, such as compressibility, binding energy, 
and vapor pressure, are also anomalous when compared 
with the corresponding values for other transition 
elements.* Recent work by Hoare and Matthews’ shows 
that the electronic specific heat of (Cr, Fe)o is very 
much higher than that of the same alloy when trans- 
formed into the body-centered-cubic structure. The o 
phase has a complex tetragonal structure with 30 atoms 
per unit cell. 

If the anomalously high electronic specific heat of 
a-Mn is a result of the complex crystal structure, it 
may be expected that in an alloy containing large 
amounts of Mn, but having a simple face-centered- 
cubic crystal structure, the electronic specific heat may 
be considerably smaller than the value that might be 
expected on the basis of the electronic specific heat of 
a-Mn. Goldman and Guthrie® determined the electronic 
specific heat for an alloy of Fe with 11% Mn and 

* This work was supported by the U. S. Air Force, Wright Air 
Development Center. 

1 Elson, Grayson-Smith, and Wilhelm, Can. J. Research A18, 
83 (1940). 

2 Guthrie, Friedberg and Goldman, Phys. Rev. 98, 1181 (1955). 

3M. Horowitz and J. G. Daunt, Phys. Rev. 91, 1099 (1953). 

4Hume-Rothery, Irving, and Williams, Proc. Roy. Soc. (Lon- 


don) 208, 431 (1951). 

5 F. E. Hoare and J. C. Matthews, Proc. Phys. Soc. (London) 
71, 220 (1958). 

6 J. E. Goldman and G. L. Guthrie, Bull. Am. Phys. Soc. Ser. II, 
1, 148 (1956). 


0.5% C, which retained the face-centered-cubic struc- 
ture down to 2°K, as shown by neutron diffraction.’ 
The result for this alloy was y=42X10~ cal mole 
deg, a value higher even than that for a-Mn itself. 

In the present work, low-temperature specific heats 
were measured for a binary Fe alloy with 45 atomic 
percent Mn, which is known to retain the face-centered- 
cubic structure at least down to room temperature.* 


EXPERIMENTAL PROCEDURE 


A 45 atomic percent Mn and 55 atomic percent Fe 
alloy? was melted from electrolytic Mn and Fe in an 
induction furnace, using a recrystallized alumina cru- 
cible and He atmosphere. The ingot was annealed at 
1050°C for 48 hours in an 8% hydrogen-92% helium 
gas mixture and cooled to room temperature at an 
approximate average rate of 30°C/min. Microscopic 
and x-ray examination of the alloy at room temperature 
after the low-temperature excursions indicated that it 
consisted of a single phase and that it had a face- 
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Fic. 1. Electronic specific heat of transition elements. 


7 J. E. Goldman (private communication), based on work by 
L. Corliss and J. M. Hastings at Brookhaven National Laboratory. 
8M. Hansen and K. Anderko, Constitution of Binary Alloys 
(McGraw-Hill Book Company, Inc., New York, 1958), p. 664. 
® Chemica] and spectrographic analysis: Mn, 44.58 wt %; 
Fe, 55.39 wt %; Al, less than 0.005 wt %; Si, less than 0.0008 wt 


%: Ov, 0.011 wt %. 
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SPECIFIC’ HEAT OF 
centered-cubic structure, with a9=3.615 A. The speci- 
men contained 1.317 moles of the alloy. 

The general features of the calorimeter used are 
similar to those described by Corak, Garfunkel, Satter- 
thwaite, and Wexler.’° The design is shown schematic- 
ally in Fig. 2. A 7g-watt uncoated carbon resistor of 
56 ohms nominal resistance (at room temperature) was 
used as a thermometer, mounted in the center hole of 
the heater-thermometer assembly. The resistance of 
the thermometer as a function of the temperature was 
found to agree closely with the two-parameter equation 


[ (logR)/T |} = A+B logR, (1) 
i 
as suggested by Keesom and Pearlman," where A and 
B are constants depending upon the particular carbon 
resistor used, R is the resistance of the thermometer in 
ohms, and 7 is the temperature in °K. The reproduci- 
bility of the thermometer constants A and B from one 
experiment to another was exceedingly good. The 1955 
helium vapor pressure-temperature tables compiled by 
Clement ef al.” was used for the calibration of the 
thermometer. A and B were determined by the least- 
squares fit of a straight line to the calibration data. 
Calibration of the thermometer was carried out prior 
to each run. The values of the constants were A 
=—1.12051 and B 


the thermometer due to temperature change in the 


0.6839. The resistance change in 


specimen during heating was recorded automatically. 
The voltage drop across the thermometer, with the 
measuring current on, was partially balanced by an 
opposing emf from a K-3 potentiometer, and the dif- 
ference was amplified by a model No. 9835A dec micro- 
volt amplifier. The output signal from the de amplifier 
was recorded by a Speedomax recorder. 
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Fic. 2. Calorimeter 


1 Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 98, 
1699 (1955). 

1 P. H. Keesom and N. Pearlman in Encyclopedia of Physics, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. 14, p. 297. 

2 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955), 
with attention directed to the “note added in proof.” 
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Fic. 3. Specific heat of 45 atomic % Mn—55 
atomic % Fe alloy. 
The over-all experimental accuracy was limited 
mainly by the following three factors: 

(1) Pressure correction for the hydrostatic helium 
head in the cryostat was made by measuring the dis- 
tance from the center of the cryostat can to the top of 
the helium bath. Uncertainty in the temperature de- 
termination, when using this correction, may have 
caused a maximum error of +0.5% at the A point. 

(2) The accuracy of the dc amplifier was +0.4%, 
and that of the Speedomax was +0.3%. 

(3) The heat dissipated in the two short pieces of 
Manganin wire between the heater coil leads and the 
Kovar seal (introduced for heat insulation) may have 
amounted to +1% of the heat input. Errors in the 
measurement of all other quantities were negligible in 
comparison with these three factors. The probable 
over-all accuracy of the specific heat measurements was 
about +2%. 


RESULTS 


Two successful runs were made with the same alloy 
specimen, and the two sets of data agreed well within 
the experimental accuracy. The results of the second 
run, which was the better one, are shown in Fig. 3. The 
value of the electronic specific heat coefficient was 
14.6X10~* cal mole deg~*. The slope of the line in 
Fig. 1 corresponds to a Debye temperature of = 482°K. 


DISCUSSION 


The value of the electronic specific heat coefficient 
for the Fe+45 atomic percent Mn alloy obtained in 
the present work is only slightly higher than the cor- 
responding value for Fe (12X10~ cal mole deg-*)." 
Clearly, the Mn in this face-centered-cubic alloy did 
not contribute to the electronic specific heat coefficient 
in proportion to the y value for a-Mn. As explained in 

13 G. Duyckaerts, Physica 6, 401 (1939). The electronic specific 
heat coefficient value of y=12.0X10~ cal mole deg~? obtained 


in this early work was recently confirmed by the present authors, 
using electrolytic iron melted in vacuum. 
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the Introduction, the recent work by Hoare and 
Matthews® suggests that, for a given chemical compo- 
sition, a simple crystal structure may be expected to 
correspond to a lower electronic specific heat coefficient 
than a complex one. The present results appear to 
support this conclusion. 

The reason for the large difference between the elec- 
tronic specific heat coefficients for two face-centered- 
cubic alloys, one consisting of Fe+11% Mn+0.5% C® 
and the other the Fe+45% Mn alloy used in the 
present work, is not very clear. According to Goldman," 
it is possible that the density of state vs energy curve 
has a very irregular shape in the region concerned, and 
that the difference is largely due to the increased filling 
up of the 3d shell with increased Mn content. A possible 


4 J. E. Goldman (private communication). 
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alternative explanation might be that the very high 
value observed for their alloy by Goldman and Guthrie® 
is somehow connected with the carbon content of their 
alloy. No definite conclusions may be drawn at the 
present time as to these alternative interpretations. 
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Magnetic Field Dependence of the Hall Effect and Magnetoresistance in 
Graphite Single Crystals 


D. E. SouLe 
National Carbon Research Laboratories,* Cleveland, Ohio 


(Received June 30, 1958) 


The Hall coefficient and magnetoresistance in purified (99.995%) natural graphite single crystals have 
been measured from 25 to 25 000 gauss at 298°, 77°, and 4.2°K with the field oriented parallel to the hexag 
onal axis. Special care was taken in the micromanipulation and strain-free mounting of these small soft 
crystals. Fast minority carriers due to Fermi-surface warping were discovered by their effect on the low-field 
Hall coefficient behavior. The compensating effect between the majority electron and hole densities [(5—2) 
108 cm with n,/n,=1.0—1.15 over the above temperature range] and mobilities [(1.5—130) x 10* 
cm*/v sec with u./u,=1.10—0.79] makes the Hall coefficient very sensitive to the temperature, impurities, 
and field where it even changes sign. A quadratic low-field room-temperature magnetoresistance dependence 
progresses at higher fields to an impurity-insensitive 1!-78 behavior. The large magnetoresistance ratio of 
graphite (~10° at 4.2°K and 23 kilogauss), along with the appearance of de Haas-van Alphen type oscilla 
tions in these properties, demonstrates the small effective masses (0.030, 0.06mo) and long relaxation times 
(2.5X 10" sec at 4.2°K). The mobility follows a 7~!# law in the lattice-scattering region >50°K. Low 
temperature results, showing carrier density differences and mobilities to be most sensitive to impurities, 
substantiate the relatively high purity of these crystals. ‘ 


I. INTRODUCTION 


INCHIN’S pioneering work! revealed a remarkable 

field dependence of the Hall effect in the semimetal 
graphite. The strong variation in the Hall coefficient, 
R, included a change in sign at 77°K in addition to 
showing a sharp minimum in the region of liquid 
hydrogen and below. Such a variation is partly due to 
the close balance of electron and hole concentrations 
and mobilities, producing a small R that is very sensitive 
to a slight shift of the Fermi level. Accompanying effects 
are caused by the very large mobilities in the basal 
plane of this essentially two-dimensional highly aniso- 


* National Carbon Company, Division of Union Carbide 
Corporation. 
1G. H. Kinchin, Proc. Roy. Soc. (London) A217, 9 (1953). 


tropic material. Its tremendous magnetoresistance!? is 
consistent with the extreme anisotropy in its zero-field 
resistivity.*~* Verification of the small effective masses 
for carriers travelling in the basal plane has been 
substantiated by the observation of de Haas-van 
Alphen type galvanomagnetic oscillations by Berlin- 
court and Steele? which they have correlated with 
those found in the susceptibility.® 

The graphite crystals heretofore investigated were all 
of a natural origin being, in general, quite impure and 


2 T. G. Berlincourt and M. C. Steele, Phys. Rev. 98, 956 (1955). 

?K.S. Krishnan and N. Ganguli, Nature 144, 667 (1939). 

4A. K. Dutta, Phys. Rev. 90, 187 (1953). ‘ 

5 W. Primak and L. H. Fuchs, Phys. Rev. 95, 22 (1954), and 
W. Primak, Phys. Rev. 103, 544 (1956). 

6D. Shoenberg, Trans. Roy. Soc. (London) 245, 1 (1952). 





MAGNETIC FIELD 
highly twinned. They are usually found in the form of 
small soft platelets that are difficult to handle without 
introducing strains. Measurements have been restricted 
to natural crystals due to the formidable problem of 
growing good reasonably-sized single crystals. This is 
partially due to the fact that graphite liquefies only 
under pressures greater than 100 atmos at temperatures 
of the order of 4000°C. As a result, very little work has 
been done on single crystals of this material. Conse- 
quently, the first major problem of the present work 
has been to improve and maintain crystal quality. This 
has been accomplished by first selecting the best of 
natural crystals, by careful handling, by purification, 
and finally by developing an essentially strain-free 
mounting for measurements. 

This investigation was undertaken to extend the 
limited range of previous measurements on both the 
Hall effect and the magnetoresistance. In particular, 
a second point of emphasis is made here on the low-field 
behavior, magnetoresistance measurements having been 
taken down to 100 gauss and Hall measurements to 25 
gauss where evidence of new, highly mobile minority 
carriers was discovered.’ It is interesting to note that 
an analogous situation has been reported for p-type 
germanium,*” and recently for p-type InSb” where fast 
holes cause a similar behavior in the Hall coefficient. 
In addition, the low-field magnetoresistance and zero- 
field resistivity have been employed to give average 
mobility temperature dependencies in the lattice and 


impurity scattering ranges. Finally, a correlation be- 
tween several of these results has been made as a 
function of residual impurity content to determine the 
effect upon relative mobility and carrier density be- 
haviors. Also, some information was obtained about 


the impurities themselves. 

A third principal aim of this investigation has been 
to study low-temperature, relatively high-field behavior. 
A correlation of the results determined from the ex- 
tremes can thereby be made. Accordingly, measure- 
ments were extended to 25 kilogauss over the tempera- 
ture range down to 4.2°K. For purposes a clarity in 
discussion, the subject will be treated in two parts: the 
present paper covering low-field and general non- 
oscillatory behavior dominant primarily at the higher 
temperatures and the following paper" giving an 
analysis of the de Haas-van Alphen type oscillations, 
a low-temperature, essentially high-field effect. 


II. SAMPLE PREPARATION AND MOUNTING 


The graphite crystals used in these experiments came 
from Essex County, New York. These were chosen after 


7 For a preliminary report, see D. E. Soule, Bull. Am. Phys. 
Soc. Ser. II, 1, 255 (1956). 
8 Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 
® Goldberg, Adams, and Davis, Phys. Rev. 105, 865 (1957). 
( 10H, P. R. Frederikse and W. R. Hosler, Phys. Rev. 108, 1146 
1957). 
"D—D. E. Soule, following paper [Phys. Rev. 112, 708 (1958). 
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inspecting crystals from many sources. In the natural 
form, they were embedded in a calcite matrix that was 
subsequently dissolved away with hydrochloric acid. 
Out of many hundreds of crystals so isolated, a few 
almost perfect ones were found, as determined by visual 
observations and x-ray analysis. These were small 
platelets ranging from 1 to 3 mm in diameter by 0.1 to 
0.2 mm in thickness. Since the utmost care had to be 
exercised in their handling, tweezers could not be used; 
but rather, the crystals were transported and manipu- 
lated by adhesion to a fine damp camel-hair brush. 
Most of the work involved microtechniques that were 
developed utilizing micromanipulators in conjunction 
with a stereoscopic microscope. 

The crystals were purified and annealed by heating 
to 3000°C in a stream of chlorine. This process reduced 
the impurity concentration’. producing a _ resultant 
crystal purity of better than 99.995%, 

In order to cut a crystal into an appropriate shape for 
measurements, it was first potted in an epoxy resin that 
had essentially negligible linear shrinkage, <0.05%, 
upon hardening. A steel mask having the desired shape 
of the crystal was embedded in the resin slightly above 
the sample. The exposed portions of the crystal were 
then slowly etched away by means of a small dental 
sand-blast unit. 

Orientation of a sample was accomplished by making 
use of the (111) double-twin striations that appeared 
on the surface of the crystal which are oriented perpen- 
dicular to the a axes. A crystal would be picked where 
these striations appeared only near the edges so that 
they could serve as a means of orientation and still not 
be included in the final cut crystal. The twin planes 
were originally identified by a measurement of the 
angles between striations on the basal plane and angle 
of tilt of the striation planes up from the basal plane. 
The angles measured on many samples were 60.0+0.8° 
for the former and 20.3+1.2° for the latter compared 
to those calculated for a (111) twin of 60° and 20.8°, 
respectively. This identification is in agreement with 
that reported by Palache.” In most cases the crystals 
were oriented so that the current passed along the a 
axis, though it turned out that this had no apparent 
effect on the present measurements. There was perfect 
orientation of the plane of the sample with that of the 
basal plane, of course, due to the natural morphology 
of the crystal. 

A sample mounting consisted initially of 0.003-in. 
phosphor-bronze lead wires anchored to a fused-quartz 
plate. These were soldered simultaneously to the five 
copper-plated tips of the crystal “ears” with Cerralow 
(117°F) solder using a small hot stage. The result was 
that the crystal was entirely supported bythe lead 
wires. Consequently, there was negligible strain on the 
sample throughout the temperature range from room 
temperature down to 4.2°K. A typical sample mounting 


2C, Palache, Am. Mineralogist 26, 709 (1941). 
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Fic. 1. Mounting of graphite single crystal, EP-14, for galvano- 
magnetic measurements. Auxiliary lighting shows the high 
metallic reflectivity of the basal plane. 


(EP-14) is shown in Fig. 1. Note that only the non- 
current carrying probes (potentiometric method of 
measurement) could be coiled to minimize mechanical 
strain. The current electrodes, on the other hand, were 
not coiled so as to avoid strain due to interacting 
magnetic fields. 


Ill. EXPERIMENTAL PROCEDURE 


Conventional dc methods utilizing both directions of 
the electric and magnetic fields were used to measure 
the Hall voltage and the voltage drop due to the 
magnetoresistance. A Leeds and Northrup K-2 potenti- 
ometer was generally employed, though at the higher 
magnetic fields the Leeds and Northrup indicating 
microvolt dc amplifier could alternatively be used. A 
constant current technique was employed using a cur- 
rent usually of 10 ma as determined to within 0.5%. 
All samples were ohmic. 

The magnetic field, which was homogeneous within 
0.006% over the length of a sample (<3 mm), was 
supplied by a Varian 12-in. electromagnet. The orien- 
tation of the sample in the magnetic field was accom- 
plished by employing its magnetoresistance maximum 
as the criterion for alignment. All measurements were 
made with the hexagonal c axis parallel to H. A modified 
Rawson rotating-coil fluxmeter, used in conjunction 
with a Ballantine 300 vacuum-tube voltmeter and 
calibrated against a proton resonance standard, was 
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employed to monitor the field. With this arrangement 
a magnetic field measurement could be made with an 
accuracy within 1% and with a precision within 0.3% 
throughout the field range of 25 gauss to 26 000 gauss. 
At the lowest fields, however, the contribution of the 
earth’s field (0.8 gauss) produced an additional error 
of <3%. 

The samples were maintained isothermal by direct 
immersion in the coolant. This condition combined with 
the projecting Hall “ears” of the sample and the high 
thermal conductivity along the basal planes of graphite 
made any possible contribution of the Ettinghausen 
effect negligible. Stray thermal emf’s were minimized 
by employing lead wires made of copper thermocouple 
wire which extended in single continuous lengths from 
the sample to the measuring apparatus. On the potenti- 
ometer side of the circuit, thermocouple wire was used 
with adjacent cut ends connected at a given terminal 
pair. This in turn was maintained approximately iso- 
thermal by means of Styrofoam covers. A thermal-free 
reversing switch was also used. With this arrangement, 
the total measured thermal emf could be kept to $0.2 
microvolt. 

At low magnetic fields (25 to ~2000 gauss) a tech- 
nique was used in which, in addition to the above 
precautions, measurements were taken as a function of 
current (10 to 120 ma) at each magnetic field point to 
resolve zero errors. With this method, the error in R 
could be kept to <1% in general, except at the very 
lowest fields where the value might be off by as much 
as 5% due to the earth’s field. 

It was difficult to measure the absolute value of the 
zero-field resistivity, po, to better than 5% due to the 
sample shape and width of the probes. It was measured 
by making a potential distribution determination from 
conducting paper cut to the sample shape. Another 
check was made by probing a sample itself using 
electrolytically etched tungsten probes operated by 
micromanipulators. This method, however, was used 
only after all other measurements were taken because 
of possible damage to the sample produced by the 
probes. 

Because of the ‘bridge cut” sample shape shown in 
Fig. 1, it was feared that the probe nearest to the 
current electrode might distort the equipotential lines 
to give an inaccurate magnetoresistance measurement. 
This was checked by noting upon reversal of the 
magnetic field that in all cases the measured voltages 
were not significantly different. 


IV. RESULTS AND DISCUSSION 
A. General Hall Effect Field Dependence 


The general behavior of the Hall coefficient, R, with 
respect to the magnetic field up to 25 kilogauss at the 
temperatures 298°, 77°, and 4.2°K is shown in Fig. 2. 
At large H, R is always negative showing that m,.>m, 
throughout the measured temperature range. For small 
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H, R is positive at 77° and 4.2°K resulting from the 
fact that u.-<ja. It is negative at room temperature in 
the field region where it would normally go positive due 
to majority holes if the above inequality were operative, 
thus indicating that the mobility ratio has reversed 
changing to we> ps. 

The field dependence of R is approximately linear for 
larger fields at 7277°K and for H<10 kiiogauss at 
4.2°K. Its temperature variation in this linear region is 
also linear as determined between 8 to 10 kilogauss. 
This behavior is entirely different from that observed 
previously by Kinchin and by Berlincourt and Steele 
where |—R| decreased with H in the high-field region 
producing a minimum at about 1 to 2 kilogauss. 

A study of the above behavior can be made by 
considering R as a function of the appropriate compo- 
nents of the magnetoconductivity tensor'** which for 
the case of the electric field in the X direction and H 
in the Z direction is 


1 Ory 
Te 
H\o,/+0,,7 ; 


| zy 


where ozz and oz, are the tensor components of the 


conductivity and are given by 
N o o 


+ 


=>" — = ~ oy 
i—11+(H/Hs;)*? 1+(RoH)* 
a(RoHf) 


Orr 


~ LI+(H/He)? 14(RoH)?’ 


N n,e,cH/H:7 


Ory 


the latter forms are evaluated directly from the meas- 
urements, o¢ being the conductivity. The summation is 
taken over N different types of carrier, m; and e; are 
their respective number densities and electronic charges, 
and oo, are the zero-field conductivities. The saturation 
fields, Hs;, are related to the mobilities, u;’, as defined by 


Hs =cm*/er;=c/ ui, (4) 


where the effective measses, m,*, and the relaxation 
times, 7;, are averages appropriate to the condition 
w;7:= 1, w; being the cyclotron frequencies. It is to be 
understood that H, represents the effective saturation 


TABLE I. Carrier concentrations in EP-14 and EP-7 at 4.2°K. 


Ne X 10718 
(cm~) 


nh X10718 
(cm~) 

3.1 2.7 

2.3 2.0 


8 For a discussion, see, A. H. Wilson, Theory of Metals (Cam- 
bridge University Press, Cambridge, 1953), second edition, pp. 
212-218. 

4 An analysis has been carried out by McClure where he fits 
these data to the components of the magnetoconductivity tensor 
over wide magnetic field ranges as discussed in an accompanying 
paper by J. W. McClure [Phys. Rev. 112, 715 (1958) ]. 
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Fic. 2. Hall coefficient magnetic-field dependence of EP-7 and 
EP-14 at 298°, 77°, and 4.2°K. The low-field points have been 
omitted for clarity (see Fig. 3). The dashed curves are empirical 
midlines. 


field since there is actually a distribution of relaxation 
times and effective masses. The relation of y’ to the 
Hall mobility, uz, and the conductivity mobility, y., is 
given by 
p= (uwHbe)?. (5) 
In Eqs. (2) and (3), only the first term of a summation 
over the Fourier harmonics that account for the ani- 
sotropy has been used in the present special case. For 
this particular orientation of H, parallel to the hexa- 
gonal axis, the carrier path lies in the basal plane which 
for graphite has effectively two-dimensional isotropy. 
For very high magnetic fields where RoH>1, Eq. (3) 
for the majority carriers reduces to 
R=1/cle|(m,—n.), (6) 


where m, and m, are the majority electron and hole 
densities, respectively. For a two-carrier system like 
graphite, this approximation turns out to be a stringent 
one since ”,u.<~mn),u, causing R to remain small even 
out to high fields. For EP-14 at 4.2°K, RoH goes only 
to a value of —0.44 at 24 kilogauss. 
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Fic. 3. Low-magnetic-field dependence of the Hall coefficient 
of EP-7 and EP-14 at 298°, 77°, and 4.2°K. The dashed lines 
indicate the assumed extrapolations due to the majority carriers 
alone. 


Unfortunately, there is a further complication in that 
Eq. (6) is not strictly valid in the quantum region 
where the de Haas-van Alphen oscillations appear 
(H>3 kilogauss). Quantum effects were disregarded, 
however, in the light of the present development of the 
theory, and the empirical midline of R, fortunately a 
straight line on a 1/H scale in the high-field range, was 
extrapolated to infinite H. The value for n.-—m, so 
determined is 3.7X10'7 cm~* for EP-14 and 3.010" 
cm-* for EP-7. The de Haas-van Alphen approximate 
result! for EP-14 is ~6X10" cm™*. A correlation 
between these values should not be taken too seriously, 
however, since they are very sensitive to many factors 
that need further verification. The sum of carrier 
densities, m-+m,, calculated by McClure from the 
area under the o,, curve, should be a reliable number 
when considered over a wide enough field region. The 
resultant calculated densities at 4.2°K are given in 
Table I. Only the low-temperature values were calcu- 
lated. At higher temperatures, the high-field approxi- 
mation becomes very inaccurate since the saturation 
fields are much larger being about 1 kilogauss at 77°K 
and 25 kilogauss at 298°K. 


B. Low-Field Hall Effect 


A new and unusual type behavior of R was discovered 
at low fields. An expanded plot of this region is shown 
in Fig. 3 for EP-7 and EP-14 where measurements 
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were made down to 25 gauss. It will be noted that 
generally at the higher temperatures for H< 500 gauss, 
R rises sharply in the positive (or negative) direction.'* 
This behavior is believed to be extremely sensitive to 
the position of the Fermi level and can be thought to 
indicate that very mobile holes (or electrons) exist in 
graphite in addition to the normal majority electrons 
and holes. The effect on R of this new type of carrier 
can be considered from the low-field approximation of 
Eq. (1). For three types of carrier, this becomes 

(7) 


(a0: t+-02+003)" 


He? He? He? 


2 Neo n3e3¢1{1+H?(A—B—C)} 
R= aa - | - - 


where 


001 02 
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— J (outowtou), 
Hs? As? Hs3? 


N3€3 " 
a i + J (ontontouy, 
Hs; H. Hs? 


Ne Nos N3€3 ne; N3e3 
c= | / 
Hsy4 Het Hes! He? Hi;? 
where the subscripts of e identify the signs of the 
carriers. For a simple one-carrier isotropic system, one 
has A= B+C, and R becomes a constant. 

The zero-field extrapolated values of Ro for EP-14 
are —0.056 cm*/coul at 298°K, +0.27 cm*/coul at 
77°K, and +0.26 cm*/coul at 4.2°K. While these values 
reflect the behavior due to all types of carrier, it is 
assumed that the dashed extrapolations to zero field 
shown in Fig. 3 represent the values of Ro that would 
result if the third highly mobile type of carrier were not 
present. These modified values, Ro*, are —0.040 cm?/ 
coul, +0.18 cm*/coul, and +0.26 cm*/coul, respec- 
tively. Then with the minority carriers contributing 
only about 1% to the oo sum in the denominator of 
Eq. (7) and under the assumption that u./u’=1, the 
following relation for the majority carriers results: 


if 4.) 


where a=n,/n, and b=,p,/y,. Using the best value for 
a and n,, the mobility ratio was calculated. It was 


11e) No 
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B = ; 
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Hs? 


(8) 


TABLE II. Mobility ratio of majority carriers in EP-14. 


Temperature (°K) 





16Tt should be pointed out that a contribution due to size 
effects is believed negligible since an estimated average mean free 
path at 4.2°K is ~174 in the basal plane while the smallest 
sample dimension in the plane is 247 u. 
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found to be a linear function of temperature. The 
resulting values are given in Table II. They agree with 
those found from the magnetoconductivity analysis to 
within 2% at all temperatures. Fortunately, 6 is very 
insensitive to the value of n,, the least accurately known 
variable involved, varying only by 1.5%, for example, 
with a 20% change in n,. It is also rather insensitive to 
the exact value of a; for example, an 8% change in a 
produces only a 1.3% change in 6. 

Upon increasing H, R increases or decreases due to 
the H? terms of Eq. (7) depending on the relative 
magnitudes of A, B, and C. It is not necessary to have 
a very large percentage of the fast carriers present with 
respect to the normal carriers to cause a large effect. 
For example, in EP-14 at room temperature where 
about 0.0071% of the carriers" are fast electrons, term 
C dominates, contributing over 99% of the total H? 
term and effectively all of the C term itself is due to the 
fast electrons. At liquid nitrogen temperature, 0.15% 
are fast holes and C contributes 73% of the total and the 
fast holes comprise only about 6% of this. Higher H 
terms than have been included in Eq. (7) are needed to 
describe the entire sharp positive rise. For both of the 
above cases, the sign of C is such that this term causes 
|R| to decrease as observed. At still lower temperatures, 
where the Hs; have become exceedingly small, the effect 
of these fast minority carriers decreases to the point 
where at liquid helium temperature it cannot be seen 
at all from these measurements. 

The existence of these fast carriers in graphite has 
been further substantiated by the cyclotron resonance 
results of Galt, Yager, and Dail,'® with a subsequent 
interpretation due to Lax and Zeiger" and to Noziéres,'* 
where effective masses of 0.028mp» and 0.015mp for the 
minority holes and electrons, respectively, were re- 
ported.” 

It is believed that the origin of these fast carriers is 
associated with the effect upon dA/dE of warping at 
the tips of the elongated ellipsoid-like Fermi surfaces, 
which is related to m* by 


m*= (h*/2m)(dA/dE) go, (9) 


where A is a cross section of the Fermi surface cut by a 
plane perpendicular to the applied H. These projections, 
due to Johnston” and shown in McClure’s paper,” take 
the form of one center and three trigonally symmetric 
(about k,) conical points that extend along k,, the major 
axis of the ellipsoids. A family of constant energy 
contours lying in the kk, plane (LH) at k~w/3co 
above the center of the Brillouin zone is shown in 
Noziéres’ paper. The configuration of these contours is 
quite similar to that produced by contours of a partic- 
ular Fermi energy lying in k,k, planes cut at intervals 


16 Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956). 

17 B. Lax and H. J. Zeiger, Phys. Rev. 105, 1466 (1957). 

18 P, Noziéres, Phys. Rev. 109, 1510 (1958). 

DP. F. Johnston, Proc. Roy. Soc. (London) A227, 349 (1955). 
” J. W. McClure, Phys. Rev. 108, 612 (1957). 
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Fic. 4. Magnetoresistance magnetic-field dependence of EP-7 
and EP-14 at 298°, 77°, and 4.2°K. The dashed curves are 
empirical midlines. 


along the &, axis outlining the shape of the conical 
projections. The middle crossover contour'® represents 
the energy where A given in Eq. (9) transforms from 
one area into four smaller areas. Noziéres finds that 
dA/dE goes through a sharp discontinuity at this point, 
transforming from a distribution of values representing 
the majority carriers to one for values of the minority 


carriers. 


C. General Magnetoresistance Field 
Dependence 


The transverse magnetoresistance has been measured 
as a function of magnetic field from 100 gauss to 26 000 
gauss. The results at 77° and 4.2°K are shown in Fig. 4. 
The magnitude of Ap/po is exceedingly large, increasing 
with decreasing temperature. For crystal EP-14 at 
23 kilogauss, the value progresses from 5.77 at 298°K 
to 155 at 77°K, and to 8250 at 4.2°K. These results are 
consistent with the large anisotropy in graphite which 
has previously been observed in the zero-field electrical 
resistivity where p,./pa~10°— 10°. Such behavior is due 
to the peculiar layer-type crystal structure of graphite 
which has tight covalent bonding in the basal planes 
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Fic. 5. Magnetic-field dependence of the log-log slope of the 
magnetoresistance at 298°, 77°, and 4.2°K for a typical sample, 
EP-7. 


and weak, predominantly van der Waals’ type, attrac- 
tion between the planes. From band calculations,” this 
structure has led to a major-to-minor ratio in the Fermi 
ellipsoid-like surfaces of about 12 to 1. Thus, for the 
present case where carriers travel in the basal plane, 
there would be small effective masses and large relaxa- 
tion times similar, for example, to what has been found 
for the semimetal bismuth. These masses have been 
determined in an analysis of the field dependence of the 
de Haas-van Alphen type oscillations" which appear 
in both the Hall effect and magnetoresistance at 4.2°K 
for H23 kilogauss as shown in Figs. 2 and 4. The 
calculated effective masses are 0.030mo and 0.060m, 
with corresponding relaxation times in EP-14 of 1.4 
X10-" sec and 3.5 10-" sec for the majority electrons 
and holes, respectively. 

At intermediate fields, unusual changes in the slope 
on a log-log plot of the field dependence were observed 
as shown in Fig. 5 for a typical crystal, EP-7. A mini- 
mum occurs at the higher temperatures, which pro- 
gresses toward smaller H with higher sample purity and 
lower temperature. Three other crystals gave essentially 
the same results, well within experimental error, 
differing mainly in the position of the minimum. 

In the high-field region for the temperature range 
above 77°K, the magnetoresistance field dependence 
curiously obeyed the empirical relation 


Ap/po= BH 4.784008) (10) 


regardless of sample purity as determined by measure- 
ments on four samples. B is a parameter dependent 
upon the temperature and purity. This behavior is in 
substantial agreement with the results of Kinchin who 
obtained a dependence of H'-™ for a single crystal and 
with H':77 obtained by McClelland* using polycrystal- 
line graphite. 


21 J. D. McClelland, Phys. Rev. 100, 1807(A) (1955). 
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At liquid helium temperature, however, the field 
dependence is modified by the onset of saturation. A 
dependence of about H°-* was found at 25 kilogauss in 
substantial agreement with Berlincourt and Steele who 
found a dependence of H°®-®. The behavior of EP-5, in 
the limited region where it was measured, and of EP-14 
were identical to that shown in Fig. 5. Also, at this 
temperature, a sharp maximum equal to 2.0 occurred 
in the slope at 1 kilogauss, the exact field where R 
changed sign (see Fig. 3). No maximum was observed 
at 77°K where R changed sign (4 kilogauss), however. 
Therefore, such a correlation might be fortuitous. 


D. Low-Field Magnetoresistance 


The low-field room-temperature behavior is shown in 
Fig. 6 where Ap/pof/’ is plotted versus H to emphasize 
the conversion to a quadratic dependence occurring 
below a critical field, H,. A range of residual impurity 
concentrations is represented by the results of several 
samples. The quantity Ap/poH? increases and H, 
decreases with purity due to an increase in relaxation 
time which is equivalent to a corresponding decrease in 
the saturation field. A quadratic dependence was not 
observed at the lower temperatures down to the lowest 
field measured of 100 gauss. Such a dependence would 
be anticipated at 77°K only at H<1 gauss as deter- 
mined from an extrapolation of H. observed in the 
higher temperature region. 

The relationship of the magnetoresistance to the 
mobility and hence to temperature and impurity con- 
centration can be seen by considering it in terms of the 
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Fic. 6. Low-magnetic-field magnetoresistance room-tempera- 
ture behavior for several samples representing a range of impurity 
concentrations. 
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components of the magnetoconductivity tensor as 
given by 
p=0zz/ (G2z°+02,’). (11) 


For three types of carrier at small H, Ap/po reduces to 


Hs? Hs? Hs; 


Ap 1s be } F701 702 703 
Po (oo: +-o02+<003) 


Noe 


C a" al 
(a1 +-002+003) A: Hs: Hs¢ 


=4A—B. (12) 


For a simple one-carrier isotropic system, the expected 
zero magnetoresistance results. Numerical evaluation of 
these terms shows that B is negligible at room temper- 
ature as before. In A the minority carriers contribute 
83% and the majority electrons and holes about 8% 
each. A comparison of Fig. 3 and Fig. 6 shows that the 
magnetoresistance data could not be reliably measured 
to low enough fields to encompass the region where the 
fast carriers are most effective in the Hall coefficient. 
With such a low-field magnetoresistance measurement, 
however, one might expect that a still higher quadratic 
Ap/poll? value would be found. It is presumed, then, 
that the H? regions shown in Fig. 6 actually represent 
those due to the majority carriers predominantly, since 
the fast carriers by comparison would have a much 
smaller H,. In the region where H<H, for the majority 
carriers, Ap/poll? should be proportional to an average 
mobility squared. The absolute value depends on the 
ratios a and 6 as is shown by reducing Eq. (12) to the 
two-carrier form, again with the assumption that 
u./p’=1, giving 


he (13) 


Ap abfi+b7 
aay 


ol? la+b 


Since a~1 then this goes approximately to 


Ap 06 1 
——~— pt)? = — ehh. (14) 
pl? ¢ roa 
This is a good approximation especially in the higher 
temperature region where a is within a few percent of 
unity. The individual mobilities as determined from 
Eqs. (8) and (13) are given as functions of temperature 
in Table IIT. 


TABLE III. Mobilities of the majority carriers derived from the 
low-field magnetoresistance results for EP-14. 


Me X1074 
(cm?/v sec) 


uh X10™4 


Temperature 
(°K) (cm?/v sec) 





298 1.6 1.5 
77 9.0 10. 
4.2 100. 130. 
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Fic. 7. Temperature dependence of the average mobility as 
determined from the magnetoresistance at 3 kilogauss. The 
dashed line is a straight-line extrapolation from the high-temper- 
ature region where the points for EP-11, EP-14, and EP-7 essen- 
tially coincide. Rr=pa73°k/ps.2°x values show relative purities. 


These values are approximate because of the original 
assumption that u./u’=1 and because they could not 
be evaluated at fields where H<H,, where Eq. (12) 
holds strictly. 


E. Temperature Dependence of Resistivity 
and Magnetoresistivity 


The general trends* of the mobility temperature 
behavior as derived from the magnetoresistance and 
low-temperature resistivity measurements have been 
considered to obtain some indication of the dominant 
scattering laws operative in this temperature range. A 
plot of the quantity (Ap/pof*)' given in Eq. (13) versus 
temperature should give an average mobility behavior 
since a and 6 are slowly varying functions of tempera- 
ture. Measurements were made on EP-4 for H<H, in 
the temperature range from 278°K to 312°K. A T-}*4 
dependence was obeyed. It was further found that this 
temperature dependence was independent of the par- 
ticular field used even for H>H, as determined from 
temperature plots at several fields out to 8 kilogauss 
throughout the temperature region down to 77°K. 
Utilizing this fact, the temperature behaviors of EP-5, 
EP-7, EP-14, and EP-11 were also plotted for several 
fields greater than H,. Again a 7—'* behavior was found 
from room temperature down to at least 77°K.t The 

* The results of a detailed investigation will be presented in a 
later publication. 

t Note added in proof—Recent more extensive measurements 


on EP-11 show that this behavior is obeyed even down as far 
as 25°K. 
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Fic. 8. Resistivity temperature dependence. The _higher- 
temperature points for EP-4 and EP-5 have been omitted for 
clarity. 


results taken at 3 kilogauss are shown in Fig. 7. A type 
of lattice scattering is evidently dominant in this 
temperature range as would be expected, though the 
exponent is somewhat larger than the value of —1.0 
that would be predicted for lattice scattering in a 
typical metal.” 

At low temperatures, on the other hand, the mobility 
slopes tend to lower values indicating the increasing 
effect due to impurity scattering. EP-11, an excellent 
crystal, is believed to have almost no impurity scatter- 
ing even down to liquid helium temperature where its 
log-log slope is equal to —1.0. These slopes range in 
magnitude down to a value of about —0.5 for EP-7. 

Supporting evidence is seen in the zero-field resistivity 
results shown in Fig. 8. These are in good agreement 
with those of Primak and Fuchs® whose 4.2°K value is 
also shown (po73°k/ps.2°x=15) along with that of 
Kinchin. As pointed out by McClure," the knee corre- 
sponds approximately to the average degeneracy 
temperature. This was found to be about 140°K for 
the electrons and 210°K for the holes as determined 
from the Fermi energies calculated from the galvano- 
magnetic de Haas-van Alphen results discussed in the 
following paper. Thus, in the neighborhood of liquid 
helium temperature, the carrier concentrations would 
be expected to be essentially constant, or at most 
slowly varying functions of temperature. The trends of 
the average low-temperature mobilities, determined 
from the resistivity, showed very similar slopes to the 
magnetoresistance, progressing down to a value of 
about —0.2 for E-4, an unpurified crystal—the poorest 
of the group, which had a po73°K/ps.2°x ratio of 5.8. 

It is interesting that a rough determination of the 
total carrier density can be made from zero-field and 
low-field results using the resistivity and magneto- 


2 See reference 13, p. 264. 
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resistance data alone, independent of the Hall effect. 
This is possible for the case of graphite because b/a™1. 
The total carrier density is then given by 


Net mx—~1/[Lepo(Ap/poll?)*X 10°]. (15) 
Approximate values evaluated at fields of 1000 gauss 
at 298°K, 400 gauss at 77°K and 100 gauss at 4.2°K 
are given in Table IV. The largest error in these values 
is contained in the mobility approximations as men- 
tioned previously. They agree surprisingly well, how- 
ever, with those calculated by other methods." This is 


especially true at liquid helium temperature as demon- 


strated by a comparison with the individual results in 
Table I. 


F. Correlation of Residual Impurity-Dependent 
Effects 


The magnetoresistance ratio and the resistivity 
temperature ratio, Rr=po73°K/ps.2°x, make sensitive 
measures of relative impurity content. For the present 
case in dealing with these tiny graphite crystals, they 
have the added asset of being relatively independent of 
the exact sample geometry. While these effects are 
predominantly mobility-dependent, the high-field Hall 
coefficient, measuring m.—m,, should also reflect a 
strong impurity dependence. Since b/a™1, R is small; 
thus, it is sensitive to slight shifts in the Fermi level by 
impurities. For comparison, a measure of the individual 
electron carrier concentration, m,, is given by its 
corresponding de Haas-van Alphen period and the 
total relative carrier concentration, m,+ mp, is given by 
the quantity pe7s°x/(poAp)'s2°x, a modification of Eq. 
(15). It is expected that this quantity would be quite 
insensitive because of the band overlap." 

Observed amplitudes of the de Haas-van Alphen type 
oscillations are related, in part, to the impurity content 
by way of the collision damping term, A7, as discussed 
n the following paper and defined there in Eq. (3). 
In addition, the Fermi energies, carrier concentrations, 
and scattering effects also enter in the components of 
the amplitudes represented there” by the quantities A 
and B given in Eq. (2). As a result, an increase in the 
amplitude can be interpreted as a reduction in impurity 
content. The present measurements, along with those 
of Kinchin and of Berlincourt and Steele, are presented 
in Table V where the results are arranged in two 
sections: those which can be related to approximate 
equivalent parameters as shown in the last line and 
those that have, as yet, not been clearly defined by 


TABLE IV. Total carrier densities of EP-14 and EP-7. 








(ne +nn) X10718 (cm=~*) (te +a) X10~"8 (cm~4) 
for EP-14 for EP-7 


Temperature 
(°K) 





298 i 10.1 
77 . 3.5 
4.2 ‘ 3.2 











MAGNETIC FIELD 


DEPENDENCE 


OF THE HALL EFFECT 


TABLE V., Correlation of relative residual impurity dependencies. The last line indicates the approximate equivalent 


parameters proportional to the respective measured quantities. 








__'273°K 
C(pode)#], 20% 
(9420 gauss) 


(4.2°K, 
9420 gauss) 
526 
~480 
1220 
2600 


Reference °273°K/°4.2°K 


12.0 


Kinchin* 
Berlincourt and Steele 
EP-7 

EP-14 


0.53 


0.48 
0.73 


Ne+nn 


16.7 
37.0 


2 
Timp Timp 


* See reference 1. 
b See reference 2. 


theory. One of the most striking facts that is immedi- 
ately evident from these data is the large difference 
that is affected in the mobility and concentration 
difference accompanied by only a relatively small 
change in n,+m, or n, alone. This implies that probably 
the major impurities are not ionized. Also, the direction 
of the change in R shows that they are effectively donor 
impurities. This could be caused by impurities such as 
Ca, Fe, and Na which are usually present in sizable 
amounts in such unpurified natural crystals. 

Similar differences are seen in the oscillatory results. 
It is interesting to note that the relationship between 
the oscillatory and nonoscillatory components as a 
function of the particular type, or types, of residual 
impurity concentration here is given roughly by 


(16) 
(17) 


Adcis a Apa 5 
Retin x Ry. 


The Hall-effect dependence is not as well behaved as 


1 
[RT in cm*/coul 
2°K 


Apose/ Ap ay Rose/ Ray 
(4.2°K, (4.2°K, 
20 kilogauss) 20 kilogauss) 


(P.x108)4 
in gauss 


23 kilogauss) 
. >25 
1.60 
0.061 
0.074 


Ne—Nh 


0.06 
0.33 
0.38 


0.32 0.07 


0.33 
Ne 


the magnetoresistance, however, since it is further 
complicated by the tailing-off of R at high fields as 
observed by Kinchin and by Berlincourt and Steele. 
Controlled doping is necessary to conclusively deter- 
mine this correlation in detail. Relations (16) and (17) 
imply that the parameters A and B in Eq. (2) of the 
following paper," as they pertain to the. magneto- 
resistance or Hall effect individually, are related to the 
mobility and carrier density in a fashion similar to that 
of the nonoscillatory components. 
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An analysis has been made of oscillations in the Hall effect and magnetoresistance for graphite single 
crystals at 4.2°K with the field parallel to the hexagonal axis. Two periods of 2.11X10-* gauss” 
and 1.58 10~* gauss“ are shown to be due to the majority electrons and holes, respectively. These same two 
values were found in both galvanomagnetic effects and are in reasonable agreement with those observed in 
the susceptibility. There is a phase difference of x between the two galvanomagnetic properties. An analysis 
of the magnetic field dependence of the amplitude incorporating both effects in a “galvanomagnetic ratio,” 
p/R, has been made giving effective-mass values of 0.030mp for the electrons and 0.060mp for the holes. 
These are in substantial agreement with those calculated from cyclotron resonance and from the temperature 
dependence of the susceptibility de Haas-van Alphen oscillations. Corresponding Fermi energies were 
found to be 0.018 ev for the electrons and 0.012 ev for the holes, giving a very slight band overlap in graphite 


of 0.030 ev. 


I. INTRODUCTION 


HILE the de Haas-van Alphen effect in the 
susceptibility has been investigated in many 
metals, attention has been given more recently to the 
analogous oscillations in the galvanomagnetic effects in 
metals such as Bi,'~* Zn,*-* Mg,® Sb,” Ga," and Sn.” 
Following Shoenberg’s investigation of the susceptibility 
oscillations in graphite,'* Berlincourt and Steele’ were 
the first to observe them in the magnetoresistance and 
Hall effects as well as in the susceptibility, all three 
measurements being on the same crystal. They showed 
that there was a direct correlation betweeen these three 
effects by obtaining one common period of 2.15 10-5 
gauss. An additional period was found in the sus- 
ceptibility for temperatures below 1.4°K. 
Measurements were made here on relatively high- 
purity (99.995%) purified natural graphite single 
crystals using extreme precautions in their handling 
and mounting as described in the preceding paper.’ 
With such crystals it was believed that a further correla- 
tion could be made between the oscillations observed in 
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the susceptibility and those in the magnetoresistance 
and Hall coefficient in that two analogous periods should 
similarly exist in the latter two phenomena. This was 
the first aim of the present study. In addition, a search 
was also made for a third and smaller period which was 
thought might exist as a result of the presence of heavier 
carriers. 

A second objective of this investigation has been to 
relate the de Haas-van Alphen carrier densities to the 
normal conduction carrier densities. For most metals 
that exhibit the de Haas-van Alphen effect, the cal- 
culated number of carriers is considerably smaller 
(<10-* per atom) than that obtained from conduction 
phenomena. This suggests that what was observed was 
in reality only the effect due to a few carriers located in 
small pockets in the zone structure. The situation that 
exists here is rather unique in that a direct correlation 
can be made between the de Haas-van Alphen con- 
centrations and the normal conduction concentrations'® 
as determined from the same measurements on the 
same crystal. 

Recently, theories for the magnetic quantization of 
the galvanomagnetic effects have been applied to a 
multicarrier system!’ with an arbitrary band struc- 
ture.'? The third main part of this investigation consists 
of analyzing the field dependence of the oscillation 
amplitudes to correlate the effective mass values thus 
derived with those obtained both from the temperature 
dependence of the susceptibility oscillations and from 
cyclotron resonance. 


II. EXPERIMENTAL PROCEDURE 


In general, the measurements were made as described 
in the preceding paper. A Moseley X-Y recorder with 
external bucking and filtering circuits for each axis was 
used in conjunction with a Leeds and Northrup K-2 


171. M. Lifshitz and A. M. Kosevich, J. Eksptl. Theoret. Phys. 
U.S.S.R. 29, 730 (1955) [translation : Soviet Phys. JETP 2, 636 
(1956) J; and I. M. Lifshitz, J. Eksptl. Theoret. Phys. USSR. 
30, 814 (1956) Soong ag Soviet Phys. JETP 3, 774 On ts, 

18G. E. Zilberman, J. Eksptl. Theoret. Phys. U.S.S.R 
762 (1955) (translation: Soviet Phys. JETP 2, 650 (1956)]. 
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potentiometer. Because of the importance of the low- 
field region, considerable effort was made to obtain the 
highest possible accuracy for these measurements. In 
the range from 6.1 to 2.8 kilogauss, small increments 
of the field range were examined by enlarging each 
portion on an X-Y trace with suitable overlapping 
between sections. Two extreme matching points were 
calibrated for each section by aligning the fluxmeter 
indicating needle on predetermined dial marks within 
0.3% precision, utilizing a mirror for parallax correc- 
tion, and measuring the ordinate variables with the 
potentiometer. As an indication of the stability of 
the entire arrangement, no movement of the fluxmeter 
needle—within the precision indicated above—could be 
detected for at least a half hour, the longest time over 
which it was tested. 


Ill. THEORY 


Recent important theoretical calculations of Lifshitz 
et al.!” and Zilberman’* on the effect of orbital quantiza- 
tion due to an applied magnetic field upon the galvano- 
magnetic properties and on the related susceptibility 
have led to a more general interpretation of these de 
Haas-van Alphen type oscillations than existed hereto- 
fore. In particular, a more physically realistic model is 
assumed having an arbitrary band structure,’ con- 
taining two or more types of carrier, and assuming 
impurity scattering. Relaxation times, however, are 
still assumed to be independent of the magnetic field. 

A quantity called the ‘“galvanomagnetic ratio,” 
defined” as 


G= p/R, (1) 


is introduced here in order to combine the measured 
magnetoresistance, p, and the Hall coefficient, R, which 
are complicated individually, in such a way as to reduce 
the relation to afsimple sum of oscillatory and non- 
oscillatory terms. The oscillatory components of G 
are given, for two carriers by 


r) C(p) cos[_(2rp/P:H)—¢1] 
Goe=H*} A > ——————_- ee 
p=1 exp(X) sinh(pr*kTa/BoH 


» D(q) cos{(2rq/P2H)— 
iE Seckie-neegetes 
a1 exp(Y) sinh(qrkTb/BoH) 


where a= m,*/mo, b= m2*/mo, Byo= Bohr magneton and 
¢=phase. The summations are taken over all Fourier 
harmonics for each type of carrier with C(p) and D(q) 
being simple numerical factors. The quantities X and 
Y are identical to the arguments of their respective 
hyperbolic sine terms except that AT; replaces T. The 
quantity A7; represents the effect of collision damping 
upon the ith carriers in that the amplitude of the 
oscillations is decreased as though the temperature had 


19 G is similar to the ratio Z,/E,, the inverse of that used by 
Borovik ; see reference 9. 
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been raised from T to T+AT;. It is given” by 


AT ,;=h ‘akF ;, (3) 
where 7; is the collision time averaged around an 
extreme orbit on the Fermi surface. In the relatively 
low-field region where an exponential approximation 
can be made to the hyperbolic sine, this contribution 
amounts effectively to a simple additive correction to 
the measured temperature. The approximation of this 
contribution will be discussed in Sec. D of the results. 
The oscillatory periods, P;, due to the ith type of 
carrier contained in Eq. (2) are related to ‘he extreme 
(maximum or minimum) cross sections of the Fermi 
surface, A, perpendicular to the applied field, by 


P;=eh/cAm, (4) 


where A, is in momentum units. This is the Onsager- 
Lifshitz relation” which is quite general and exceed- 
ingly effective in directly ascertaining Fermi surface 
configurations. The period is also given by”* 


P;=eh/cm;*Eo,, 


(5) 


where Eo, is the Fermi energy as measured to the 
bottom of the conduction band for electrons and to the 
top of the valence band for holes. In addition, for the 
free-electron case 


te r\! 
r(NED/ 
whe 3 


where m;= carrier density. 

The quantities A and B are complex functions of band 
parameters, Fermi energies, temperature, and relaxa- 
tion times. In the present analysis, however, they 
appear only as simple parameters independent of H. 
This analysis is based on the determination of the 
effective masses through the slope of a semilog plot 
thereby avoiding any dependence upon A or B, which 
have a doubtful theoretical interpretation. The founda- 
tion of this approach thus rests on the fact that the 
hyperbolic sine factor, or its exponential approxima- 
tion,*4 and the cosine function® are the same in the 
theories for the susceptibility***-!? and in the galvano- 
magnetic effects!’:'*?7 even for the case of general 
band structure.” A complication arises as to the 
@act functional form of the term H*. A value of s=—4 

”R. B. Dingle, Proc. Roy. Soc. (London) A211, 517 (1952). 

1. Onsager, Phil. Mag. 43, 1006 (1952). 

21. M. Lifshitz; see notes added in proof of D. Shoenberg, 
Progress in Low-Temperature Physics (North-Holland Publishing 
Company, Amsterdam, 1957), Vol. 2, 263. 

*8L. D. Landau; see appendix of D. Shoenberg, Proc. Roy. Soc. 
(London) A170, 341 (1939), and in modified form in A. H. Wilson, 
Theory of Metals (Cambridge University Press, London, 1953), 
p. 171. 

*% This approximation is used quantitatively only for H<5 
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25 The phases, ¢;, are an exception since as yet they have not 
been clearly defined. { 

26M. Blackman, Proc. Roy. Soc. (London) A166, 1 (1938). 

27 E. G. Grimsal, doctoral thesis, Louisiana State University, 
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Fic. 1. Integer plot of magnetoresistivity and Hall coefficient 
extrema. The values of P’ are the average observed periods. 


is used here. This point will be discussed in Sec. D of 
the results. 

One approximation inherent in the theory of the 
de Haas-van Alphen effect under which Eq. (2) holds is 


kT/B*HS1. (7) 


This requires that the magnetic energy level separation 
be larger than the thermal broadening. Another is 


kT /EgK1. (8) 


In this approximation, Fermi statistics can be applied. 
And finally, 


B*H/EcK1. (9) 


Here, the number of quantum levels below the Fermi 
level must be large in order that the Fresnel integrals in 
the derivation?® may be evaluated at infinite limits. 
These are well satisfied in the present case, with the 
possible exception of (9) toward the highest field 
measured, 25 kilogauss, where there are only three 
remaining filled quantum levels (see Sec. A of the 
results). 
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IV. RESULTS AND DISCUSSION 
A. Periods 


The dependence of the Hall coefficient upon the 
magnetic field at 4.2°K is shown in Fig. 2 of the pre- 
ceding paper'® while the magnetoresistance results are 
given in Fig. 4. of that paper. Empirical** midlines are 
shown by the dashed lines. The results for crystal 
EP-7 are included*showing the striking similarity to 
EP-14, the crystal for which this analysis is made. The 
oscillations are very pronounced in the high-field 
range, being 20% of the nonoscillatory component at 
20 kilogauss in the case of the magnetoresistance and 
38% for the Hall coefficient. They were observed down 
to about 2.9 kilogauss where they amounted to 0.22% 
and 0.37%, respectively. 

Integer plots for R and p are shown in Fig. 1 with the 
corresponding H'G ‘function with damping removed 
shown in Fig. 2. As will be noted in these two diagrams, 
the two oscillatory components mesh and unmesh 
every four of the observed cycles. This four-cycle 
interval, 4P,,’, must be an integer multiple of each of 
the component periods or 

IP\=rP.=4P,’. (10) 
It was found that only values of /=3 and r=4 repro- 
duced the observed curve. This 3 to 4 ratio, also found 
by Shoenberg in the susceptibility, is apparently quite 
insensitive to impurity content. Analysis of both R and 
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Fic. 2. Oscillatory component of the galvanomagnetic ratio 
with damping removed. The Fourier analysis, extended to the 
eighth harmonic and indicated by the heavy curve, was made over 
the interval from 6.65X 10~* gauss™ to 13.01 10~* gauss“. The 
lighter curve is empirically fitted. 


28 This midline fitting was complicated by the presence of two 
ha 


oscillatory components with similar periods. An iteration process 
was developed where use was made of the insensitivity of an 
integer plot to the exact trial midline and of the insensitivity to 
the cosine function of the extrema amplitudes located in the 
constructive interference regions. 
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TaBLE I. Periods from galvanomagnetic de Haas-van Alphen 
type oscillations. 





Pi X105 
(gauss~') 


2.12+0.08 
2.08+0.05 


P:X105 
(gauss™) 


1.59+0.06 
1.56+ 0.04 


Measurement 





Magnetoresistance 
Hall coefficient 





p over the interval from 3 to 11.5 (see Fig. 1) gives the 
period values shown in Table I. 

There is thus essential agreement between the two 
effects within experimental error. The average P; value 
is further substantiated by the average value of 
2.11X10-* gauss~' measured directly for the period 
observed in the low-field region where P2 has sufficiently 
damped out. The period P, is then three fourths of 
this value. It is interesting to correlate these latter 
results with those observed previously from  sus- 
ceptibility, magnetoresistance, and Hall effect measure- 
ments as is done in Table II where the temperatures 
indicated are the lowest at which measurements were 
taken. It will be seen that there is reasonable agreement 
between these values. 

These measurements show, in addition to the results 
discussed in the preceding paper, that the major reason 
for finding a second period here is undoubtedly the 
initial crystalline perfection of these crystals plus their 
increased purity due to purification. 

The assignment of the particular type of carrier that 
is related to each of the oscillatory periods cannot in 
this case be made from the de Haas-van Alphen effect 
alone. Actually, this is done by referring to the cyclotron 
resonance results”? noting that the electron is the lighter 
carrier (see Table IV). The longer dominant period is 
related to the lighter carrier and hence to the electrons. 
Similar identification is made for the holes. 

Further information can be derived from the integer 
plot in Fig. 1 by extrapolating to 1/H=0 as shown by 
the dashed lines. It is then observed that only about 
three more oscillations would be expected if the meas- 
urements were carried to infinite H. Even at the highest 
extremum, 22.2 kilogauss, the carriers have already 
been magnetically condensed down to the third quan- 
tum level in graphite. This approach to the limit of a 


TaBLe ITI. De Haas-van Alphen periods in graphite determined 
from several measurements. 
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P, X108 
(gauss~') 


2.20 


P:X105 

(gauss™') 
1.65 
1.61 


Reference 


~ 
° 
A 
o 


Measurement 





Susceptibility 
Susceptibility 
Magnctorestance 2.15 

Hall coefficient 
Magnetoresistance 2.12+0.01 
Hall coefficient 2.10+0.01 


Shoenberg* 

, Berlincourt 

} and 
Steele® 

} Present 


results 


aaa 


ae ee pe ee 
ND WW WY 


1.59+ 0.01 
1.57+0.01 4. 














® See reference 14. 

> This value is taken as } of 2.15 X10-* gauss™, though not quoted by 
the authors. 

* See reference 15. 


® Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956). 
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small number of filled quantum levels, where approxi- 
mation (9) breaks down, is also indicated by the cusp- 
like shape of the last oscillation occurring at 5.25 10~° 
gauss as shown in Fig. 2. Such a behavior resembles 
more closely the exact relation obtained by Peierls®:* 
for a free-electron gas at 0°K where approximation (9) 
used in applying the Poisson summation formula was not 
made. This effect has also been observed and discussed 
for the case of bismuth by Babiskin.® 


B. Phases and Harmonics 


Figure 1 shows that there is a phase difference of + 
between the oscillations in the magnetoresistance and 
the Hall coefficient taking the sign of R into account. 
This is contrary to the results of Berlincourt and Steele 
who found a phase difference of +/4. Apparently, this 
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Fic. 3. Harmonic amplitudes from Fourier analysis normalized 
to the third harmonic. The dominant terms are shown in solid bars 
along with their respective first harmonics. 


difference is a matter of sample purity where the relative 
electron and hole contributions are affected. In general, 
the orientation of H with respect to the crystallographic 
axes also affects this phase difference.‘ It is interesting 
to find that similar results to those obtained here have 
been found for the case of H parallel to the principal 
axis with Bi,‘ Zn,® and Ga," where it was found that 
|.R| was in phase with p in the high-field range. On the 
other hand, phase differences’” of x and intermediate 
values” have also been observed. It will require con- 
siderably more careful work to understand this phase 
of the problem. 

*® R. Peierls, Z. Physik 81, 186 (1933). 

31 This was kindly pointed out to the author by J. Babiskin. 

#N. E. Alekseevskii and N. G. Brandt, Proceedings of the 


Conference on Low-Temperature Magnetism, Kharkov, 1954 
(unpublished). 
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To determine the absolute phases, a Fourier analysis 
was made. In addition, information was simultaneously 
obtained about the total harmonic content. The 
average damping was first removed by an exponential 
fit to the total H'G function over the repeat interval** 
from 6.65X10-*° gauss“ to 13.01X10-* gauss“. The 
analysis, carried out on an IBM-650 computer, was 
extended to the twentieth harmonic. A histogram of the 
normalized harmonic amplitudes is shown in Fig. 3 
demonstrating that the third and fourth harmonics are 
indeed dominant. The first harmonics of each of these 
(solid black bars) are also seen to be present, amounting 
to about 18% or less of their respective fundamentals. 
Since only those harmonics from 2 to 8, containing 92% 
of the total, are significant, the sum of these is plotted 
(heavy black line) in Fig. 2 showing the fit to the experi- 
mental data. 

The phases of the dominant terms are ¢;=0.347z for 
the third harmonic and ¢:=0.859x for the fourth 
harmonic. Zilberman obtained a theoretical value of 
m/4 for both ¢; and ¢2. Evidently, the theory concerning 
this point has been oversimplified and requires further 
careful evaluation. 

While the third and fourth harmonics are comparable 
in magnitude in this region, the fourth with its larger 
effective mass (see Table IV) damps out at a faster rate 
upon going to lower magnetic field as shown in Eq. (2). 
In addition, the damping of any harmonic increases 
with its order as is also shown in Eq. (2). Consequently, 
it would be expected that at a low enough field, only 
the third harmonic (electron) would remain as the 
dominant term. This is seen to be the case as is shown in 
Figs. 1 and 5. Additional! proof is evidenced by the fact 
that when the calculated third Fourier harmonic was 
extrapolated to the field region beyond H-'~~21X 10 
gauss~', it was found to be exactly in phase with the 
oscillations measured in that region. 

In the low-field region below 6 kilogauss, a subordi- 
nate oscillatory component was found. The oscillations 
occur as sharp indentations in the primary oscillation 
extrema causing a double-peaked appearance. They 
appear in both V,, the measured magnetroresistance 
voltage drop, and Vy, the Hall voltage, with a phase 
difference of +. One of the two or more periods that 
make up this component is approximately 1.64 10~° 
gauss~'. Consequently, they are probably not beat 
periods of the primary oscillations or harmonics since 
not only are the period values wrong, but also harmonics 
would be expected to become more evident at higher 
fields as shown in Eq. (2). Recent evidence indicates 
that they may be due to a size effect. 

A general search for any auxiliary small-period oscil- 
lations was also made in the high-field region where 


% This region was limited because a single exponential fit could 
not be made over a more extended region. Also, the highest-field 
region was avoided because of the cusp-like distortion resulting 
from an inapplicability of the theory and inaccuracy in the 
mid-line determination. 
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V, and Vy were measured very accurately on the K-2 
potentiometer over the limited region from 21.8 to 
23.3 kilogauss as is shown in Fig. 4. Additional oscil- 
latory components could not be detected in this range. 


C. Amplitude Dependence upon 
Magnetic Field 


The dependence of the total oscillation extrema 
envelope of H'G upon 1/H is shown in Fig. 5. The 
alternate regions of constructive and destructive inter- 
ference can be seen, gradually diminishing in size with 
decreasing field as the electron component becomes 
increasingly more dominant. The slope of the super- 
imposed envelope gives a certain average effective 
mass ratio, a’. This ratio progresses from a value of 
0.056 down to 0.031 where all but the electron com- 
ponent have essentially damped out. 

The contribution of just the electron component 
throughout the region measured was determined by 
evaluating H'G at points where the hole component was 
zero, and making the suitable cosine corrections where 
the remaining harmonics were neglected. The resultant 
electron effective mass ratio, a, was found to be 0.030 in 
good agreement with the above-mentioned asymptotic 
value. The best value of a within the intrinsic accuracy 
of the theory is 0.030+0.002. This electron contribution 
is also shown in Fig. 5 normalized at the point of 
tangency where the value for A was found to be 0.0090 
ohm coul cm~ gauss?. 

With the electron term evaluated, it was then sub- 
tracted from the total H'G to obtain the residual hole 
component with accompanying small additions due to 
the remaining harmonics. A plot of the extrema posi- 
tions of this residual is shown in Fig. 6, where the slope 
gives the hole effective-mass ratio, b=0.060, which is 
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Fic. 4. Amplified plot of the first extremum in Vg and V, 
employed in a search for an additional smaller period. 





OSCILLATIONS 


somewhat less accurate than the electron value. The 
corresponding hole amplitude parameter, B, was found 
to be 0.051 ohm coul cm~? gauss! as determined from 
the ratio of the hole component to the total function 
averaged over the region where Fourier analysis was 
made as indicated in Fig. 3. This fraction is 38% as 
compared to the corresponding electron contribution 


of 40%. 


D. Analytical Approximations 
1. Collision Damping 


Collision damping has been considered small here 
compared to thermal damping, that is A7<<7. This 
relation is satisfied in the present case as determined in 
two ways. The oscillatory structure of the de Haas-van 
Alphen effect becomes more distinct with decreasing 
temperature and increasing sample purity. Shoenberg 
observed two periods in the susceptibility below 1.4°K 
which, in addition, shows more structure than the 
galvanomagnetic effects. Comparison of his results with 
those of Berlincourt shows that their 
crystals were roughly comparable in the degree of 
oscillatory structure in the susceptibility. Shoenberg 
calculated a value of A7~1.5+0.5°K. Since the struc- 
ture observed here at 4.2°K is at least as sharply 
defined us that seen by Berlincourt and Steele at 


and Steele 
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Fic. 5. Galvanomagnetic ratio extrema envelope. Both maxima 
and minima are plotted. The dashed curve is the extrema envelope 
itself while the solid curve is a superimposed envelope, the 
slope of which represents an average effective mass ratio, a’. 
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Fic. 6. Residual hole component extrema of the galvano- 
magnetic ratio. The hole effective mass ratio, b, is proportional 
to the slope. C=3.98X 108 amp/cm. 


~1.4°K, then the present value is very approximately 
ATS1.5°— (4.2°—1.4°). 


Secondly, AT has been calculated independently 
using the effective mass values derived here and the 
mobility values found from the nonoscillatory com- 
ponents.** The resultant AT values calculated from 
Eq. (3) are 


AT.=0.17°K, AT,=0.068°K, 


for the electrons and holes, respectively. Thus, the 
AT’s are <4% of T. Consequently, the effect of 
collision damping is small in EP-14. 


2. Field Dependence 


Throughout this analysis, a value of s= —} obtained 
by Zilberman was used for the H* term in Eq. (2). 
There is still the unsettled question of whether a value 
of +4, calculated by Lifshitz e¢ a/., might represent a 
more appropriate form. Consequently, the latter value 
was also used to test the resultant difference made in 
the final effective mass value. This latter value reduced 
the electron effective mass ratio by only 6.5%. 


Vv. CONCLUSIONS 


Two dominant periods have been observed in the 
magnetoresistance and Hall effect which correspond to 
those observed in the susceptibility by Shoenberg and 
by Berlincourt and Steele. Estimates of the carrier 


% For this analysis, see J. W. McClure, following paper [Phys. 
Rev. 112, 715 (1958). 
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TaBLE III. Carrier densities determined from the galvano- 
magnetic de Haas-van Alphen periods and from the nonoscillatory 
component of the galvanomagnetic effects in EP-14 at 4.2° K. 








Nose X 10718 
(cm~) 


Maonose X 10718 
(cm~) 





2.8 3.1 
2.2 2.7 


Electrons 
Holes 








densities determined from these periods using Eq. (6) 
are 5.86X10'* cm and 9.00X10'* cm-* for P; (elec- 
trons) and P» (holes), respectively. The Fermi surfaces 
calculated for graphite by McClure® consist of four 
electron ellipsoids and two hole ellipsoids. These 
ellipsoids, having major-to-minor axis ratios of ap- 
proximately 12:1, are slightly distorted from a true 
ellipsoidal shape and are oriented with their major 
axes parallel to the hexagonal crystallographic axis. 
The above density values suitably corrected for ellipsoid 
number and eccentricity are compared in Table III] 
with those obtained from the nonoscillatory high-field 
components calculated in the previous paper.'® 

It might be mentioned that additional substantiation 
is given by the results obtained with crystal EP-7. 
While not analyzed in detail, it showed similar periods 
and, hence, similar tose Values. The Mnonose Values are 
about 2.1X10'* cm~* for both the electrons and holes. 
These results show that in the case of graphite, the 
carriers responsible for the major nonoscillatory 
galvanomagnetic effects are Ktobably also responsible 
for the de Haas-van Alphen efit = They are the normal 
majority carriers. The identificaifion as to whether they 
are electrons or holes, as was pointed out previously, is 
made by reference to the cyclotron resonance results. 
Eventually, an independent method will be used where 
the increase or decrease of the respective periods with 
acceptor or donor doping will be studied. This has the 
advantage of being internally consistent within the 
galvanomagnetic measurements themselves. 

It is interesting to compare the effective mass ratios 
calculated here as evaluated at the maximum cross 
sections of the Fermi surfaces with values obtained 
from other types of measurement as is done in Table IV. 
As shown in the table, there is substantial agreement 
between the respective values. This is especially true 
with the cyclotron resonance values, believed to be the 
most accurate of the first two methods. This agreement 
further supports the contention that these electrons and 
holes are the normal conduction carriers. 

The respective Fermi energies have been calculated 
from Eq. (5) to be 0.018 ev for the electrons and 0.012 ev 
for the holes. The band overlap for graphite is conse- 
quently equal to about 0.30 ev. With such a small 
overlap, large changes would be expected to be found 
for only a small shift of the Fermi level accomplished 


36 J. W. McClure, Phys. Rev. 108, 612 (1957). 
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by such means as impurity doping. In addition, from 
Eq. (3) with the mobility values, the most probable 
relaxation times in EP-14 at 4.2° K are 


Te=1.4X10-™ sec, 
Tr=3.5X10- sec. 


At low magnetic fields, effects due to light minority 
carriers, that are strongly sensitive to the position of the 
Fermi level, have been observed in the Hall effect and 
are described in the preceding paper.'* There is only a 
small probability that oscillations dye to these light 
carriers would be detected because of their small 
number (<0.1% of the majority carrier densities).'*:*4 
Also, their periods would be longer (light-to-normal 
mass ratio roughly 0.5)** thus making them difficult to 
differentiate in practice from the beat frequency of the 
two dominant periods. The presence of m* in the hyper- 


TABLE IV. Effective mass values of the majority electrons and 
holes in graphite evaluated at the maximum cross sections of the 
Fermi surfaces by different methods. 








Reference 


Shoenberg® 


Measurement ma*/mo 


~0.07 


me*/mo 


0.036 





Susceptibility, 
de Haas-van Alphen 
temperature dependence 
0.066 Galt, Yager, 
and Dail’; 
Noziéres* 


Cyclotron resonance* 


Present 
results ° 


Galvanomagnetic effects, 0.030 0.060 
de Haas-van Alphen 


field dependence 








* These values are taken at the maximum dn,./dm for electrons and at the 
maximum cutoff of dua/dm for the holes in order to make a proper com- 
parison with the de Haas-van Alphen values. 

> See reference 14. 

© Experimental measurements; see reference 29. 

4 Theoretical interpretation; P. Noziéres, Phys. Rev. 109, 1510 (1958). 


bolic-sine term of Eq. (2), however, would tend to 
increase the amplitude, but only by ~60%. 

The general functional form of the H* term is still 
theoretically uncertain, and requires further study. For 
an exact and unequivocal experimental determination 
of H*, it would probably be necessary to analyze a 
curve that contained only one oscillatory component. 
Such a study for graphite might be successfully carried 
out at higher temperatures and/or lower fields. 
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The magnetic-field-dependent data of Soule for the Hall effect and magnetoresistance in graphite have 
been analyzed using a multicarrier model. An improved mode of analysis is used, in which the magneto- 
conductivity tensor elements are computed as functions of magnetic field strength from experimental data, 
and then fitted to simple formulas. The formulas represent solutions to the Boltzmann equation in the 
classical (nonoscillatory) range. The effects of electrons and holes are separated by applying a Kramers- 
Kronig type relation. The results, which agree with band-model predictions within 20 to 50%, are that 
there are 2.9 10" holes and electrons per cm* in pure graphite at 4.2°K, and 7.0X10'* cm™ each at 300°K. 
The mobilities range from about 9X10* cm*/volt sec at 4.2°K to 1.010‘ cm?/volt sec at 300°K, with the 
hole-to-electron mobility ratio being 1.2 and 0.9 at the two temperatures. In addition, at room temperatures 
there are about 6X10" minority holes per cm? with a mobility of 15105 cm*/volt sec and 5X10" minority 
electrons per cm? with a mobility 410° cm*/volt sec. The relaxation times for the majority carriers are 
distributed over a range of a factor of four. The average relaxation times are consistent with those deduced 


from cyclotron resonance experiments. 


1. INTRODUCTION 


HE two-band model for the understanding of the 
magnetic field dependence of electrical resistance 
was introduced by Blochintzev and Nordheim.' Nu- 
merous authors have contributed to the theory by 
including the Hall effect, and by considering various 
cases.2-* A discussion of the two-band model is given in 
Wilson’s book.’ Jones made early use of the theory to 
treat the magnetic-field-dependent effects in bismuth? 
Several recent works have used the theory to analyze 
experiments, obtaining estimates of carrier densities and 
mobilities.*-” Most of these authors have fitted the 
experimental data for the Hall coefficient and magneto- 
resistance to specific formulas based on special assump- 
tions. On the whole, the results have been successful 
and the estimates obtained reasonable. 
However, there are many advantages to inverting the 
above procedure and obtaining the elements of the 
magnetoconductivity tensor as functions of magnetic 


* A portion of the work reported herein was performed while 
the author was on the staff of the University of Oregon, Eugene, 
Oregon. 

t Division of Union Carbide Corporation. 

'D. Blochinzev and L. Nordheim, Z. Physik 84, 168 (1933). 

2H. Jones, Proc. Roy. Soc. (London) A155, 653 (1936). 

%E. Sondheimer and A. Wilson, Proc. Roy. Soc. (London) 
A190, 435 (1947). 

4 E. Sondheimer, Proc. Roy. Soc. (London) A193, 484 (1948). 

5M. Kohler, Ann. Physik 5, 89, 99 (1950); 6, 18 (1949). 

®R. G. Chambers, Proc. Phys. Soc. (London) A65, 903 (1952). 

7A. H. Wilson, Theory of Metals (Cambridge University Press, 
Cambridge, 1953), second edition, p. 198. See also J.-P. Jan, 
Solid State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1957), Vol. 5, p. 1. 

§ Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 

*E. S. Borovik, J. Exptl. Theoret. Phys. (U.S.S.R.) 27, 355 
(1954); Izvest. Akad. Nauk, S.S.S.R., Ser. fiz. 19, 429 (1955). 

1 Adams, Davis, and Goldberg, Phys. Rev. 105, 865 (1956). 

( " B. R. Coles and J. C. Taylor, J. Phys. Chem. Solids 1, 270 
1957). 

12 Howarth, Jones, and Putley, Proc. Phys. Soc. (London) 
B70, 124 (1957). 

18 For a discussion of the determination of the magnetocon- 
ductivity, see R. M. Broudy and J. D. Venables, Phys. Rev. 105, 
1757 (1957). 


field directly from the experimental data, and then 
comparing with theory.’ Firstly, the effects of dif- 
ferent groups of carriers on the magnetoconductivity 
tensor elements are additive, whereas their effects on 
the Hall coefficient and magnetoresistance are given 
by complicated formulas. Further, as will be shown 
below, it is sometimes possible to separate the effects 
of carriers of different sign and to obtzin carrier densities 
and mobilities without making assumptions as re- 
strictive as heretofore. Finally, when it is desired to 
fit the data to a specific theory, the formulas for the 
magnetoconductivity tensor elements are simpler than 
those for the directly measured quantities, so that the 
process of curve-fitting is more easily carried out. 

In Sec. 2 we develop the necessary theory, and in 
Sec. 3 we apply it to the data of Soule for graphite.'® In 
Sec. 4 the results of Kinchin for graphite are discussed, 
and final conclusions are presented in Sec. 5. 


2. THEORY 


We restrict ourselves to the case of a conductor which 
has an axis of symmetry parallel to the magnetic field. 
Such is the case in the graphite experiments which we 
shall analyze. In fact, the majority of the carriers in 
graphite are associated with Fermi surfaces which have 
rotational symmetry about the c axis.'® As the current 
is restricted to the layer planes, and this is perpendicular 
to the magnetic field, we need deal with only two inde- 
pendent elements of the magnetoconductivity tensor, 
or, and a,, (the magnetic field is oriented parallel to 
the z axis, which is parallel to the ¢ axis). 

Assuming that the Boltzmann equation is valid to 
all fields with a relaxation time which is constant on 
precession orbits in k space (the relaxation time may 
have any dependence on energy and &,), and making 
use of the fact that the orbits are practically circular, 


4 R. G. Chambers, Proc. Roy. Soc. (London) A238, 344 (1956). 
16D. E. Soule, this issue [Phys. Rev. 112, 698 (1958) ]. 
16 J. W. McClure, Phys. Rev. 108, 612 (1957). 
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Fic. 1. The diagonal magnetoconductivity of graphite in the 
layer plane, with the magnetic field parallel to the c axis. The 
curve is for sample EP14 at 77°K. The circles are experimental 
points, and the line is a theoretical curve consisting of two 
“Lorentz” terms. 


the conductivity components may be written!’ 


ds g,(s) ds g,(s) 
Czz— oat tont= f +f ’ 
1+(sH)* 1+(sH)’ 


ds g,(s)sH ds g,(s)sH 
ta=onPton"= | -f . (2.1b) 
1+(sH)? 1+ (sH)? 


(2.1a) 








In the preceding, o? and o” stand for partial conduc- 
tivities due to positive and negative carriers, H is the 
magnetic field, g, and g, are distribution functions for 
the positive and negative carriers, and limits of in- 
tegration are from 0 to ©. The formulas allow the 
cyclotron frequency to depend upon energy and ,, 
which it does in graphite.'* An important fact in the 
present analysis is that the number of carriers is given 
by the high-field behavior of o-,.5"%° Specifically, we 
have 


pec= fas £p(s)/S, (2.2) 


where p is the number of holes per cm’, e the electron 
charge, and c is the velocity of light. A similar relation 
holds for the electrons. 

It is seen that if one has experimental data covering 
a great enough magnetic field range, and if the elec- 
tron and hole terms could be separated, the number 
of each kind of carrier can be found. The separation can 
be effected by using the Kramers-Kronig relations,”! 


17 Results of this form have been obtained by many authors. 
See, for example, J. W. McClure, Phys. Rev. 101, 1642 (1956). 

18 P. P. Nozitres, Phys. Rev. 109, 1510 (1958). 

19 J. A. Swanson, Phys. Rev. 99, 1799 (1955). 

* Lifshitz, Azbel, and Kaganov, J. Exptl. Theoret. Phys. 
OST” 31, 63 (1956) [translation: Soviet Phys. JETP 4, 41 
(1957) }. 

21 See, for example, R. Kronig, J. Opt. Soc. Am. 12, 547 (1926). 
The relations (2.3) can be proved by substituting from Eqs. (2.1) 
and carrying out the integral over H’. 
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yielding 
P ¢ dH’ 
~ [oul =0 0-00" 
a! H—H' 


P ¢ dH’ 
- [——4(H1)- — O22’ +o22". 
a! H—H’ 


(2.3a) 


(2.3b) 


In the above, the limits of the integrals are from — © 
to +; the symbol P means that the principal part 
of the integral is to be taken. It is seen that by applying 
the relation, and then adding and subtracting, the 
individual o’s for positive and negative carriers can be 
obtained. If there are only carriers of one sign, separa- 
tion is not effected, but a consistency check is provided, 
which has been used by Adams.” Once the partial con- 
ductivities have been obtained, the total number of 
electrons and total number of holes can be found by 
using (2.2). As the zero-field partial o,.’s are also 
known, the average mobility of electrons and average 
mobility of holes can be found. Furthermore, informa- 
tion is contained in the manner in which the partial 
conductivities depend on magnetic field. If, for ex- 
ample, there are two kinds of holes, it should appear in 
the field dependence. The scattering law (dependence 
of relaxation time on energy and &,) affects the field 
dependence, and it may be possible to deduce informa- 
tion concerning the law from the form of the partial 
conductivities. 

It is important to note that the carrier densities and 
mobilities can be found without having to deal with 
integrands containing singular points. The total number 
of carriers (electrons plus holes) is proportional to the 
area under the total o,, curve, 


(n+ p)ec= (2/n) f dHo,(H), (2.4a) 
0 

and the difference in zero-field conductivities is likewise 

an integral, 


(2.4b) 


Oz2”—O22"= (2/m) f dHo.,/H. 
0 


Equation (2.4b) does not have a singular point, as 
Eq. (2.1b) shows that ¢,, is proportional to H for low 
values of H. 


3. APPLICATION TO GRAPHITE 


The magnetoconductivity tensor elements were calcu- 
lated from the experimental data of Soule’® by the 
following simple formulas which hold in this case: 


O22=0/(1+ (RoH)*), (3.1a) 
Ory=O22(RoH), (3.1b) 
where o is the experimental conductivity and R is the 


2 E, N. Adams (private communication), 
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Hall coefficient, all in cgs units. Then, the o,, and 
oz,/H were fitted to a linear combination of ‘Lorentz 
curves,” 

S=>,.{A,/[1+ (4/A,)*)}, (3.2) 
using the method of least squares to choose the best 
values of A,’s and H,’s in two- or three-term expres- 
sions.“ The justification for the form of (3.2) is that 
we are ‘replacing integrals over peaked distribution 
functions by the integrand at the peak. Expression 
(3.2) has the correct behavior in small and large mag- 
netic fields and, in fact, we find with two or three terms 
it is capable of representing the o’s to accuracies rang- 
ing from 1% to 5% for different curves. Of course, it 
is not necessary to make analytical fits to the curves in 
order to integrate and find the total carrier densities 
and average mobilities for electrons and holes. However, 
in some of the cases there are two types of electrons (or 
holes), so that curve fitting is the only way to effect 
separation. Even if the curves were not fitted, it would 
be necessary to extrapolate to high fields in order to 
get the complete integral. Finally, with the type of 
analytic formula used it is especially easy to apply the 
Kramers-Kronig relations. Two of most satisfactory 
o’s are exhibited in Figs. 1 and 2. Note that Fig. 2 is a 
plot of Ho,, versus 1/H, which is described by a formula 
of the type (3.2) with H replaced by 1/H. The final 
fitting parameters are listed in Table I. 

If we insisted that each term in (3.2) represented a 
single type of carrier, and required the Kramers- 
Kronig relation to apply term by term, then our pro- 
cedure would be equivalent to the simplest two-band 
model, though carried out in terms of the o’s. However, 
we regard the analytical representation of the o’s to 
‘be a convenient step in applying the Kramers-Kronig 
relation to the entire ¢. Thus, we allow each fitting 
parameter to be adjusted completely independently, 
and then interpret combinations of the fitting pa- 


TABLE I. Parameters from least-squares fit of magnetocon- 
ductivity tensor elements. Substitution of parameters in Eq. (3.2) 
gives a representation of the indicated quantity. All quantities 
are in cgs (Gaussian) units. 





Sam- Temp. 
ple (°K) Ai A: 


For ozz X10-" 
4.2 § 74.4 1.63 
77 \ 6630 
19 800 
116 1.7 
3710 
22 000 


For (¢2y/H) X10 





17 750 


14 000 


15 180 
—1.09 260 


50 


315 1000 500 § 
—2.28 6850 0.0863 32010 18.3 67 








* The least-squares fit was accomplished by an IBM-650 com- 
puter, using an iterative procedure. 
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Fic. 2. The off-diagonal magnetoconductivity of graphite in 
the layer plane, with the magnetic field parallel to the c axis. The 
curve is for sample EP14 at 4.2°K. The circles are experimental 
points, and the line is a theoretical curve made up of two “Lorentz” 
terms, the positive one having less height and greater width. 


rameters instead of individual paramcters.* That the 
latter procedure is better is borne out by experiments in 
changing the weighting of the data points in the least- 
squares fitting; for though individual parameters are 
affected considerably (~20%), the over-all fit and 
integrals are not much changed. 

There are several facts about the results displayed in 
Table I which must be noted. At 4.2°K, careful con- 
sideration was given only to the field region below 2 
kilogauss (only these points are shown in Fig. 2), 
because of the oscillatory behavior at higher fields. The 
oscillations are treated by Soule,” but an analysis of 
the entire behavior is postponed. The first two terms in 
the table for 4.2°K fit the lo: field results, and the third 
term is added to make the curve follow a rough average 
at higher fields. At the other temperatures the entire 
field range was utilized and the third terms were added 
when necessary, usually to fit a very striking feature of 
the curve. Theoretical Hall coefficients and magneto- 
resistances were calculated from the fitted formulas, 
some of the results being exhibited in Figs. 3 to 6. In 
general, the calculated magnetoresistance reproduced 
the experimental quantity extremely well, and the 
greatest deviations are in the Hall coefficient. 

The resulting carrier densities and mobilities are 
listed in Table II. The results are in harmony with the 
qualitative prediction which can be made from the Hall 
effect : since the high-field Hall effect is negative, elec- 
trons outnumber holes; since the low-field Hall effect 
is positive at the lowest two temperatures, the holes 
must have the higher mobility at those temperatures. 
The total number of electrons and of holes have been 
determined by applying the Kramers-Kronig relation 
to the entire o’s, as outlined above. The first two terms 


*Tn an earlier report [J. W. McClure, Bull. Am. Phys. Soc. 
Ser. II, 1, 255 (1956) ], the individual parameters were interpreted, 
with much less satisfactory results than in the present paper. 

*5 TD. E. Soule, preceding paper [Phys. Rev. 112, 708 (1958) ]. 
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Fic. 3. The magnetoresistance of graphite in the same orienta- 
tion as Fig. 1. The curve is for sample EP 14 at 77°K. The circles 
are experimental points and the line is calculated from theory. 
Note that the total resistance is plotted. 


in each o are regarded as the combined effects of ma- 
jority electrons and majority holes. The third term is 
regarded as representing a minority carrier, as when it 
is present its H; is much more different from H, or H; 
than H, and H; are from each other. With this assump- 
tion, the Kramers-Kronig relation applied to the first 
two terms gives the properties of the majority carriers. 
Note that the resulting partial o for a majority carrier 
usually contains four terms, which represent a dis- 
tribution of relaxation time (strictly speaking, the 
product of the relaxation time and cyclotron frequency) 
over a range of about a factor of four. Using the ex- 
pressions for the individual o’s, we have calculated the 
values of the ratio of Hall mobility to conductivity 
mobility that each carrier would have if present alone. 
We find values of uu/u, ranging from 1.2 to 1.6 for 
both{majority carriers at all temperatures. Except at 
helium temperatures, the third term represents higher- 
mobility carriers and appears only in o,,. We applied the 
Kramers-Kronig relation to it individually to obtain 
the minority-carrier properties. The predicted o,, for 
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Fic. 4. The Hall coefficient of sample EP14 at 298°K, in the 
orientation of Fig. 1. The circles are experimental points and the 
line is the theoretical curve. The drop at low field is due to a 
minority electron. 





the minority carrier is a very much smaller fraction of 
the total o,, than the minority ¢,, is of the total o.,, 
explaining why the minority effect is not seen in oz. 
At helium temperatures the situation is reversed, with 
a low-mobility carrier appearing in ¢,, only. The origin 
of this ‘slow carrier” will be discussed later. The reason 
that the high-mobility minority carriers are not seen 
at helium temperature is presumably because they 
saturate at magnetic fields which are so low that their 
effects were not included in the experimental! data. The 
sharp changes in the Hall coefficient in Figs. 4 and 5 are 
associated with the high-mobility carriers, while that 
in Fig. 6 is due to the distribution of relaxation times of 
the majority carriers. 

On the whole, the results presented in Table II are 
satisfactory. It should be pointed out that the sums of 
the carrier densities for electrons and holes are more 
reliable than the differences given here. This is because 
the sums are given by integrals over the entire magnetic 
field range, whereas the differences rely upon ex- 
trapolations to infinite field. An alternate method of 
obtaining the difference in carrier concentrations by 
extrapolating the Hall coefficient is discussed by Soule." 
One possible error in the results is the fact that the 
majority carrier densities for EP14 at 77°K are less 
than those for the same sample at 4.2°K. There are two 
explanations for such behavior: (1) electron traps cause 
the Fermi level to shift in such a way as to reduce the 
total number of carriers; or (2) the high-magnetic-field 
extrapolation (discussed below) may be in error. For 
comparison we have made numerical calculations of 
carrier densities for pure graphite, using the density-of- 
states curve given by the Slonczewski-Weiss** model, 
with parameters chosen to fit the de Haas-van Alphen 
effect.!® The values are listed in Table IT, and compare 
favorably with those derived here at 4.2°K, the values 
for higher temperatures falling above those derived 
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Fic. 5. The Hall coefficient of sample EP14 at 77°K, in the 
orientation of Fig. 1. The circles are experimental points and the 
line is the theoretical curve. The sharp rise at very low fields is 
due to a minority hole. 











26 J. C. Slonczewski and P. R. Weiss, Phys. Rev. 99, 636(A) 
(1955); 109, 272 (1958). 
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TaBLE II. The properties of the current carriers in graphite as derived from galvanomagnetic data. The mobilities refer to motion 
in the layer plane. The row labeled theoretical density is the result of a numerical calculation using the theoretical density of states, 


as described in the text. 











Sample temperature 








Majority hole 

Density X 10-8 (cm~*) 

Mobility X 10~* (cm*/volt sec) 
Majority electron 

Density X 10-8 (cm=*) 

Mobility X 10 (cm?/volt sec) 
Hole mobility/electron mobility 
Theoretical density X 10-8 (cm~*) 
Minority hole 

Density X 10~* (cm~*) 

Mobility X 10 (cm*/volt sec) 
Minority electron 

Density X 10~* (cm~*) 

Mobility X 10~* (cm?/volt sec) 0.7 











here. Shortcomings in the high-field extrapolations could 
also cause this discrepancy. Our extrapolated curves for 
oz fall off like H~* for magnetic fields stronger than the 
observed fields. The existence of an additional “Lorentz 
term” with a high saturation field (such as that found 
at 4.2°K) would increase the area under a ¢,, curve 
over that found here. As the saturation fields (//,’s) 
increase with temperature (due to the decrease in the 
relaxation time), the extrapolation errors should be 
larger at the higher temperatures. The total carrier 
concentrations found by Soule are also below the band 
model values at the higher temperatures. Note that 
our mobility ratios for the majority carriers are given 
in Table II, and at the low temperatures the holes are 
more mobile. The ratios are in good agreement with 
those calculated by Soule, using another method. 
From the three values of the mobility as a function 
of temperature for each carrier, we infer that the mo- 
bility versus temperature is a smooth function, dropping 
rather faster with temperature than 1/7. The carrier 
density, however, does not change much up to 77°K, 
and then increases by a:factor of 2.5 up to room tem- 
perature. Thus, the qualitative explanation for the 
break?’ in the resistance versus temperature curve at 


TaBLE III. The average relaxation times, velocities at the 
Fermi surface, and mean free paths for the majority carriers in 
graphite, as derived from the galvanomagnetic properties and the 
band model. All quantities refer to motion of the carriers in the 
layer plane. 











EP 14 
77°K = 298°K 


Sample 


temperature 4.2°K 





Majority hole 
TX 10 (sec) 35.5 2.50 0.34 
2X 10-8 (cm/sec) 0.54 0.54 0.8 
1 (microns) 18 126 GS 


Majority electron 
7X 10" (sec) 15.6 1.1, 0.20 
vX 10-8 (cm/sec) 0.93 0.93 1.5 
1 (microns) 15 10 03 0.8 








27 W. Primak and L. H. Fuchs, Phys. Rev. 95, 22 (1954). 


about 120°K must be as follows: below that tempera- 
ture the increase in resistivity is due to the decrease in 
mobilities, while above 120°K the carrier densities be- 
gin to increase, slowing down the rate of increase of 
resistance. The temperature of the break must be 
roughly equal to the average degeneracy temperature 
of electrons and holes, which corresponds to one-half of 
the band overlap. The band overlap thus deduced is 
about 0.02 ev, compared to about 0.03 ev from the 
de Haas-van Alphen effect and band model.'® 

Finally, knowing the average mobilities and the 
de Haas-van Alphen masses derived by Soule,” we can 
make estimates of the average relaxation times and 
mean free paths (see Table III). The relaxation time is 
computed from the simple formula u=er/m*. Thus, the 
calculated time is only approximate as it does not take 
into account the distribution of effective masses in 
graphite. The velocities at the Fermi surface are calcu- 
lated for the maximum horizontal cross section of the 
surface, using the band model, and the room-tempera- 
ture value is corrected for thermal excitation. From the 
table of relaxation times we may calculate the value of 
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Fic. 6. The Hall coefficient of sample EP14 at 4.2°K, in the 
orientation of Fig. 1. The circles are experimental points and the 
line is the theoretical curve. Note that the field range shown is 
less than in Figs. 4 and 5. 
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wr for a cyclotron resonance experiment such as that 
of Galt et al.?* For a frequency of 24kMc/sec and helium 
temperature we find for wr for electrons and holes, re- 
spectively, 2.2 and 5.2 for EP14, and 1.6 and 3.2 for 
EP7. In analyzing Galt’s data, Lax and Zeiger*® as- 
sumed an average wr of 3 and Noziéres'* assumed one 
of 2.5. The approximate agreement of these figures 
supports Galt’s contention that his samples are of good 
quality. (Of course, allowance should be made for the 
fact that the cyclotron resonance experiment was 
carried out at 1.2°K.) 


4. COMPARISON WITH KINCHIN 


The most striking feature of Kinchin’s experimental 
results” for graphite is the fact that at low temperatures 
the Hall coefficient reaches a negative minimum in the 
neighborhood of 2 to 3 kilogauss, and then tends to 
zero with increasing field. We have computed the 
magnetoconductivity tensor elements for the 4.2°K 
data and made approximate fits. We find that ¢-, is 
represented by the sum of two “Lorentz” terms with 
saturation fields of 110 and 2900 gauss, plus a constant 
term equal to about 10~ of the zero-field conductivity. 
It is the constant term which causes the minimum in 
the Hall coefficient ; for when the constant term is sub- 
tracted out and the Hall effect computed from the o’s, 
the Hall coefficient decreases monotonically with in- 
creasing field (at about 4 the rate of Soule’s). The way 
in which the minimum arises deserves further comment. 
For the case under discussion, the Hall coefficient is 
given by 


R=0,,/H(o2°+0:2,’). (4.1) 


In the high-field limit, ¢,, normally falls off like 1/H 
and oz; like 1/H® [see Eqs. (2.1) ]. Thus R normally 
becomes equal to 1/He.,, which is independent of 
magnetic field. However, if o,, tends to a constant (not 
zero) value at high fields, the Hall coefficient tends 
toward o,,/Hoz/, which falls off like 1/H*. Since at 
low fields R is negative and decreasing with increasing 
field, a minimum is produced. The Hall extremum dis- 
cussed here has a different origin than those discussed 
by Borovik,® though both cases have in common the 
fact that the product RoH=c,,/c2, is anomalously 
small. The data of Berlincourt and Steele* also require 
a constant term in g--. In their experiment the Hall 
coefficient tends monotonically to zero, but the lowest 
field of measurement was 3 kilogauss. 

There are several possible explanations for the 
appearance of a constant term in o,,. Perhaps the most 
plausible is that it is simply another “Lorentz” term 
with a very large saturation field, such as the extra 
term we added for Soule’s data at 4.2°K. It is interest- 
ing to note that the magnitude of this extra term at 


28 Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956). 

” B. Lax and H. J. Zeiger, Phys. Rev. 105, 1466 (1957). 

*® G. H. Kinchin, Proc. Roy. Soc. (London) A217, 9 (1953). 

31 T. G. Berlincourt and M. C. Steele, Phys. Rev. 98, 956 (1955). 
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10 kilogauss is about one half of the value of the con- 
stant found in Kinchin’s 4.2°K data. Such an extra 
term could represent another slow carrier, or could be 
just a short relaxation-time part of the majority; carrier 
distribution. Another possibility” is that there may be 
a small contribution from surface conductance, which 
is not affected by the magnetic field. A third possibility 
is that the quantization of electron energy by the 
magnetic field is responsible for the constant term. 
However, the quantization effects (oscillations) are 
exhibited most strongly in Soule’s data, whereas the 
Hall minimum is most pronounced in Kinchin’s. Lastly, 
it was thought that small errors in aligning the magnetic 
field parallel to the hexagonal axis might produce the 
effect, but a careful theoretical investigation disproved 
this hypothesis. 

Assuming that the constant term in Kinchin’s o,, 
represents a “Lorentz” term, we can deduce a lower 
limit for the total carrier concentration (electrons plus 
holes) at 4.2°K of 2.1 10'* cm~*, with a corresponding 
upper limit on the average mobility of about 7X 10° 
cm?/volt sec. By a different mode of analysis, Kinchin 
found the electron concentration (equal to the hole 
concentration) to be 1.2X10'8 cm at 4.2°K and 
6.2 10'8 cm~ at 273°K. 

Kinchin also found that the Hall curves for dif- 
ferent temperatures could be reduced to a universal 
curve by subtracting the zero-field value, and by scaling 
both the residual Hall coefficient and the magnetic 
field. Such a result implies that all relaxation times 
change by the same factor with change in temperature. 
If exact scaling applied to Soule’s samples, the change 
with temperature in all H,’s for a given sample should 
be by the same factor (proportional to the change in 
inverse relaxation time), the change in all A,’s for o22 
should be by another factor (proportional to the change 
in the product of relaxation time and carrier density), 
and the change in all A,’s for a,, should be by still 
another factor (proportional to the change in the prod- 
uct of the carrier density and the square of the relaxa- 
tion time). It can be seen from Table I that such scaling 
rules are but poorly obeyed for Soule’s samples. Assum- 
ing exact scaling, Kinchin’s magnetic field scaling 
parameter (8) should be proportional to the mobility, 
and in fact obeys the same 7~'-? temperature depend- 
ence law found by Soule.'® The inverse of the Hall 
coefficient scaling parameter (a), and the inverse of the 
product of the resistivity and 8, should both be pro- 
portional to the carrier concentration; and they do 
show the same general temperature dependence, being 
relatively constant from 4.2°K to 77°K and then in- 
creasing by about a factor of three up to 273°K. The 
zero-field value of the Hall coefficient depends upon the 
mobility ratios, but is not well determined at low tem- 
peratures in Kinchin’s data. 

Finally we note that the mean free paths deduced in 


® D. Mattis (private communication). 
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the last section agree fairly well (except at helium 
temperature) with those calculated by Kinchin using a 
different method. 

5. DISCUSSION 


The results for graphite are fairly consistent with the 
band model and other treatments. The estimates of 
total carrier density using the Kramers-Kronig relation 
are about a factor of five larger than those gotten by 
interpreting individual terms. We interpret this to 
mean that the majority electrons and holes are so 
similar that they cancel 80% of each other in the Hall 
effect. The existence of minority carriers is provided for 
in the band model.'*'"* We believe that the theory 
presented is sound in the range applied. Furthermore, 
the integrals are accurate to 1 to 2% in the range of 
field strengths where data exist. Thus, the chief source 
of error is in extrapolating to higher fields (in some cases 
also to lower fields). This points up the need for experi- 
ments at very high magnetic fields. The theory used 
here is not valid in the quantum region, but recent 
advances in theory*-* should make it possible to give 
a fundamental treatment in such a case. 

Of course, the spirit of the method of analysis used 
here is the same as the usual two-band theory. In fact, 
our results are similar to those of Borovik® on mag- 
nesium, in which two kinds of electrons and two kinds 
of holes were assumed. It may be that in order to 
represent a broad distribution of relaxation times for 


8]. M. Lifshitz and A. M. Kosevich, J. Phys. Chem. Solids 4, 1 
(1958); I. M. Lifshitz, J. Phys. Chem. Solids 4, 11 (1958). 
4 P. N. Argyres, Phys. Rev. 109, 1115 (1958). 
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a single kind of hole (and electron), two terms were 
needed. However, we do believe that the method used 
here is more convenient and reliable than the usual 
treatment. Unfortunately, the simple Kramers-Kronig 
relation does not hold if the energy surfaces do not 
have rotational symmetry about the magnetic field. 
The information which can be gained in more com- 
plicated cases has been studied by Adams.” 

In a very recent paper Uemura and Inoue* have 
worked out the Hall effect in graphite assuming a 
simple band model and acceptor levels in the conduc- 
tion band. They find that the orbital quantization due 
to the magnetic field changes the carrier concentrations 
so that Kinchin’s high-field Hall effect curves are 
reproduced. Their theory does not give the correct 
low-field behavior as they use a much simplified model. 
Thus it may be that their theory will explain the high- 
field behavior discussed in Sec. 4. 
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The energy states of color centers lacking inversion symmetry will generally possess permanent dipole 
moments. Consequently the optical absorption bands of such centers will exhibit linear stark effects and 
should become dichroic in large electric fields. No dichroism for the M or R bands in NaCl or KCI was 
observed at 78°K as a result of applied fields of 3X 10° v/cm. Since the sensitivity of the measurement was 
several hundred times greater than that required to detect the field-induced dichroism calculated for a 
model lacking inversion symmetry, it is tentatively concluded that M and R centers possess inversion 


symmetry. 


A. INTRODUCTION 


HE atomic models of R;, Re, and M centers (in 

alkali halides) proposed tentatively by Seitz! are 
shown in Fig. 1. The R; and R» centers are presumed 
to consist of one and two electrons, respectively, trapped 
at a complex of two adjacent negative-ion vacancies. 
The center assigned to the M-absorption band is one 
electron trapped at a complex of two adjacent negative- 
ion vacancies and a positive-ion vacancy. All three 
models have at most twofold rotation axes, and this 
limited symmetry should possibly manifest itself in 
experiments employing polarized light. 

The experiment of Ueta,? in which the M-band ab- 
sorption in KC] was made dichroic by bleaching with 
M-band light polarized parallel to a (1,1,0) crystal 
direction, proves that the M center lacks complete 
cubic symmetry. His results are consistent with either 
of the three models shown in Fig. 1, and are also con- 
sistent with models having a (1,1,1) axis as the im- 
portant symmetry axis. Only models with a (1,0,0) 
axis are excluded by Ueta’s experiment. The experi- 
ments of Feofilov’ on LiF and NaF and of Lambe and 
Compton‘ on NaCl and KCl, which determined the 
polarization of the luminescence excited by irradiation 
with polarized light in the M band, prove that the im- 
portant axis of the M center has a (1,1,0) direction 
(as is the case for the models shown in Fig. 1). Similar 
experiments by Lambe and Compton‘ on the R bands 
in NaCl and KC] are less conclusive and allow perhaps 
a (1,1,1) axis as well as a (1,1,0) axis. 

It is impossible to distinguish between the R-center 
and M-center models of Fig. 1 by optical experiments 
of the type described above. The important difference 
in symmetry between the models is that the R-center 
models possess inversion symmetry, whereas the M-cen- 
ter model does not. Paramagnetic resonance experi- 

* This research was supported by a Frederick Gardner Cottrell] 
Grant from the Research Corporation. 

¢ Present address: Scientific Laboratory, Ford Motor Com- 
pany, Post Office Box 2053, Dearborn, Michigan. 

t Present address: Siemens-Halske, Forschungs-Labor, Miin- 


chen, Germany. 
1 F, Seitz, Revs. Modern Phys. 18, 384 (1946); 26, 7 (1954). 
2M. Ueta, J. Phys. Soc. Japan 7, 107 (1952). 
3P. P. Feofilov, Doklady Akad. Nauk. S.S.S.R. 92, 743 (1953). 
4 J. Lambe and W. D. Compton, Phys. Rev. 106, 684 (1957). 


ments might distinguish the symmetries provided the 
structure associated with hyperfine interactions is re- 
solved. Lord’ and Kawamura and Ishiwatari® have 
reported observation of the M-center resonance in LiF 
and KCl, respectively, but in both cases the resonance 
is broad and is superposed on a larger F-center reso- 
nance. 

A basis for detecting the absence of inversion sym- 
metry is provided by the Stark effect. A well-known 
quantum mechanical theorem states that nondegenerate 
stationary states of a system possessing inversion sym- 
metry have zero dipole moment. Consequently such 
systems will show only second order Stark effects. On 
the other hand, quantum states of systems lacking 
inversion symmetry will generally possess dipole mo- 
ments and will suffer first order shifts by an applied 
electric field. Therefore, if the M-absorption band is 
associated with the M-center model of Fig. 1, linear 
Stark shifts of the band are likely observable. 


B. THEORY OF THE EXPERIMENT 


The symmetry axis of the M-center model is the two- 
fold rotation axis lying in the plane of the three 
vacancies and bisecting the line joining the two nega- 
tive-ion vacancies. The symmetry of the center is so 
restricted that all quantum states are nondegenerate. 
The energy levels of such a center have been investi- 
gated by Inui, Uemura, and Toyozawa’ using the 
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Fic. 1. Atomic models of R;, Rs, and M centers, 
as proposed by Seitz. 


5N. W. Lord, Phys. Rev. 106, 1100 (1957). 
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method of linear combination of atomic orbitals and by 
Gourary and Luke® using the point-ion lattice method. 
The optical transition between the ground and first 
excited state is allowed if the polarization vector of the 
light is along the line joining the two negative-ion 
vacancies (perpendicular to the axis). The electric 
dipole moments of all states are directed along the axis. 

In a dc electric field E the energy levels of the ground 
and first excited states will be shifted, so that the 
change, w, in transition energy is given by 


w= Ap: Ejccal, 


where Ap is the difference in dipole moment of the 
ground and excited state. The correct local field is of 
course unknown, so we shall use the Lorentz local field 
as an approximation: 


Evocat = (e+2 )E & a 


where € is the static dielectric constant. In view of the 
Franck-Condon principle Ap should not include ion 
position readjustments, and may therefore be estimated 
from the electronic wave functions alone. We have 
computed Ap from the wave functions given by Gourary 
and Luke? for NaCl, and find 


Ap~5X10-"* cgs units. 


This value is probably too large, especially since the 
variational wave function derived for the excited state 
did not allow polar asymmetry. One should also empha- 
size that it is generally difficult to obtain wave functions 
sufficiently accurate to predict reliable dipole moments. 
The above value is at most indicative of a possible order 
of magnitude. For an applied field of 3X 10° v/cm the 
estimated shift in absorption energy is 


w~8X 10 ev. 


Were all the M centers oriented in the same direction, 
such an energy shift could be detected by standard 
optical absorption techniques. Unfortunately the twelve 
possible M-center model orientations will be equally 
represented, and the first order effect of the electric 
field will cancel. As shown below the absorption line 
will not be shifted at all, but will suffer only a small 
change in shape. 

Consider a cube of material oriented so that an 
electric field can be applied along a (1,0,0) direction and 
light is transmitted along a (0,1,0) direction. We shall 
compute the absorption coefficients, u,,(W) and w,(W), 
associated with. polarization of the light parallel and 
perpendicular to the electric field, respectively, where 
W is the quantum energy of the light. The twelve 
orientations of the M-center models fall into three 
categories, A, B, and C, whose symmetry axes lie in the 
(1,0,0), (0,1,0), and (0,0,1) planes, respectively. The 
A-type centers will be unshifted by the field because 
their dipoles are perpendicular to the field. The B- and 


* B.S. Gourary and P. J. Luke, Phys. Rev. 107, 960 (1957). 
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C-type centers will suffer shifts in transition energy of 
-+w/v2 because their dipoles are inclined 45° with the 
field. Light polarized parallel to the field is absorbed by 
B- and C-type centers, so that the absorption coeff- 
cient is 


un (W)=4u(W+w/v2)+4u(W—w/V2), 


where yu (VW) is the absorption coefficient in the absence 
of a field. Light polarized perpendicular to the field is 
absorbed by A- and B-type centers, so that the absorp- 
tion coefficient is 


wi(W)=4u(W)+4u(W+w/v2)+4u(W—w V2). 


Realizing the smallness of w relative to the width of 
the absorption line, one may expand the above ex- 
pressions in power series in w. If higher terms are 
dropped, they become 

wun(W)=pn(W)+wn’ (W)/4, 

Ma (W)=p(W)+ wp’ (W)/8. 


Because the second derivative of a symmetric absorp- 
tion curve is also symmetric about the center of the 
band, the effect of the electric field is merely to broaden 
the band, and by an amount proportional only to the 
square of the field. The largest change in absorption 
coefficient is at the center of the band (W=W ). Fora 
Lorentzian band shape, 


yu” (Wo) = —2u(W»)/T?, 
where I is the half-width of the band. If we define 
Au=pi(Wo)—pn(Wo)=u(Wo)—ui (Wo), 
the relative change in absorption coefficient resulting 
from the field is 
Au/p=4(w/T)*. 


Since the half-width of the M band in NaCl at 78°K is 
about 0.05 ev, the relative change expected is 


Apu/u~6X 10°. 


Such a small change can be detected relatively easily 
by modern ac methods using phase-sensitive detectors. 
One may apply an alternating electric field to the 
crystal and detect the ac component of the transmitted 
light, or one may rotate the plane of polarization of the 
light and detect the ac component of transmitted light 
introduced by the application of a dc electric field. The 
latter method was chosen and is described below. 


C. EXPERIMENTAL METHOD 


The experimental apparatus employed to detect a 
linear Stark effect in M- or R-band absorption consisted 
of the following (in functional order): monochrometer, 
lens, rotating polaroid film (20 rev/sec), compensator, 
lens, cryostat, crystal, 30 kv dc power supply, lens, 
infrared photomultiplier, 40-cycle tuned amplifier, and 
phase-sensitive detector. 
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Fic. 2. Schematic illustration of sample geometry. 


The compensator consisted of a piece of polaroid 
film and was used to eliminate the ac component of,the 
light}incident on the crystal by critically adjusting the 
angle of the polaroid and the fraction of the beam inter- 
cepted. This operation was made necessary because 
light from a monochrometer is appreciably polarized. 
Consequently the rotating polaroid introduces a large 
ac component. In compensating the system (a procedure 
necessary at each wavelength) it is necessary to employ 
also an ac (nonphase-sensitive) detector in order to 
minimize the amplitude of the signal as well as the 
phase-sensitive component. 

The samples, cleaved from Harshaw single crystals 
of NaCl and KCl, were approximately 2 cm square and 
1 mm thick. As illustrated in Fig. 2, only a portion of 
each specimen (6 mm X 2 cm) was colored (by x-rays) so 
that light absorption occurred only in regions between 
the electrodes. The optics were adjusted so that an 
image of the exit slit of the monochrometer was located 
between the electrodes, and only light traversing the 
crystal without reflection from the 2X2 cm faces was 
allowed to reach the photomultiplier. The samples were 
colored with 90-kv x-rays, filtered by § in. of Al, and 
subsequently irradiated in the tail of the F band to 
enhance the M and R bands. Optimum sensitivity 
required that the peak absorption coefficient of the 
bands (at 78°K) be about 2 cm™ (corresponding to 
concentrations of centers of about 10'*/cm*), and these 
conditions were achieved. All measurements were 
at 78°K. 

The ac signal arising from the application of 30 kv 
across the 1mm dimension of the crystal was the 
observation of interest, since the rotating polarized 
light is alternately absorbed by centers roughly parallel 
and perpendicular to the electric field. Calibration of 
the apparatus was made by inserting a Polaroid film 
into the light beam (at reduced amplifier gain). 


D. RESULTS 


No dichroism arising from an applied field of 3X 10° 
v/cm was observed for the M bands in NaCl and KCl 
or for the R; and R, bands in KCl. The sensitivity of 
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the apparatus allowed the following upper limit on the 
dichroism in these cases : 


Au/u<3X10-. 


This limit is 200 times smaller than the estimate ob- 
tained in Sec. B, based on the M-center model. One may 
conclude that an upper limit on the dipole moment 
difference in each case is 0.4 10~"* cgs unit. 

The foregoing conclusion applies only if the dipole 
moments are oriented in (1,0,0) or (1,1,0) directions. 
No dichroism is expected for dipoles having (1,1,1) 
directions when subjected to an electric field in a 
(1,0,0) direction. The field should be applied in a 
(1,1,0) direction to observe dichroism in this case. For 
this reason samples of KCI were prepared with the 2X2 
cm faces having (1,1,0) orientations. Again no field- 
induced dichroism was observed in the M, Rj, or R2 
bands. This orientation is also more favorable for ob- 
serving the dichroism of centers having (1,1,0) axes, 
since a calculation analogous to that in Sec. B predicts 
a larger dichroism, by a factor of two, for the same 
dipole moment difference. We conclude that the upper 
limit on the dipole moment difference for M or R 
centers, irrespective of the orientation of their principle 
axis of symmetry, is 


Ap<0.3X 10—'* cgs unit. 


E. CONCLUSION 


Since the upper limit for the difference in dipole 
moment between ground and excited states, established 
above, is an order of magnitude smaller than that 
expected for a center lacking inversion symmetry, it 
seems appropriate to conclude from these results that 
M and R centers possess inversion symmetry. The weak 
point in the argument is the uncertain reliability of 
using the one-electron wave functions of Gourary and 
Luke® for estimating dipole moments. Nevertheless, 
the M- and R-center models should probably be revised. 
In this regard the arguments of Herman, Wallis, and 
Wallis,? which suggest that the R; and R, bands may 
arise from two excited states of the same center, reduce 
the diversity of models required. 
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This paper gives the results of paramagnetic resonance studies of copper in silver chloride crystals at 
temperatures between 77°K and room temperature. The crystals were treated in various ways by illumina 


Resonances were observed in halogenated crystals which are interpreted as arising from Cu** ions 
occupying sites which differ as to the presence and relative positions of associated vacancies. These spectra 
were observed to vary with temperature in a manner attributable to vacancy motion. The activation 


energy for this motion is estimated. 


An estimate is made of the amount of Cu-Cl bonding through an approximate line-width analysis. 
Speculations are offered as to the role of the copper ion in the photolytic process in silver chloride, and 


further experiments are suggested. 








I. INTRODUCTION 


HE study of copper-doped silver chloride has 

shown promise of shedding new light on the 
photographic process in silver chloride. Moser, Nail, 
and Urbach! have examined the optical properties of 
this system. They have studied three distinct states of 
the silver chloride-copper system. Crystals grown or an- 
nealed in air or vacuum are much more readily and 
extensively darkened upon illumination than are silver 
chloride crystals of high purity. Crystals in this photo- 
sensitive state, hereafter called state I, show a very 
slight yellow coloration and optical absorption measure- 
ments show a tail on the long wavelength side of the 
fundamental absorption attributed to a Cut absorption 
band lying on the ultraviolet side of the fundamental 
absorption. Chlorinating the copper-doped crystals by 
annealing at about 400°C in a chlorine atmosphere 
produces state II of this system. The state II crystals 
are visibly darkened (yellowish-brown) and show little 
or no photolytic darkening upon illumination. The tail 
of the fundamental optical absorption in state II 
crystals extends well into the visible range in a manner 
consistent with the presence of a Cu** band in the 
crystals. States I and II are readily and reversible con- 
verted to one another by annealing in appropriate 
atmospheres. State II is not completely stable, but 
tends to decay to a third state, state III, in a non- 
reproducible fashion, apparently depending upon the 
amount of cold work suffered by the state II crystals 
after chlorination. The optical absorption spectrum of 
state III crystals lies between that of states I and II, 
and this state is not photolytically sensitive. State III 
can be completely converted to state II by mild heat 


* This research supported in part by the Office of Naval 
Research and in part by a grant to Charles P. Slichter from the 
Alfred P. Sloan Foundation. 

+ This paper based on a thesis presented to the Graduate 
College, University of Illinois, in a fulfillment of the require- 
ments for the degree of Doctor of Philosophy in Physics. 
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1 Moser, Nail, and Urbach, J. Phys. Chem. Solids 3, 153 (1957). 
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treatment in an inert atmosphere. State III is believed? 
to consist of a precipitate of cupric chloride in colloidal 
form in the silver chloride crystals. 

The darkening of the photosensitive state I crystals 
proceeds initially with a high quantum efficiency,’ near 
unity. The saturation darkening in the colloid band is 
proportional to the amount of copper in the crystals. 
These facts imply that the copper ions play a funda- 
mental role in the photochemical processes in silver 
chloride. The Kodak workers! propose that the Cut 
ions in state I crystals act as efficient traps for photo- 
produced holes, allowing stable neutral silver to be 
formed in the lattice. Brown‘ has speculated that the 
Cut ions migrate to electrons trapped at sites that are 
relatively independent of the presence of the copper in 
the lattice. Neutral copper, Cu°, formed in this fashion 
might then nucleate the formation of silver specks in 
the crystal. 

The present work reports a paramagnetic resonance 
study of copper-doped silver chloride crystals in each 
of the three states described above. 

The experimental arrangements will be described in 
Sec. II and the experimental results stated in Sec. ITI. 
The interpretation of the observed spectra will be 
covered in Sec. IV. The pertinent results and conclu- 
sions will be summarized in Sec. V. 


II. EXPERIMENTAL METHOD 


An X-band microwave spectrometer of standard 
design was used in this research. The microwave power 
source used was a 2K25 klystron frequency-stabilized 
with a Pound dc stabilizer circuit.5 Reflected signals 
from the sample cavity were detected through a magic 
tee bridge with a Sperry 821 barretter. Field modulation 
and lock-in detection at 8 cps were used. The lock-in 
amplifier was a Liston-Becker model 14 dc amplifier,® 


2 F. Urbach (private communication). 

3 F. Moser (private communication). 

‘F. Brown (private communication). 

®R. V. Pound, Rev. Sci. Instr. 17, 490 (1946). 

6 Liston-Becker Instrument Company, Inc., 
Connecticut. 
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Fic. 1. The cryostat and 
cavity assembly. A—Lucite 
wave guide; B—nylon 
screws, C—Dewar flask, 
D—brass_ reservoir, E— 
choke flange, F—aluminum 
universal joint, G—iris, 
H—cavity, J—sample, J— 
Lucite pedestal, K—phos- 
phor bronze washer, L— 
brass gears. 





























suitably modified. The derivative signals so obtained 
were recorded on a Varian G-10 strip chart recorder. 
The sensitivity of this spectrometer was such that a 
signal-to-noise ratio of unity could be obtained from a 
sample containing 5X10" ions with S=} and a line 
width of one gauss, with an unloaded cavity Q of 5000 
and an integrating time constant of 2.5 seconds at the 
lock-in output. 

The magnet employed in this work was an electro- 
magnet designed and constructed by the University of 
Illinois Physics Department magnetic resonance group. 
It was powered from a high-voltage current-regulated 
supply of such design that the magnetic field could be 
varied continuously from 0 to greater than 10 000 gauss. 

The liquid nitrogen cryostat and cavity design used 
in this work are shown in a cross section line sketch in 
Fig. 1. The cavity (labeled H in Fig. 1) is a half-wave- 
length rectangular cavity milled from a copper block 
and silver-plated. The iris (G) is an inductive type cut 
from 35-inch copper and silver-plated. It is butted 
between the end of the wave guide and the cavity by a 
screw and flange construction so as to make the wave 
guide, iris, and cavity system self aligning. The sample 
(I) is mounted on a Lucite pedestal which protrudes 
through a hole in the end wall of the cavity. This hole 
is of small enough diameter compared to its length so 
as to constitute a wave guide beyond cutoff. The 
pedestal is linked through a small brass gear train (Z) 
to a shaft which runs, through a small aluminum 
universal joint (F), to the top of the cryostat. Thé 
sample mount is spring loaded with a bent phosphor 
bronze washer (K) between the cavity wall and gear 
hub. The sample and cavity are cooled by conduction up 
the wave guide to a reservoir (D) containing coolant. 
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The entire assembly fits inside a tailed Dewar flask (C) 
designed to fit the magnet gap. The connection from 
room temperature guide to the cryostat is made by a 
short piece of wave guide milled from Lucite (A) and 
painted with conducting silver paint.? The Lucite 
section is fastened to a standard choke flange (£) with 
nylon screws to avoid cracking the Lucite due to 
thermal strains. 

The samples used in this research were melt grown 
crystals of high-purity silver chloride® which were 
doped with copper to a copper concentration of 18 parts 
per million by weight. They contained no more than 
one part per million of other heavy-metal impurity. 
They were oriented by using back-reflection x-ray 
photographs and cut with a carbide-tipped mill while 
still mounted on the goniometer. 


Ill. RESULTS 


State I crystals showed no resonance spectrum at 
77°K or at room temperature. No resonance signal 
could be induced in these crystals by illumination at 
room temperature or at 77°K. 

The chlorinated crystals, state II, showed a charac- 
teristic resonance spectrum at 77°K which depended 
upon the orientation of the crystal in the magnetic 
field. After cooling and subsequent warming, the 
resonance disappeared with time as state II decayed 
to state III. The resonance was fully restored by mild 
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Fic. 2. Orientation dependence of spectrum 
(derivative of absorption) at 77°K. 


7 Types SC-12 and SC-15 were used. Micro-circuits Company, 
New Buffalo, Michigan. 
( SIL” Moser, Goddard, and Urbach, Rev. Sci. Instr. 28, 275 
1951). 
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heating of the state III crystals. The state IT resonance 
spectrum showed a strong temperature dependence 
between 77°K and room temperature. 


IV. INTERPRETATION 


A. State II Low-Temperature Spectrum 

The spectra observed in this experiment will be 
interpreted by using the reduced spin Hamiltonian of 
Abragam and Pryce.’ The low-temperature (derivative) 
spectrum is illustrated in Fig. 2 for three major orienta- 
tions of the sample crystal in the magnetic field. The 
number and positions of lines in this spectrum can be 
accounted for approximately on the assumption that 
there are three different Cu** centers in these crystals. 
Figure 3 shows the effect of the rate of cooling of the 


(a) FAST COOL 
300°K > 77°K ins min 


(b) NORMAL COOL 
300°K-> 77°K in 4 hours 


(c) SLOW COOL 
300°K - 77°K in I6 hours 


Fic. 3. Cooling rate dependence of [100] spectrum at 77°K. 


sample on the [100] spectrum observed at 77°K. The 
change in relative intensities of the observed lines 
indicates that there is more than one Cu** center and 
the number of lines and their temperature dependence, 
illustrated in Figs. 4 and 5, indicates that there are 
probably three different kinds of Cut* centers. These 


centers will be referred to as types A, B, and C. The 
computed positions and approximate intensity ratios 
for the spectra from these three centers are shown, 
relative to the observed derivative spectrum, in Fig. 6 
for the applied field along a [100] direction. These 
centers are treated as having approximately axially 
symmetric distortions of the basically cubic silver 
chloride crystalline field. 


% A. Abragam and M. Pryce, Proc. Roy. Soc. (London) A205, 
135 (1951). 


T=I63°K 
(NOTE SCALE CHANGE) 


T=201°K 


Fic. 4. Temperature de lepe ndence of [100] spectrum 
from 77°K to 200°K. 


The spin Hamiltonian appropriate for an ion in a 
field having axial symmetry is, 
H=g,ueH.S,+ gue(H.S.+H,S, \+Al,S; 

+BUS.+1,S,)+0'U?—-3lU+ 1]. (1) 

The subscripts in this expression refer to the axes of 
the crystalline field, where the z axis is the axis of the 
axial distortion. 

Centers B and C have an axially symmetric distortion 
about cube edges, consequently, with the applied field 


T =253°K 


T=273°K 


Fic. 5. Temperature dependence of [100] spectrum 
from 250°K to 290°K 
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Fic. 6. (I) The observed [100] spectrum at 77°K. (II) Relative 
positions and approximate intensity ratios of [100] spectra from 
centers A, B, and C. 





parallel to a [100] crystal direction, one-third of these 
centers have their axes parallel to the applied field and 
two-thirds have their axes perpendicular to the applied 
field. Figure 7 shows a numerically integrated absorp- 
tion spectrum for a [100] crystal orientation. In this 
figure the broad peak on the high-field side has approxi- 
mately twice the intensity of the four major peaks on 
the low-field side. 

Center A has a distortion along cube face diagonals 
([110] and equivalent crystal axes). In this case the 
assumption of axial symmetry is especially poor since 
such a distortion must almost certainly result in ortho- 
rhombic symmetry of the crystalline field. The resolu- 
tion of lines in this spectrum is so poor that departures 
from axial symmetry cannot easily be measured, there- 
fore, only parallel and perpendicular parameters are 
quoted, even though they are insufficient to completely 
describe such a center. 

The lines labeled C1 in Fig. 2 arise from the parallel 
spectrum of type C centers with a [100] axis of sym- 
metry. The perpendicular spectrum consists of eight 
partially resolved lines. The peaks labeled C3 in Fig. 2 
arise from “forbidden” AM;=-+2 transitions,” while 


TABLE I. Summary of the spin Hamiltonian parameters 
for Cu** centers in AgCl. 








Quadrupole 
interaction 
in gauss 
Q 


Hyperfine 
splitting 
Symmetry g factors in gauss 
Center axis ul £1 A 
10+10 85+5 


+0.02 
95425 4525 
+0.02 10545 4645 











# B. Bleaney, Phil. Mag. 42, 441 (1951). 


those labeled C2 are the normally allowed AM;=0 
hyperfine transitions. 

The lines labeled B in Fig. 2 arise from the parallel 
spectrum of center B having the same symmetry as 
center C, but a slightly different magnitude of crystalline 
field. The perpendicular spectrum from this type of 
center almost coincides with that from the type C 
centers. 

One-third of the type A centers with [110] crystal 
field distortions should have the distortion axis per- 
pendicular to the applied field for a [100] crystal 
orientation. These centers give rise to the lines labeled 
A in Fig. 2. Two-thirds of these centers should be at 
45° to the applied field. The lines from these centers 
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MAGNETIC FIELD IN GAUSS 


Fic. 7. [100] absorption spectrum obtained by 
numerical integration. 


are obscured by the perpendicular spectra of the B 
and C centers. This fact is believed to account for the 
apparent asymmetry of the broad peak in Fig. 7. 

The determination of spin Hamiltonian parameters 
for these spectra is subject to considerable uncertainty 
due to the poor resolution of lines, plus an estimated 
instrumental error of about 2%. Table I summarizes 
the spin Hamiltonian parameters deduced for these 
centers. 

The cooling rate effects and temperature dependence, 
which will be discussed below, indicate that these three 
types of centers can be accounted for on the assumption 
of differing degrees of association with bound vacancies. 
The type A center, with a distortion of the cubic 
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crystalline field along a [110] axis, is attributed to a 
Cu** ion with a bound vacancy in a nearest positive 
ion site. In type B there is a vacancy in a next-nearest 
positive-ion site, along a [100] direction. Type C has 
no bound vacancy near-by, but has a sizable Jahn- 
Teller" distortion along a cube edge of the surrounding 
octahedron of Cl- ions. 

At room temperature the degree of ion-vacancy 
association is slight. Ebert and Teltow” quote binding 
energies of about 0.2 electron volt for such complexes 
in silver chloride. Cooling the crystals rapidly to 77°K 
tends to quench in a distribution of ion-vacancy com- 
plexes characteristic of a higher temperature. Figure 3 
shows that for the most rapid cooling rate the type C 
lines predominate, providing the basis for assigning 
these lines to copper ions without associated vacancies. 
As the cooling rate is made progressively slower, the A 
and B lines grow at the expense of the C lines. 

The equilibrium number of bound ion-vacancy com- 
plexes at any temperature is determined by the binding 
energy of the complex. The time required to reach 
equilibrium when the temperature is changed is deter- 
mined by the diffusion of vacancies under the influence 
of the potential due to the divalent ions. This problem 
is an extremely complicated one for which a satisfactory 
solution has not yet been found. Approximations to 
this problem can be solved indicating that the time 
required to reach equilibrium at 77°K is of the order of 
10'’ seconds, while the equilibrating time at 200°K is 
of the order of seconds. 

The lines in the low-temperature [100] spectrum 
appear to be approximately Gaussian in shape, with a 
half-width of about 45 gauss. The dipolar interaction 
among paramagnetic ions at this concentration 
(1.8 10-5) would be only a fraction of a gauss. The 
shape of the lines, plus the fact that their width is 
relatively insensitive to temperature from 77°K to 
150°K, makes it appear unlikely that the lines are life- 
time limited by spin-lattice relaxation. The lines could 
be broadened by microcrystalline structure giving rise 
to a distribution of g factors and hyperfine splittings, 
but near the parallel or perpendicular axes the spectrum 
is insensitive to small angular displacements. The x-ray 
diffraction data used in orienting the crystal indicate 
that the dispersion of microcrystalline axes cannot be 
more than from 2 to 5 degrees. This much dispersion 
could be important in the [111] and [100] spectra. 
To account for the width of the lines in the [100] 


spectrum, it is necessary to assume that the wave 
function of the paramagnetic electron is distributed 
appreciably upon surrounding chlorine ions and that 
the observed lines represent the envelope of hyperfine 
lines due to interaction with the chlorine nuclei. 


1H. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 220 
(1937). 
127, Ebert and J. Teltow, Ann. Physik 15, 268 (1955). 
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If one assumes the approximate wave function 


P's 
b=ve+(*) > vic, (2) 


i=] 
an rms width can be calculated. This calculation gives 
AA ms=[$(3pAci)?+5 (4 pBer)* }', (3) 


when H is parallel to a [100] direction. If the assump- 
tion is made that the Cl hyperfine interaction arises 
primarily from p states, values of Ac; and Bc; can be 
inferred from the data of Castner and Kinzig on the 
Clz- molecule.“ These values are Ac;=120 gauss, 
Bcei=60 gauss. Using these values and assuming a 
Gaussian line shape, a value for p of 0.18 is obtained. 
This mechanism gives line widths of 30 gauss and 17 
gauss, respectively, for the [110] and [111] spectra. 
The line widths in these spectra have to be at least 45 
gauss to account for-the lack of resolution ; hence there 
is either a large s-function contribution to the Cl 
hyperfine interaction or the dispersion of microcrystal- 
line axes in the crystal contributes appreciably to these 
widths. 


B. The Temperature Dependence 


As the state II crystals are warmed from 77°K, 
their resonance spectrum changes markedly. This 
temperature dependence can be described in two parts. 
In the range from 77°K to 200°K the lines from the A 
and B spectra, shown at 77°K in Fig. 6, change notice- 
ably while the lines from the C spectrum remain 
relatively unchanged until the temperature reaches 
about 200°K. Above 200°K all of the observed lines are 
affected, the whole structure being nearly washed out 
at room temperature. 

The low-temperature range (77°K to 200°K) is 
shown in Fig. 4. The first (low-field) line of the A 
spectrum and the first line of the B spectrum, both of 
which appear between the first two lines of the C 
spectrum at 77°K (Fig. 6), tend to move toward one 
another with increasing temperature until they become 
indistinguishable at 200°K. Others of the smaller A 
and B lines, which are distinguishable between the 
larger peaks of the C spectrum, appear to change in a 
similar manner. At 200°K all of the observed lines have 
started to broaden appreciably. 

Above 200°K, as illustrated in Fig. 5, it is no longer 
possible to identify individual lines from the different 
centers as the whole pattern tends to coalesce toward 
some intermediate position. 

The low-temperature change in the spectrum is 
attributed to a time variation of the crystalline field 
due to motion of the bound vacancies in centers A and 
B, where the vacancy moves from one bound configura- 


18 Kip, Kittel, Levy, and Partis, Phys. Rev. 91, 1066 (1953). 
4 Ls Castner and W. Kinzig, J. Phys. Chem. Solids 3, 178 
1957). 
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tion to another. The effect of this motion would be to 
change both the precession frequency and axis of 
quantization of the paramagnetic electron spin. The 
effects of this kind of motion on the observed spectrum 
could, in principle, be analyzed using Kaplan’s theory 
of exchange broadening. This was not done since the 
data in this work were too crude to allow a complete 
analysis to be made. An estimate of the activation 
energy for this motion was made using the more 
elementary theory of Gutowsky, McCall, and Slichter'® 
as elaborated by Holm and Gutowsky." It was assumed 
that the motion of the vacancy, and hence the change 
in spin precession frequency, can be described by a rate 
equation of the form 


1/r= vo exp(— E/kT). (4) 


The correlation time, 7, was determined using the 
criterion réw= 10, taken from the Holm and Gutowsky 
paper,!’ where dw is the separation in frequency of two 
adjacent lines. The frequency factor, vo, was taken to 
be 10" sec~! as a typical lattice vibrational frequency. 
Using 200°K as the temperature at which the A and B 
spectra have coalesced, we get for the activation 
energy E=0.18 electron volt. The activation energy 
for vacancy motion in silver chloride is 0.39 electron 
volt.'® It would not be surprising if the effect of the 
divalent ion were to relax the near neighbors in such a 
way as to considerably reduce the barrier to vacancy 
motion from one bound configuration to another. In 
this connection it should be noted that dielectric loss 
measurements on cadmium-doped silver chloride,” 
show a peak at a frequency of 10° cps at a temperature 
between 100°K and 120°K, which has been attributed 
to this kind of motion of bound vacancies. The activa- 
tion energy given above would imply a motional 
frequency of 10° cps at 91°K. Although this calculation 
is crude, it strongly suggests that the temperature 
effects seen here are due to vacancy motion. Watkins” 
has noted broadening effects in manganese-doped 
sodium chloride attributable to a similar sort of motion. 

The changes in the spectrum in the high-temperature 
range (200°K to 290°K) are probably due to both a 
breaking up of complexes and a general motion of 
near-by ions as they oscillate between various possible 
Jahn-Teller distortions. The relatively low activation 
energy for vacancy diffusion in these crystals makes it 
possible that the high-temperature effects are due 
entirely to vacancy motion. It is also possible that the 
modulation of the hyperfine interaction due to motional 
effects can give an appreciable shortening of the spin- 

16 J. Kaplan, J. Chem. Phys. 28, 278 (1958). 


16 Gutowsky, McCall, and Slichter, J. Chem. Phys. 21, 279 
(1953). 

17 C, Holm and H. Gutowsky, J. Chem. Phys. 25, 1228 (1956). 

18 W. Compton and R. Maurer, J. Phys. Chem. Solids 1, 191 
(1956). 

19 R. Breckenridge, J. Chem. Phys. 18, 913 (1950). 

” G. Watkins and R. Walker, Bull. Am. Phys. Soc. Ser. II, 1, 
324 (1956). Also G. Watkins, Bull. Am. Phys. Soc. Ser. II, 3, 135 
(1958). 
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lattice relaxation time, thus broadening the individual 
lines in this temperature range. 


C. State II 


Attempts to observe a Cu** resonance in state III 
crystals were made with another apparatus, built by 
Newell and Castner,” running at higher power and 
greater sensitivity than the spectrometer used for the 
bulk of this work. No resonance has been observed. 
This negative result does not necessarily contradict 
Urbach’s hypothesis’ that state III consists of precipi- 
tated colloidal cupric chloride in the silver cholride 
lattice. One would expect a line width in cupric chloride 
of approximately 100 to 200 gauss. It was estimated 
that for the concentration of copper in these crystals a 
line of 500 gauss breadth would have been detectable. 
The fact that no resonance was seen would require that 
there be some additional broadening mechanism in the 
cupric chloride phase. Likely possibilities would be 
random orientation of the colloids giving a distribution 
of g factors and hyperfine splittings, or an exchange 
interaction between centers of different orientations 
broadening the hyperfine structure lines. 


D. Illumination Effects 


If the Cut* ions in state I crystals act as hole traps 
in sensitizing the crystals, then illumination of state I 
crystals should produce the Cut* resonance spectrum. 
Several attempts were made to observe a resonance in 
this manner at both 77°K and room temperature. The 
most favorable conditions were achieved using the 
Newell and Castner spectrometer with a cavity and 
cryostat especially designed for admitting light into the 
cavity. After illuminating at 77°K, the crystals were 
allowed to warm up and no darkening was visible. 
They were then given the same illumination at room 
temperature and, in every case, saturation darkening 
was produced. According to Moser’s data!*, this in- 
dicates that all the coppers were used up. 

No resonance was observed in these experiments. 


Vv. SUMMARY 


The results of this investigation can be summarized 
as follows: 


1. No paramagnetic resonance is observed in a 
copper-doped silver chloride crystal between room 
temperature and 77°K prior to halogenation of the 
crystal. 

2. No resonance signal is observed in a copper-doped 
crystal upon illumination at room temperature or at 
77°K. 

3. After halogenation, a paramagnetic resonance 
signal having quite broad lines is observed in these 
crystals at 77°K. This spectrum is strongly tem- 
perature-dependent. 


2 T, Castner (to be published), 
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4. The resonance signal can satisfactorily be ascribed 
to Cu** ions. 

5. ‘At low temperatures there are three nonequivalent 
sites occupied by the Cu** ions, all of which can be 
approximately described by assuming an axial distortion 
of a mainly cubic crystalline field. 

6. The nature of the resonance signal is strongly 
temperature-dependent between 77°K and 290°K. 

7. After halogenation the resonance signal diminishes 
with time in a nonreproducible fashion, but may be 
restored completely by giving the crystal a mild heat 
treatment in an inert atmosphere. 


The major conclusions which can be drawn are as 
follows: 


1. The action of light upon the copper-doped crystal 
does not form the Cut** ion. The failure to produce the 
resonance upon illumination at room temperature might 
be explained by the formation of some sort of aggregated 
state due to diffusion of the Cut** ions. Since the 
resonance was not detected upon illumination at 77°K, 
we can pretty well rule out an aggregation effect since 
ionic mobilities are extremely small at this temperature. 


The possibility of the formation of neutral copper 
atoms upon illumination will bear further investigation. 
If the process whereby Cu* ions migrate to trapped 
photoelectrons to become Cu® atoms has any validity, 
it might be possible to detect a Cu° resonance by 
illuminating at temperatures between 77°K and room 


temperature where the ionic mobilities are appreciable, 
and then reducing the temperature to inhibit the 
formation of large colloids. It is possible that the spin- 
lattice relaxation time might be very short, requiring 
that the sample be cooled to temperatures in the liquid 
helium range. 

It should be commented that at no time in this work 
were any resonances observed which might be at- 
tributable to trapped electrons. This fact is not too 
surprising since there is abundant evidence” that the 
electron traps of importance to photolysis are located 
in highly strained regions of the crystal and we might 
expect rather broad lines due to a distribution of 
g factors and hyperfine splittings, or possibly lifetime- 
limited lines due to short lifetimes of the trapped states 
or short spin-lattice relaxation times. It would seem 
worth while to try illuminating crystals containing Cut 
ions at liquid helium temperature to see if resonances 
are present due to trapped electrons. 
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2. The data on the halogenated crystals suggest 
several things. The line widths indicate a fairly large 
degree of covalent bonding between the Cut* and Cl- 
ions. The symmetry of the three types of Cu** center 
observed suggests that at high temperatures there are 
few vacancies associated in complexes with the Cut+ 
ions, or else they are in a state of rapid motion about 
the ions, while at lower temperatures ion-vacancy 
complexes exist with the vacancy in either the nearest 
[110] or next-nearest [100] positive-ion site. The 
temperature dependence indicates that these vacancies 
can migrate around the ion with considerably lower 
energy of motion than for general motion of vacancies 
in the normal lattice. This energy must be somewhat 
smaller than the energy of association between the ion 
and the vacancy in order for its effect to have been 
detected. The manner in which the shape of the spec- 
trum changes above 200°K could be due to a time 
dependence of the Jahn-Teller distortion in type-C 
centers, or could be due to the rapid motion of vacancies 
changing the crystalline field at the ion sites. Since the 
activation energy for the vacancy motion in silver 
chloride is only 0.39 electron volt, the latter possibility 
must get strong consideration and we cannot determine 
the exact origin of the high-temperature effects in our 
spectra. 

3. The behavior of the signal in halogenated crystals 
as a function of time and mild heat treatment is 
consistent with Urbach’s hypothesis of a precipitation 
of a CuCl, phase with cold work and a redissolving 
upon heating. The restoration of the signal upon 
heating to 150°C makes it seem unlikely that the 
valence state of the Cu** ion is changed in this process. 
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Degenerate n- and p-type germanium samples were irradiated at 4.2°K with polonium alpha-particles. 
The irradiation removed carriers at a rate of 2.8410 electrons/a-cm in m-type samples and 1.32 10* 
holes/a-cm in p-type samples. Thermal recovery was studied up to 78°K. No measurable recovery was 
observed below 22°K. Upon warming to 78°K the irradiation-induced changes of Hall coefficient decreased 
by about the same fraction, 25% and 22%, respectively, in m-type and p-type samples, showing that the 
same fractions of donor and acceptor defects were annealed out. Experiments made with various annealing 
procedures, using electrical resistivity as a measure, indicated that there were two distinct regions of thermal 
recovery, with maximum rates of change occurring near 33°K and 67°K. The low-temperature process 
appears to follow a first-order reaction with a unique activation energy of about 0.02 ev. It may be due to the 
recombination of interstitials with nearby vacancies. The higher temperature process does not yield to simple 


analysis. 


I, INTRODUCTION 


HE general features of irradiation-produced 
changes in the electrical properties of germanium 
have been well established by experiments at Purdue! 
and Oak Ridge.? The results of these experiments led 
James and Lark-Horovitz* to postulate a model for the 
energy level scheme of the defects introduced by irradia- 
tion. According to the model, the interstitial atoms of 
the Frenkel defects act as donors while the vacancies 
act as acceptors. The model allowed for deep-lying 
levels corresponding to multiple ionizations of the 
defects and indicated that only the first two ionizations 
of each type of defect fell within the energy gap. 

The assumption is usually made that interstitials and 
vacancies are created in equal numbers by irradiation. 
In degenerate samples, all defect levels are either 
occupied (m type) or unoccupied (p type). Hence on 
the basis of the James-Lark-Horovitz model, carriers 
should be removed at the same rate in n-type and p-type 
samples. However, it has been observed experimentally 
that carrier removal rates, as determined from Hall 
coefficient and resistivity measurements, are signifi- 
cantly lower for p-type germanium than for type. In 
the case of deuteron irradiations at 90°K, the observed 
carrier removal rates for n-type and p-type samples 
differ by a factor of about four.‘ 

The possibility that this difference might be due to 
selective annealing of defects of one type indicates that 
experiments should be performed at the lowest possible 
temperatures. Low-temperature (7~15°K) irradiations 
and subsequent annealing experiments have been re- 
ported for copper, and silver,® and recently for ger- 


* Work supported in part by U. S. Signal Corps. 

1H. Y. Fan and K. Lark-Horovitz, Report of the Bristol Con- 
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manium.® In the metals, extensive annealing was 
observed near 40°K but in neutron-irradiated ger- 
manium the major effect reported was the disappearance 
of minority carrier traps at temperatures above 95°K. 

The present report concerns irradiation of germanium 
samples at 4.2°K and the study of annealing up to 
78°K. Polonium alpha-particles were used for the irra- 
diation because the irradiation source simplified low- 
temperature instrumentation. A special method of 
preparing the samples was necessary in view of the 
short range of the alpha-particles in germanium. 


Il. EXPERIMENTAL PROCEDURES 


The alpha-particle source used in these experiments 
consisted of a }-in. diameter stainless-steel disk upon 
which 494 mC of s4Po"” (7,=138.4 days, E,=5.30 
Mev) was deposited. The active area was covered with 
a thin stainless-steel window and the energy of alpha- 
particles incident on the sample was thereby reduced 
to 3.73 Mev. The alpha-particle flux was found by 
determining the absolute intensity of the source and 
multiplying by a geometrical factor which took into 
account the broad area of the source. This simple 
technique has been found to be in agreement with flux 
values determined by collection of the alpha-particle 
current.’ f , 

The very short range of alpha-particles in germanium 
(12.3 microns for alpha-particles of 3.73 Mev‘) necessi- 
tated a special technique for the preparation of ex- 
tremely thin samples. It has been shown’ that the 
electrical properties of such thin germanium layers 
prepared by etching and grinding from bulk material 
are the same as those of the parent material at all 
temperatures down to 1.3°K, provided extreme care is 
taken to avoid straining of the thin sample. Because 


6 J. W. Cleland and J. H. Crawford, Jr., J. Appl. Phys. 29, 151 
1958). 
TW. M. Becker, Ph.D. thesis, Purdue University, 1957 (un- 
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of their extreme fragility, it was necessary to support 
the samples firmly on a substrate. The thermal expan- 
sion coefficient of this substrate had to be the same as 
that of the sample to avoid strain during temperature- 
cycling. 

Special germanium flats for sample supports were 
prepared from impure n-type material. These sub- 
strates were irradiated until the resistance between 
surface points separated by 1 mm was greater than 107 
ohms at 78°K. The electrical properties of germanium 
so treated are insensitive to the additional moderate 
fluxes received from the polonium source during the 
irradiation experiment. 

All samples used in the irradiation studies were cut 
from germanium single-crystal ingots doped with 
antimony (m type) or gallium (p type). The samples 
were chosen to be extremely impure, with initial n-type 
Hall coefficient values of the order of — 8 cm*/coul and 
initial p-type Hall coefficient values of the order of 
+3 cm'/coul, so that the Fermi level remained deep 
within the carrier band throughout the irradiation 
experiments. 

The samples were carefully ground, polished, and 
etched in a hot (75°C) mixed acids bath and were 
firmly glued with Armstrong C-1 cement to the sub- 
strates previously described during the final preparation 
stages and throughout the experiments. The final 
thickness ranged from 3.5 to 8.0 microns. Electrical 
contacts were made by soldering No. 40 gauge copper 
wires directly to the sample. 

The cryostat employed for the irradiations at liquid 
helium temperature is of the gas exchange type used by 
Fritzsche” with a modification allowing mechanical 
motion of a shutter for controlling the progress of the 
irradiation. The sample-source chamber served as the 
bulb of a helium gas thermometer which was used to 
measure the temperature during annealing experiments. 
The rapidly changing temperatures encountered in the 
warm-up annealing experiments were measured with a 
lead wire resistance thermometer. Liquid helium could 
be retained for 16 hours with the alpha-particle source 
in position and for about 30 hours without the source. 
The power dissipation of the source approximately 
accounts for the decreased helium retention time with 
the source in position. 


III, IRRADIATIONS 


Experimental measurements of Hall coefficient and 
resistivity at 4.2°K were made as a function of the 
integrated alpha-particle flux. In both n-type and p-type 
samples these parameters increased monotonically. 
Following the completion of the irradiation, the samples 
were held at 4.2°K for as long as 20 hours, and during 
this time no changes in the electrical properties were 
observed. 

For a degenerate semiconductor, in which the Fermi 
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level remains deep in the carrier band throughout the 
irradiation, the probability of occupation of states 
introduced into the energy gap does not change. There- 
fore, if the defect production rate is constant, the carrier 
concentration should change linearly with flux. The 
reliable calculation of carrier concentration from meas- 
ured values of Hall coefficient and resistivity is neces- 
sary for quantitative interpretation. Some uncertainties 
exist in such calculations, particularly in the case of 
p-type germanium." 

For an extrinsic semiconductor with carriers in a 
single energy band, the Hail coefficient may be written as 


R=+r/ne. (1) 


The proportionality factor, r, for degenerate carriers is 
equal to unity in the case of a simple energy band with 
spherical constant energy surfaces in momentum space. 
For n-type germanium the appropriate value is r=0.79 
due to the multi-ellipsoidal structure of the conduction 
band. In p-type material the holes are distributed in 
two overlapping bands. The expression for the Hall 
coefficient for this case has the familiar form 


me po fme\? Poe \? 
cab (ots) 0 

pre Pi \ 1 Pui 
where the subscripts 1 and 2 refer to heavy and light 
holes, respectively. The ratio p2/p: is determined 
simply by the ratio of effective masses to the } power. 
However, the value of the mobility ratio, u2/y:, is un- 
certain for our case where the carriers are degenerate 
and the effect of ionized-impurity scattering is im- 
portant. In view of this uncertainty it is not possible 
to determine the hole concentration reliably. For the 
case of lattice scattering, u2/u; has been estimated as 
eight.” With this value, the quantity in curly brackets 
in Eq. (2) is 2.0. 

Figure 1 shows results obtained for typical n-type 
and p-type samples where the carrier concentrations 
were computed from Hall coefficient using r=0.79 for 
n-type samples and r= 2.0 for p-type samples. In both 
cases the change of carrier concentration increased 
linearly with the alpha-particle flux over a considerable 
range. From the slopes of the curves in Fig. 1, a rate of 
carrier removal per incident alpha-particle per cm? can 
be determined and Table I shows the removal rates for 
three n-type and two p-type samples which were 
irridated at 4.2°K. 

The ratio of the maximum carrier removal rate for 
n-type to that for p-type germanium is about 2 to 1. 
Although this result depends on the arbitrary choice 
of r=2.0 for p-type samples, it seems that a higher 
removal rate for n-type material is indicated. 

The number of lattice displacements created per 
incident alpha-particle was calculated by the method of 

1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

12 Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954) 
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TABLE I. Carrier removal rates in alpha-particle-irradiated germanium. 











n-type 


Ninitial 


Sample (carriers/cm*) 


Mfinal 
(carriers/cm?) 


— An/¢ 
(carriers/a-cm) 


C —An/o]a 
(carriers/a-cm) 





7.36X 10" 
8.02 X 10"? 
6.25X 10" 


Ge(Sb)—No. 2 
Ge(Sb)—No. 3 
Ge(Sb)—No. 5 


4.1110!" 
3.81 107 
3.38 X 10"7 


2.75 X 104 
2.94X 104 
2.84X 10¢ 


2.84 X 10* 





p-type 


Pinitial 


Sample (carriers/cm?) 


Pfinal 
(carriers/cm*) 


—Ap/¢ C—Ap/¢]av 
(carriers/a-cm) (carriers/a-cm) 





6.500 X 1018 
7.012 X 108 


Ge(Ga)—No. 2 
Ge(Ga)—No. 3 


5.626 X 108 
5.068 X 1038 


1.30 104 


135X104 1.33 X 10 








Seitz to be 2.79X10* defect pairs/a-cm, when a dis- 
placement threshold energy of 30 ev, given by Klontz 
and Lark-Horovitz," was used. This value is close to 
the removal rate of 2.8410‘ carriers/a-cm obtained 
for n-type samples. Experiments of various groups 
have shown that defects in germanium may be produced 
with energies as low as 14 ev." If this value is used, the 
calculated number of lattice displacements is 5.94 X 104 
defect pairs/a-cm. Thus for high-energy nucleon irra- 
diations, the value of 30 ev may be an average value 
which yields good agreement. 

The Hall mobility is reduced by the irradiation. 
Figure 2 shows the variation of Hall mobility with the 
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Fic. 1. Change of carrier concentration vs alpha-particle flux. 
The irradiations and measurements were made at 4.2°K. 


3 E. E. Klontz and K. Lark-Horovitz, Phys. Rev. 82, 763 
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alpha-particle flux for n-type and p-type samples. No 
region is observed in which mobility changes are 
negligible, so that the estimation of carrier removal 
rates from resistivity changes alone, neglecting the 
mobility variation, would be in error. Another important 
feature of the data is that the mobility in n-type 
samples is very much more sensitive to the flux than is 
the mobility in p-type samples. The change in reciprocal 
Hall mobility may be taken as a rough estimate of the 
additional scattering introduced by irradiation. For 
n- and p-type samples the ratio is 17.5 per unit flux. 
The effective mass difference for electrons and holes 
can hardly explain this large difference if the scattering 
centers introduced were of the same nature in n-type 
and p-type specimens. The stronger n-type mobility 
dependence on flux is probably due to a greater degree 
of ionization of the defect sites in n-type samples. 


IV. ANNEALING 


In the course of the study of annealing, it was im- 
mediately established that appreciable thermal recovery 
of the irradiation-produced changes in electrical proper- 





eoN-Ge(Sb) No.2 
xN-Ge(Sb) No.5 
aN-Ge(Sb) No.3 
aP-Ge(Ga) No. 2 
oP-Ge(Ga) No. 3 
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Fic. 2. Hall mobility vs alpha-particle flux. 
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ties occured between 4.2°K and 78°K. Three types of 
annealing experiments were carried out: isothermal, 
isochronal, and warmup. For isothermal annealing, 
the sample was maintained at a constant temperature 
and the changing value of resistivity was measured as 
a function of time. For isochronal annealing, the elec- 
trical properties of the sample were always measured 
at a reference temperature (4.2°K or 20.4°K). ‘The 
sample temperature was raised to successively higher 
values for 20 minutes, with measurements being made 
between each heat pulse by quenching to the reference 
temperature. For warmup annealing, the sample tem- 
perature was changed continuously, but not uniformly, 
between 20.4°K and 78°K. The resistivity was measured 
as a function of both time and instantaneous sample 
temperature. 

All samples, regardless of the type of annealing ex- 
periments performed, were eventually raised to a 
temperature of 78°K and allowed to stand (anneal) there 
for 10 hours or more. Such a period was found to be 
long compared to the times in which measurable changes 
in the electrical properties were detectable. These ex- 
periments yield a quantitative comparison of the 
annealing in n-type and p-type samples. Table II 
gives the results of long-time annealing at 78°K for 
n-type and p-type samples. 

A significant feature is the similarity in the amount 
of the thermal recovery observed in n-type and p-type 
samples. This means that the annealing removes 
acceptors and donors in the same proportion that they 
were produced by the irradiation. Since a preferential 
annealing of defects associated with either acceptors 
or donors would be manifested by a significant difference 
in the recovery of p-type and n-type samples, this 
result indicates that such selective annealing does not 
occur. 

Similarities were also found in other features of the 
annealing experiments. The result of an isochronal 
annealing experiment is shown in Fig. 3, where the 
recovery behavior of a p-type sample is shown. The 
resistivity measured at a reference temperature follow- 
ing 20-minute heat pulses is plotted as a function of the 
annealing temperature. As indicated in Fig. 3, thermal 
recovery is not detected for annealing temperatures as 
high as 22°K. In order to further substantiate this 
result, long-time isothermal annealing was performed 
at 20.4°K, the normal boiling point of liquid hydrogen. 


TABLE II. Comparison of 78°K annealing of n-type and p-type 
samples. All samples were irradiated at 4.2°K, then annealed for 
10 hours or more at 78°K. Measurements were made at 4.2°K. 











Average 
ratio 


| total Anmanneal Ana/Ang 
(%) 


Ang 
(carriers/cm*) (carriers/cm!) (%) 


ntype Ge(Sb)—No. 3.25 X10!" 8.8 X10'# 27) 
Ge(Sb)—No. . 10.4 x10 25 
Ge(Sb)—No. ! 5.7 X10 24] 


Ge(Ga)—No. 2.0 X10"7 23) 22 
Ge(Ga)—No. 4.12 X10!" 21) 


Sample 
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P(Q-cm) 


Value reached after |Ohr 
at 78°K —————_______ a 





Ty (°K) 


Fic. 3. Isochronal anneal vs temperature of anneal. The measure- 
ments were made at 4.2°K after 20-minute heating periods. 


No measurable change in resistivity was observed during 
the 14 hours that the sample remained at 20.4°K. 
Thus, it was permissible to use 20.4°K as the reference 
point for annealing temperatures between 20.4°K and 
78°K, a result which greatly facilitated the ease and 
accuracy of the experiments in this region. Thermal 
recovery was experimentally detected after a 20-minute 
anneal at 26°K and the recovery proceeded more 
rapidly at higher temperatures. The annealing behavior 
of the n-type sample followed this same pattern. 

The similarity in the annealing processes for n-type 
and p-type specimens is further confirmed by the 
warmup annealing experiments carried out with both 
types of samples. The sample temperature varied 
smoothly, although not uniformly, from 20.4°K to 
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Fic. 4. Resistivity of irradiated germanium 
during warmup to 78°K. 























4 
) 40 50 
Time (min) 


Fic. 5. Plot of dp/dt vs time during warmup anneal 
of n-type germanium. T= 20.4°K at é=0. 


78°K after the coolant (liquid hydrogen) was allowed 
to evaporate from the inner Dewar. Figure 4 shows the 
results of such an experiment on an n-type sample. Two 
distinct regions of thermal recovery can be distinguished, 
one with the maximum recovery rate near 33°K and 
the second with the maximum recovery rate near 66°K. 
The two distinct regions of annealing are more strikingly 
exposed in Fig. 5, where the time rate of change of the 
resistivity (dp/dt~Ap/At) is plotted as a function of 
the instantaneous sample temperature. A similar curve 
was obtained for a p-type sample. The irradiation in- 
duced changes were not large in the p-type case and con- 
sequently the accuracy of the data was not so good as for 
the n-type sample. The two annealing stages can how- 
ever definitely be identified. 

The warmup curve of Fig. 4 suggests that two 
separate and distinct processes are active in the 
annealing which occurs between 4.2°K and 78°K. 
Establishing whether or not the two annealing regions 
are completely separable and thus allowing each to be 
considered independently, is important for the inter- 
pretation of the experimental data. Isothermal anneal- 
ing at appropriate temperatures was employed to 
establish this point and to determine the order of the 
kinetic reaction for the lower temperature recovery 
process. 

Figure 6 shows the results of isothermal annealing of 
an n-type sample at 26°K, 33°K, and 50°K, the latter 
temperature being midway between the two suspected 
annealing temperature regions. The small, sharply 
curved region of the 26°K curve of Fig. 6 was caused by 
temperature instability in the first two minutes of this 
anneal. The data clearly indicate that the two regions 
of thermal recovery are independent and separable, as 
evidenced by the absence of additional thermal recovery 
at 50°K following the completed isothermal anneal at 
33°K. The asymptotic value reached by the resistivity 
in annealing at 33°K as compared to the value reached 
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by annealing at 78°K reveals that 45% of the total 
annealing occurs in the lower temperature process. 


V. DETERMINATION OF ANNEALING 
ACTIVATION ENERGY 


The theory of kinetic rate processes has been applied 
with considerable success to the description and inter- 
pretation of the thermal recovery of irradiation effects 
in solids. The theory has been formalized recently by 
Primak,'* who considered processes with unique activa- 
tion energies and with a distribution of activation 
energies. Consider an annealing process which proceeds 
according to the relation 


—dN/dt=cN*, 0<N<No, (3) 


where N is the defect concentration at time, ¢, during 
an intermediate stage of the annealing, c is a tempera- 
ture-dependent coefficient, is the order of the reaction 
(not restricted to integer values), and No is the con- 
centration of defects immediately after irradiation which 
are annihalated or other wise undergo a reaction during 
the annealing process being considered. 

In this work the measured sample parameter was 
the electrical resistivity, p, because of experimental 
limitations which precluded the reliable measurement 
of the Hall effect during the course of the annealing 
experiments. The problem which now arises is to deter- 
mine a method of relating the experimental data on 
resistivity changes to the quantity of physical interest, 
the defect concentration changes. 

In metals, the irradiation-induced changes in the 
residual resistivity can be assumed to be proportional 
to the irradiation-produced defect concentration. This 
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Fic. 6. Isothermal annealing of alpha-particle- 
irradiated n-type germanium. 


16 W. Primak, Phys. Rev. 100, 1677 (1955). 
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assumption is based on the observation'® that the 
residual electrical resistivity of a metal increases linearly 
with increasing impurity concentration. Therefore the 
interpretation of the data is quite straightforward in 
such cases. 

In semiconductors the changes of resistivity due to 
irradiation arise from changes both in carrier concentra- 
tion and in mobility, and therefore the evaluation of the 
data is not so straightforward as in the case of metals. 
The problem of physical interpretation of the data 
reduces to the determination of the behavior expected 
for resistivity changes when the defect concentration 
changes obey a kinetic rate equation as given by Eq. (3). 

The effect of the changing mobility and carrier con- 
centration on the interpretation of annealing-caused 
resistivity changes is investigated in Appendix I, using 
a method suggested by Fan. For the small values of 
Ap/p encountered in these experiments, a defect con- 
centration variation which obeys Eq. (3) will, to a good 
approximation, result in a resistivity variation given by 


—dp/dit=h(p—pa)", (4) 


where h/ is a constant, p4 is the asymptotic value of 
resistivity, reached after completion of the annealing 
process being considered, and » is the order of the 
reaction. Resistivity variations will thus be interpreted 
on the basis of this equation, which will be considered 
equivalent to Eq. (3). For the case in which » is unity, 
a plot of log(e—p.) vs time for isothermal annealing 
will give a straight line. For other values of n, a plot 
of log(p—pa) vs log(time) will yield a straight line of 
slope 1/(1—n). 
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Fic. 7, Semilogarithmic plot of (o—p,) vs time for data of Fig. 6. 


16J. O. Linde, Elektrische Widerstandseigenshaften der Ver- 
dunnted Legierungen des Kupfers, Silbers und Goldes (Haken 
Ohlssons Buchdruckerei, Lund, 1939). 
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Fic. 8. Semilogarithmic plot of annealing rate vs 10?/T 
for isochronal annealing data. 


Figure 7 shows a plot of log(p—p.) vs time for the 
isothermal annealing data of Fig. 6. The data indicate 
that the proper value for m is unity. Thus Eq. (4) 
becomes 

— dp/dt=h(p—pa). (5) 


It is generally assumed that the temperature de- 
pendence of the rate constant, h, is given by the 
usual exponential dependence involving an. activation 
energy, 

h= Ae!" (6) 
where ¢ is the thermal activation energy and A is a 
constant. 

For isothermal annealing at two different tempera- 
tures, T; and 72, the activation energy can be deter- 
mined from Eq. (5) and Eq. (6). For the data of Fig. 7, 
the value so obtained is 


e= 0.018 ev. 


Isochronal annealing may be considered as short- 
duration isothermal annealing at various temperatures. 
Since the total resistivity change which occurs upon 
the completion of the given kinetic process has been 
determined, the data may be analyzed from Eq. (5) 
and Eq. (6). From Eq. (5) a plot of Ini as a function of 
1/T gives a straight line with a slope of —«/k. Such a 
plot is shown in Fig. 8, the value obtained for the 
activation energy being 


e=0.017 ev, 


which is in good agreement with the value obtained 
from isothermal annealing. 

If Eq. (5) is assumed to describe the low-temperature 
annealing rigorously, then it is possible to compare 
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rates of change expected at various temperatures. By 
using the above value of e (0.017 ev) and comparing 
the known rates at 33°K to the expected rate at 20.4°K, 
it is found that a measurable change in resistivity 
(about 23%) is predicted for the 14-hour period that 
the sample remained at 20.4°K. As pointed out earlier, 
no such change was observed. The conclusion is that 
the annealing data are qualitatively well described by 
the use of such an equation but that quantitatively 
complications can arise, in the interpretation of what 
must be complicated phenomena on the basis of such a 
simple theory. 

The warmup curves can be analyzed easily because 
of the near temperature independence of resistivity of 
the samples. For such samples, the value of / is deter- 
mined directly from the plots of Fig. 5 and Fig. 6 by 
finding corresponding values of dp/dt and (p—pa) for a 
given temperature. The activation energy may then be 
easily obtained, the value for the low-temperature 
process being 

0.014 ev. 


Since the annealing changes are so rapid in this tem- 
perature region, this value must be regarded only as 
approximate. Thus it is concluded that this low-tem- 
perature process follows a first-order kinetic rate equa- 
tion with a unique thermal activation energy of about 
0.02 ev. 

Analysis of the warm-up curves does not yield a 
unique value for the activation energy when applied 
to the higher temperature recovery. The value obtained 
was in the region of 0.1 ev to 0.2 ev. The data in this 
temperature region are, however, insufficient for a 
complete analysis. 

This low-temperature annealing might be attributed 
to the recombination of interstitials with certain types 
of nearby vacant lattice sites at temperatures too low 
to permit appreciable interstitial duffusion through the 
lattice. Such a configuration of vacancies and inter- 
stitials would be less probable and hence fewer in 
number than interstitials displaced some distance from 
the vacancy. This would then explain the small fraction 
(10%) of the irradiation-produced damage which 
anneals in this process. The explanation of the annealing 
as mutual annihilation of vacancies and interstitials 
is further supported by the fact that the annealing is 
the same in m-type and p-type samples. If either 
vacancies or interstitials were selectively annihilated 
or if clustering of one of the defects occurred, then the 
annealing should produce distinctly different effects in 
n-type and p-type samples rather than the observed 
symmetrical behavior. 


APPENDIX 


The electrical resistivity is written as 


as 1/ (nex), 


G. W. GOBELI 


where » is the carrier concentration, e is the electronic 
charge, and y is the carrier mobility. 

Immediately following the irradiation (t=0) the con- 
centration of annealable defects is No. The initial state 
of the semiconductor is described by a resistivity po, 
carrier concentration mo, and mobility uo, where 


po= 1/(moepo). (8) 


After completion of the annealing process (t= ©), the 
annealable defect concentration has been reduced to 
zero and the final state of the semiconductor is described 
by an asymptotic value of resistivity p4, carrier con- 
centration m4, and mobility 44, where 


pa=1/(maeua). (9) 


Assuming a direct proportionality between changes 
in carrier concentration and changes in defect concen- 
tration (w4—n=b'N) yields 


n=n,—(bN/No), b=n4—no. (10) 


It is logical to assume a direct proportionality between 
changes in the reciprocal of mobility and changes in 
defect concentration (1/u—1/u,=c'N), which yields 

1 ios ic 


-=—+—, 
M BA No Mo HMA 


(11) 


-——— 


Using Eqs. (7), (10), and (11), one obtains 


enaNo ; 
N= (e—pa), 
ct+ebp 
por p2>pa, No2>N2O, 
and 


dN enaNo 


dt (c+ebp)? 


dp 
rE pia (13) 
Substituting Eqs. (12) and (13) into Eq. (1) yields 


(p—pa)". (14) 


—dp waial bas ‘“ 
dl -ohebes 


ensNo 


Therefore, if changes in (c+-ebp)?~" caused by annealing 
are small, i.e., if [(c+ebp)/enaNo}” is almost a 
constant, then Eq. (14) may be considered as being 
the same type as Eq. (3) and the resistivity data can 
be analyzed on the basis of a kinetic rate equation. 
Since c+ebp is a linear function of p, its variation may 
be established by evaluation at the extrema of the 
variable(p= po and p= pa). 

For the annealing experiments under consideration, 
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c+ebp varies by about +3% from its average value 
over the complete experimental range. For small values 
of the reaction order, m, it can be stated that for experi- 
ments considered in this work, a defect concentration 
reaction of the type of Eq. (3) will result in a variation 
of resistivity which obeys Eq. (4). 
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The Hall effect in ferromagnetic substances is computed on the basis of a simple model, making use of the 
transport theory of Kohn and Luttinger. The calculation is rigorous, but assumes a slowly varying scattering 
potential, a simple band, and very few conduction electrons. None of these assumptions are very realistic 
for a true ferromagnet, but we are interested here in only giving a discussion of the types of contributions 
which can occur. Terms related to those previously found by Smit and by Karplus and Luttinger, and some 
new ones, are found. In addition, some comments of Smit on the general problem of the ferromagnetic Hall 


effect are discussed. 


1, INTRODUCTION 


N recent years there has been considerable dis- 

cussion of the anomalous Hall effect in ferromag- 
netic substances, from several points of view. All 
serious attempts to explain this phenomenon have 
used as a basic model magnetically polarized electrons 
moving under the influence of an external field, and 
have attributed its origin to the presence of spin-orbit 
coupling. The difference has been in the effect of the 
spin-orbit coupling considered. Karplus and Luttinger 
looked for contributions which arise from a modification 
of the acceleration effects due to the electric field, and 
from off-diagonal parts of the density matrix. Smit, 
on the other hand, considered the modification which 
occurs in the scattering processes within the framework 
of conventional transport theory. Both of these theories 
give results which are not in contradiction with experi- 
ment, though neither of them fits all the data. On the 
other hand, some of the conclusions of the theory of 
Karplus and Luttinger have been seriously questioned 
by Smit, so that the entire subject has recently been 
shrouded in a thick fog. 

For this reason, we thought it worth while to con- 
sider the subject anew, from a somewhat different 
point of view. There exists a model (for impurity- 
limited resistivity) in which the entire transport theory 
can be put on a rigorous and systematic basis. This is 
the theory of Kohn and Luttinger,' which develops the 


* Permanent address: Department of Physics, University of 
Pennsylvania, Philadelphia 4, Pennsylvania. 

1W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). 
We shall refer to this paper as KLI in what follows. As in KLI, 
we shall not indicate explicitly here the vector character of & or 
r. Thus e*’? means e**'' and kk’ means kk’ throughout. 


stationary-state density matrix of the system in powers 
of the strength of the scattering potential. Using this 
model, we have calculated the entire anomalous Hall 
effect. Terms of the Smit type, the Karplus-Luttinger 
type, and some others, all appear automatically in this 
treatment. Although the model itself is not very real- 
istic, and the further simplification necessary to com- 
plete the calculation makes it even less so, we still 
believe it is of some interest in showing the types of 
contributions which can occur. 

The paper is organized as follows. In Sec. 2 the theory 
of KLI is summarized and reduced to a usable form 
without any further approximations. In Sec. 3, the 
contribution of the spin-orbit coupling (which gives 
rise to the Hall current) is separated out. In Sec. 4 
the equations are solved, and the Hall current is calcu- 
lated rigorously in the effective-mass limit. In Sec. 5 
we discuss the results and compare them with the 
previous ones. Finally, in Appendix A, some of the 
criticisms of Smit are considered within the framework 
of the present theory. 


2. GENERAL THEORY 


In this section we shall develop the general formulas 
which enable us to calculate the contribution of spin- 
orbit coupling to the Hall effect. From KLI, we can 
expand that part of the density matrix which is linear 
in the external field (f), in ascending powers of \ 
(which is some dimensionless measure of the strength 
of the scattering potential). The leading term in f is 
of order \~*, and to this order conventional transport 
theory holds. The new features of KLI (corrections to 
transport equation, contributions from off-diagonal ele- 
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ments of f) arise only if we go two orders further in X, 
i.e., to \°. In the “7 representation” [that is, the repre- 
sentation of Bloch waves for the unperturbed Hamil- 
tonian, / standing for the index pair (n,k) ] the density 
matrix f may be written as follows. The off-diagonal 
terms fy (l¥l’) are given by [KLI, Eq. (116), (117), 
(118) ] 


fw=fuPt+fu, (2.1) 


where 


1 
fu ©® = —(fi-fr) Hu’, 


u 





‘ ; ; fi-fur fu—fv 
x) Cw 4D’ Ay! Hyy _ . Se 
uv dy dy 


The notation is the following: f:= fu, the diagonal 
elements of the density matrix. dj*=wytis, where 
wy is the difference in energy between the two Bloch 
states / and /’, and s is an infinitesimal positive number. 
Hw’ are the matrix elements of the scattering poten- 
tial. The notation >>’ means that all index equalities 
should be excluded from the summation, which means 
for (2.3) that 1’ or /’. Finally, the matrix elements 
Cw are the matrix elements of the “commutator” 
C=—eE,(p,%a), p being the equilibrium density matrix 
in the presence of the scattering centers. Cy are the 
terms of order \° in this matrix element, Cy“? those of 
order X, etc. 

The diagonal elements of f are solutions of the 
“generalized transport equation” [KLI, Eq. (119) ] 


CO+C/ +01" +i DrvLi(fi-fr)=0, (2.4) 


where 


[ (Cu Hr’) | 
—————c.c. ], 
L dy 


C{=C,%+D’ 
- 





(Cw © Hy’) 
Cy" =C,%+>' = a te 
vl dy 


+>’ ——_ 
se cra ” 


(Ay Cyy©H v7’) 


inns 
dy dyy~ 


In (2.5) the angular bracket (---) means the ensemble 
average, or the average over the possible positions of all 
the scattering centers. The quantity Li is the “colli- 
sion operator” and may be written 


Ly =Lw O+ Ly +Ly @), 
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where 

Ly © = 2x6(wu){| Hw’ |?), 

(WT)) ((uv’)) 
+ | 


dyy* dy 





Ly Y= 2rb(ow)E| 


wv 


. pa raid 
a = , anata 
3 day tdyy* 
(Uv) ((u''rr'"’)) 
fa fo =) 
dy dye dye ~dy* 
(| Hav’ |?)(| Hvv’|*) 
+E(—— a “—ce.) 
v 


dy dy dy yt 
(| Hw’ |*) 


9)\* (2) —. 
a ev” —ee~ —c.c.). 


(dy-)* 


(2.8) 


The quantities (U7")=Hy’ Hyvv’ Hy’, etc., and the 
“energy shift” «,"°) is given by 
(| Hw’ |?) 


(2) — 


(2.9) 


U  dayrt 


As soon as we have solved (2.4), we can obtain the 
off diagonal elements of f from (2.1). In order to calcu 
late the current in some direction (say the 8 direction) 
we must know the average velocity 0s in that direction. 
This is given by 
where 

vg=1[ H7,xz |, (2.11) 
the velocity operator. Hr is the total Hamiltonian of 
the electrons. Since xg commutes with the potential of 
the scattering centers and the external electric field,? 
we may write 

>= i[ Ho,x~ |, (2.12) 
where Hp is the periodic Hamiltonian (which includes 
the spin-orbit coupling term due to the periodic po- 
tential). That is, we may write® 


Ho= p’/2m+U+(qXVU)-p. 


Here U is the periodic potential, and 


(2.13) 


q= (1/4m*c?)(M/M s), (2.14) 


M being the magnetization of the sample and Mg the 
the saturation magnetization. As is well known, the 


? This would not be true if we included the effect of the spin- 
orbit coupling due to the scattering potential and the external 
electric field. The former has been estimated by J. M. Luttinger 
(unpublished) and by J. Smit, and found to be completely negli- 
gible. The latter may be removed by a simple gauge transforma- 
tion, and has no physical consequences. 

*R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954). 
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diagonal elements of (2.12) are given by‘ 
og! = Be1/dkp, (2.15) 
whereas the off-diagonal ones are [KLI Eq. (126) ] 


(vs) = — wy J gi” (is4i’), (2.16) 


1 Owy 
i =(—f w,*- ir )ow 
We we 0 B 


Here w, is the volume of the unit cell, and w; is the 
periodic part of the normalized Block functions of Ho. 
That is, 


with 


(2:17) 


(2.18) 
(2.19) 


Hw = EW, 
i= (1/\/Q)e* wi, 
Q being the volume of the crystal. 
Using these results, we may write the average ve- 
locity as a diagonal and an off-diagonal part: 
(2.20) 


(2.21) 


Dg = vg +1,° d : 
v3 = Di fde Oks = Dif 3’, 


de LN fay) z 
0g°°4- = +> (fi ow J 9! ; (2.22) 


In (2.22) we have replaced fi by its ensemble 
average (since wyJ,'' is independent of the positions 
of the scattering centers), the justification being ex- 
actly the same as that used repeatedly in KLI. 

To go further we now have to discuss the matrix 
elements of H’ in some detail, and compute the en- 
semble averages involved. To make the problem as 
simple as possible and to avoid extra terms which do 
not contribute in any essential way to the result, we 
make the following assumptions about the scattering 
term H’: (a) The scattering centers are located at dif- 
ferent lattice points of the crystal. (b) The scattering 
centers can interpenetrate each other, so that more 
than one can be at a lattice point. [Assumptions (a) 
and (b) lead to negligible corrections at low density of 
scattering centers. ] (c) The average periodic part of 
the scattering potential has been absorbed in the peri- 
odic potential UV. These assumptions lead to the follow- 
ing expressions for H’ 


H’=> io(r—ri)—(N/N1)d-re(r—R), (2.23) 


where g(r) is the scattering potential of a single 
scatterer located at the origin; r; is a set of N lattice 
points (NV being the number of scattering centers); Vz, 
is the total number of lattice points, and the sum over 
R is a sum over all lattice points. Assumption (b) then 
allows the possibility of some of the r; being equal. The 
matrix elements of H’ are given by 


N 


pm aac (2.24) 


ri Nx, PR 


/ +t —k’). 
Aw = ou] 5 nw thes 


4 See reference 3, Appendix C. 


EFFECT 


IN FERROMAGNETICS 


where 


um fvitelovadr 
From (2.24) we have at once that 


N 
(H’) nk, nk = Onk, ofv-—w] =0. (2.26) 


Nr 


If kk’ the second term of (2.24) is zero (since k and 
k’ extend over a Brillouin zone) and we have 


A’ = gw Det #6, (kAR). (2.27) 


We consider first the off-diagonal contribution to the 
velocity. Since Js"’ contains the factor 6,4", we need 
(fu) for R= k’. By (2.26), fans, ne’ vanishes. To calcu- 
late fax. ne we need, for kk, 


((A’) nk (A), ned = Neon vi gunk. (2.28) 


Therefore, since Ci is independent of the positions 


of the scatterers, 


“: 1 
Cur )emk’ = 


diy 


; Pree fi-—fur fur—fe 
x] Cu O40 E'eurerre( BE iain OAD 
i div dyry kak! 


(2.29) 


The off-diagonal contribution to the velocity is 


03°°4: _ Py! MW 0) J get 
Py 


Te fi-fe fu-fe 
+N DO! purge —— ———— } J,'"'. (2.30) 
FR a dw dyry 


In (2.30) we have put wank, n’k/@nk, n’k=1, which as- 
sumes that there is no accidental degeneracy (i.e., that 
Enk* €n’k for N¥N’), 

The first term of (2.30) is easily calculated. For this 
purpose we need the matrix elements of C. From KLI, 
Eq. (113), these are given by 


0 re) 
= ee (- i —) pe 
Oka OR’ 


tT a! perv —purJa’’). (2.31) 
uv , 


To the lowest order in A, p®’ =p(Ho), so that 
pu = p(e1) div = pian’ Oke’. (2.32) 
Therefore, for /+1’, 


Cy = —tieEa(pi—prv)J a". (2.33) 
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The first term of (2.30) then becomes 


i Cy OS 3" = —ieE. > (pi— pr) J at!’ J gt”! 
LU’ 


i’ 


= —teE sD ord (Sal Sp" — Sp J.) 
I 


Vv 


OJ a! ATs! 
=—icE. > nf -—), 
l Okg Oka 


(2.34) 


on making use of (2.17) of Karplus and Luttinger.’ 
The terms (2.34) were already present in the original 
paper of Karplus and Luttinger,‘ and are also found 
in KLI.° 

The second term of (2.30) may also be put in some- 
what simpler form by permuting a few of the / indices. 
We have 


. fi-fur fur—fy 
DD gure eee var 
ee dy dpry 


+c.c. | 


rf eu (guid gh —JS eh gyn) 
= fi —— eaten 


hvu 


A gu (¢,J 8)e 
=> ft.—_— “+ee.) 
v7. du 


| eu |2(Ss'— Jo" 
tT (nih Lana 


Lv dw 


The last term arises because we have allowed index 
equalities on the J'” in order to write the commutator 
(y,J). [The other restrictions on index equalities have 
been dropped since they exclude only single & values, 
and therefore give rise to terms which are O(1/Q). ] 
Now from (2.31), if we let p be an arbitrary function 
(Q) of the coordinates, we get 


(OJ aw =Da0w, (2.36) 
where 

te) a) 

D,=—_+—-, (2.37) 

Oka Oa’ 


since x, commutes with Q. Therefore (2.30) becomes 


OJ s' AFa! 
vg? =e, Do r(— ooemes ) NT AMZ 
l Oka Oke l V 


¢gwDeggri- gu |?(Jg'—Jg") 
¢ ——————_— —+e.c.}. (2.38) 
dy 


Since we are interested in vg°**- to order A°, f; in (2.38) 
has been replaced by its lowest order f;. That is, we 
5 Equation (135). The sign in KLI is wrong, due to sign error 
carried over from Eq. (134) of that paper. 
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may write 


fiw fOPt+fi+fr™, (2.39) 


where /; is of order \~*, f;" is of order A~', etc. Then 
from (2.4), (2.6), (2.28), (2.31), and (2.32), fi satisfies 
the ordinary transport equation® 


Opi 
eEa— +N ¥ 2n6(ww)| gu |2(fr— fr) =0. (2.40) 
dk, 


In addition to the contribution (2.38) of order X°, 
there is also a contribution of the same order from /; 
(as well as one of order A“ from /;"). To obtain these 
contributions it is necessary to solve the generalized 
transport equation (2.4). It is convenient in solving 
(2.4) to divide the corrections to f; into two classes, 
which we shall call “field corrections” and “collision 
corrections.” The former arise from the C;’ and C,”’ 
terms of (2.4), the latter from Ly and Ly®. As we 
shall see below, to the order in which we are working 
these terms give additive corrections. 

We first consider the field terms. In order to obtain 
C/ and C;”’ we need C;™ and C,®. These are given by 
(2.31), as soon as we know the expansion of p in powers 
of \. This is given by’ 


eu =p O+pw +pw™, (2.41) 


ew =pdbw, (2.42) 


. Pi~ pr : 
py =———Hy, 
Wi 


(2.43) 


pu =ypbw +L — 
7 


Pi pur 
- | (2.44) 


@i" 


Pi~ pr 





Wy 


(|Hw’|*)fpi—pv Op 
u |? l | (2.45) 





7= 
l 


Ae @ Wil Oe; 


Inserting these in (2.31) and making use of (2.5) and 
the ensemble average theorem, we obtain, after some 


6 The solution of (2.40) is not unique, since we may add to any 
solution an arbitrary function of ¢; and get a new solution. This 
causes no difficulty in the usual transport theory, since such a 
term is easily seen to give no contribution to (2.21) in any case. 
However, such a term might give a contribution to (2.38), and it 
must be discussed more carefully. The simplest way to eliminate 
this ambiguity it to note that, for a crystal, f; must be an invariant 
under the crystal group if the electric field is simultaneously trans- 
formed. However, from Eq and e (which is already invariant) one 
cannot construct a term linear in Eq which is invariant, so that 
an f; with the correct transformation properties does not have this 
ambiguity. If the sample has a magnetization M, a term of the 
for E-M can be formed. This cannot give rise to an anomalous 
Hall effect, however, since it vanishes for M perpendicular to E. 

7KLI, Appendix C. It is simply necessary to write / instead of 
k, and to rewrite the formulas in terms of p; rather than the ex- 
plicit exponential distribution used there. 
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algebra, 
C/=0 


} ee ft Gl 
Cywr=teEg ee zz —L[ (gr iDagu)+ 


dy 


Pll’ | 
V 


where 
| eu 


a= 2, — 


Since C;' vanishes, there are only \* corrections to the 
field terms. Therefore if we want f; corrections to the 
second order we get independent contributions from the 
field terms and the collision terms. More formally, let 
us introduce 

Nh=fF +e, (2.49) 
where f;" is O(A°). 
tributions of higher order than )?: 
satisfy 


Insert this in (2.4) dropping con- 
if we choose f;" to 
CY +i DelLu® (fir- (2.50) 


we find that 


fv? )=0, 


CO+i Vy lLw (fie — fre) =0. (2.51) 


That is, the field correction f,” 
order transport equation with C,”’ 
instead of C,;. Further if we write for the 
contribution” /;° an expansion in }, 


fie=frO t+ fl +f", 


and insert this in (2.51), we get on equating equal 
powers of A 


DvlLw © (fi 
Lely (fie 


satisfies the lowest 
as driving term 
“collision 


2.52) 


JZ 


( 


fe VE pL (fy! — fy’) (2.53) 
fr )+DrlLu™ fi—fr’) 
+dovrla® (f’— fr’ =0. 


Since f; is known, in principle, from (2.40), it may be 
inserted in (2.53), giving again the usual transport 
equation for f;’, except with a different driving term. 
Similarly, since f; and f;' are known, (2.54) becomes 
an “ordinary” transport equation for /;’’. 

Finally, for completeness, we give the ensemble aver- 
ages which are necessary to make the collision operators 
Liv™ and Ly explicit. These are, from (2.7) and (2.8), 


ut’) (2.55) 


(2.54) 


= N Sv evils 


(UU) = pwerverangrin 
XIN+N (N= 1)bage—vr0]) 


for all the & indices unequal. They vanish whenever 
any of the & indices are equal. The 6 function in (2.56) 
is to be interpreted as giving something whenever 
kh—k'+k" —k'” =0 modulo a reciprocal lattice vector. 


(2.56) 
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3. HALL EFFECT ARISING FROM 
SPIN-ORBIT COUPLING 


E*) 021] 
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The general formulas of Sec. IT enable us to calculate 
the corrections to the conductivity to order \*. We are 
not interested in this paper in the general problem, but 
only in the problem of whether a transverse current 
exists, i.e., in the Hall effect. Now for isotropic scat- 
terers it is easy to see that there is no transverse current 
unless there is spin-orbit coupling. The spin-orbit 
coupling is small, in general, and therefore the trans- 
verse current will be proportional to it and thus [from 
(2.13) and (2.14) ] to the magnetization. Therefore, to 
study the anomalous Hall effect we shall study that 
contribution to the average velocity which is of the 
first order in the spin-orbit coupling. 

We begin with the discussion of the lowest-order 
velocity (of order \~*) which is given by f/f; from 
(2.40) in connection with (2.21). Since the spin-orbit 
coupling does not affect the energy to first order (see 
Appendix B), the velocity operator in (2.21) and the 
distribution function p; in (2.40) are not affected by it. 
The only thing which might be affected is the matrix 
element of the scattering potential. This we write as 


eu = eu + ew (3.1) 


where gy‘ represents the first-order correction due to 
spin-orbit coupling. Therefore 


(0) | ( ) 
ew 2+ pa © pri + ga eri 
ew [2+ gy grr + (eu 


(B 


| 9__ | 
gu |\"= | 
| pyr? (3.2) 


* 
gui’’)”. 


However [ by Appendix B, (B.7) and (B.12) ], 


(gu )*¥ =b nbn ow ‘ (3.3) 


1) 


(gu) *¥ = — bb ngrr' (3.4) 


where 6,=+1. Thus the third term of (3.2) is equal 
and opposite to the second, and we have 


| eu |? =| ga |? (3.5) 


Therefore, there is no effect of spin-orbit coupling and 
no anomalous Hall effect, to order \~*. The quantity 
fi has no correction to the first order in the spin- 
orbit coupling. 


Next we consider the corrections of order \~'. They 
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arise from the correction f;' [given by (2.53) ] in con- 
nection with (2.21). In order to obtain f;’ to first order 
in the spin-orbit coupling we need to expand Ly. 
From (2.1) and (2.55), this is 


gu gevigvia ; 
—§++c.c.}, (3.6) 


dy: 


Lay = 24 N8(wy) > | 
ve 


0) » (0) 


eve 


gu grvirgvii= Ou gil 


+ (gu grr gyy+eyclic). (3.7) 


Using (3.3) and (3.4) we see that the zeroth-order term 
is real, while the first-order term is pure imaginary. 
By means of the well known relationship (as s goes 
to zero) 


1/dyp~=P(1/wy)+ir8 (wry), (3.8) 


(where P indicates principal value), we may write 
Ly ® = Ly + Ly, (3.9) 
where 


(0) ( 
grr gy ye gy 
———, (3.10) 


Ly = 41 NG(wy)>- p———— 
Zz 


wi 
Ly“ = (29)? Nib (ww) dD 8 (ww) 
ee 
X (gue gra gri™+eyclic). (3.11) 
Writing correspondingly 


fi = fr fy 
fi“ being the first-order correction in the spin-orbit 
coupling, (2.53) becomes equivalent to 
Lr Ly (fr — fy) 
+L v2aNb(ow)| eur |2(fi— fr™), 


(3.12) 


(3.13) 
and 


LerLy™ (f— fr) 
+> 24Ni(ow)| gu 2( fx — fy), 


The Hall current is contained in f;“” and not in f;%, 
and therefore it is obtained by solving (3.14). Until 
we make some assumptions about the scattering po- 
tential g and the Bloch functions we cannot solve (3.14), 
since it is in general an integral equation for f;“ [just 
as (2.40) is an integral equation for f; ], and cannot 
be solved explicitly. We shall return to these questions 
in the next section, but shall now proceed to a similar 
reduction of the spin-orbit contribution for the next 
order in X. 

The average velocity to order \° is composed of three 
parts: (1) the off-diagonal contribution (2.38); (2) the 
diagonal contribution due to the “field correction” 
(fi¥), calculated from (2.50); (3) the diagonal con- 
tribution due to the “collision correction” (f;’’), calcu- 
lated from (2.54). We consider these in turn. 

(1) Making use of (3.3) and (3.4) again, remember- 
ing (see Appendix B) that Jg' is pure imaginary and of 


(3.14) 
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first order in the spin-orbit coupling, the spin-orbit 
part of (2.38) becomes 


OJ! ATa! 
vg°4-=ieKg x p(—-—~)-» fi we! 
t Oke Oke l 
—2nNid fi Y S(ww)| gar |? e'—Ja"), (3.15) 
i v 


where 


wa'=2nrN > vb (ww) Im(¢uDsegvi). (3.16) 


In (3.16), Im means the imaginary part of what follows. 
We may also write 


Im(¢wDagri) 
= (1/1) Lew Dagri+ ew ™Dagri™ J. 


The last term of (3.15) may be transformed: 


2eNi > fi ¥ bow) | eur |2(Ip'— Jp") 
I V 


(3.17) 


= Ie Ni > 5 (wy) | ou | 2(f, — fy) Tg! 
Ng 
dp aS g! 
=—ieE, >, —J_'=ieEa dD pr—, (3.18) 
L ORa l a 
where we have made use of the transport equation 
(2.40), and (3.5). Therefore 


0g = —ieEg pl «'/Akp—Vifiws'. (3.19) 


(2) For (2.50) we need the spin-orbit part of C7’. 
From (2.47), (3.3), and (3.4), we see that the only 
part of C;” which gives a first-order spin-orbit cor- 
rection is 
C'= ieEa{ pi'Wa'+ 2rNi ¥ vpr'6 (wry ) 

XK | eu |2(Ja'—JSa"’)}, (3.20) 


pi =0p;/0e1. (3.21) 


The second term of (3.20) gives a contribution to 
fi® which can be obtained explicitly. Writing 
fi? =gi—teE apt J «', (3.22) 
we see from (2.50) that the equation for g; is simply 
eEaptWa't+2aN Sv | eu |%6 (ww) (gi-— gv) =9. (3.23) 
The contribution to the current is, from (2.21), 


de; 
vg? = D0 fr? vp'=D. givs'—teEa D pr Jai— 
l l l Oke 
‘ OJ a! 
=> gits'+icE. D> pr—. 
l l Okg 


(3.24) 


If we call 


p= 06°96", (3.25) 


up=doi(givs'— fi we'). 


then 
(3.26) 
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We may write the equation for f; as 


eEaptta' +2aN Sov | ew |? 
Xb (aw) (fi — fr) =0. 


Comparing (3.23), (3.27), and (3.26), we see that there 
’ 

is a high degree of symmetry between vq! and w,! in 

our final expression. 

(3) To obtain the spin-orbit part of f;/’ we must 
expand (2.54) to the first order in the spin-orbit 
coupling. Writing 

Ly © = Ly + Ly ™, 
Ly = Ly O+Ly™, 
fl =f + frx™, 
fil = fr fy 
(where the second term on the right-hand side is 
always the spin-orbit correction), the equation for 
fi;°? becomes 


DrLLw ® (fi fr) 
+ Ly (fp — fy W)) + Lp Ad (f,00 — fy, 00) ] 
+2aN Sov| ew |*6 (ow) (fe? — fre?) =0. (3.29) 
The only new element in (3.29) is Ly. From 
(2.8), (2.56), (3.3), and (3.4), and a little algebra, 
this is 


Ly @) = (Qi)? N85 (wyy) 


(3.27) 


”? 


1 
4 a 5 (wy) r(- \ }, (3.30) 
vue ene 


{ }=Im{ ewer guerre gue VtNOg ep eee, 0) 
+ owever gue gui LENb eK yee, 0) 
x, 0}. 


After we have solved (3.29), we obtain a velocity 
contribution of order \° from 
032) = > fy2ag!. 
It is again impossible to proceed any further without 
some knowledge of the scattering potential and the 
Bloch functions. 


teow gurvevrr guild tNbes eK (3.31) 


(3.32) 


4. CALCULATION OF HALL EFFECT IN 
“EFFECTIVE MASS” LIMIT 

In order to deal with the extremely complicated 
formulas of the previous section, it is necessary to 
introduce some rather drastic simplifications. These 
will give us a result which is a rigorous consequence of 
our theory, though it will not be relevent (except as an 
extremely crude estimate) to the situation in real ferro- 
magnetic substances like Fe or Ni. However, we view 
the main purpose of this paper as being to exhibit the 
structure of the different terms which come into the 
Hall effect (rather than to make a realistic computation 
of its value), so that this will not bother us too much. 
Further, so little is known about the real Bloch func- 
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tions of a ferromagnetic substance that a realistic 
computation seems impossible in any case. 

We therefore consider the following limit, which we 
shall call the “effective mass” limit. 

(a) We assume that there are few electrons in the 
magnetic band, and that they are at absolute zero of 
temperature. This means that the unperturbed dis- 
tribution function p; is a step function 


é.< €PF 


€1> €F, 


pi=const, 
=(), 


(4.1) 


where the Fermi level er is very small compared to the 
band width. We assume it to be so small that we may 
write for any €, which occurs in p; the effective-mass 
expression 


(4.2) 


€,= k?/2m*, 


where m* is the effective mass of the electrons in the 
band n. 

(b) We assume that the scattering potential is very 
slowly varying over a unit cell. More analytically, we 
shall assume that ¢ has no Fourier components which 
are of the order of a reciprocal lattice vector. From 
Appendix C, it then follows that the matrix element 
gu is given by an expansion of the type 


eur = veeLOoant (Ry — Ry) Ju” (R) 

+4 (ky — hy) (he —Rv)T uo” (Rk) +--+], 
where gx is the ordinary plane-wave matrix element, 
and the /’s are defined in Appendix C. 

This expression will be used as follows. In computing 
any of the different contributions to the velocity which 
arise, we shall only take enough terms of (4.3) so as 
to give the first nonvanishing result. At the end of the 
calculation we shall see that in fact each of these con- 
tributions has a very similar structure. 

With these assumptions we have at once that, to the 
approximation in which we are working, 


(4.3) 


| ear |? = Gee*Snan’. (4.4) 


Therefore, the lowest order transport equation (3.27) 
becomes 
CEapnk Va"* +24N 5 OrkO(Enk— Enk’) 
or 
X (faz — fae). (4.5) 


From assumption (a), p;’ is a rotational invariant and 
%q"* is proportional to ka. Therefore we may solve this 
equation in the usual way, 

frre _—-. TC apn 2 0,**. (4.6) 
where the “relaxation time” 70 is given by 


4m? 


To= |-—— 
nf Pb )8 (nu eou ILI —cos(k,k’) |dk’ 
k=kp 


(4.7) 
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The » in front of the integral is the density of scattering 
centers. 

It is convenient to make still another assumption in 
evaluating integrals such as occur in (4.7). That is, we 
assume that the range of the potential (say ro) is small 
enough so that 


kero. (4.8) 


The integral in (4.7) becomes 


#(f i(eu-ew)d¥ ) = @(2n)(2m*)i(er)!, (4.9) 
k=kp 


= f einer. 


In this approximation, (4.7) is 


where 


(4.10) 


(4.11) 


We now compute the velocity contribution of order 
\—. For this we need Ly“ to insert in (3.14). From 
(3.11), 


To (=n 2 (2m*)! (ep)? 2n. 


Ly) = — (29)? NG (ww)>d 6 (wy) 
ee 


XIm(¢gwerrvgrvi). (4.12) 


The 6 functions in (4.12) insure the equality of the 
indices n, n’, n’’, unless the band is degenerate at k=0, 
which we specifically exclude. Then, from (4.3) and 
(C.7), we have 


Im( gu gui’ gv) 


i oJ,' aJ,' 
= enw ern-gura(y! hy!) —b)( re ). 
2 Ok, Ok, 


(4.13) 


Putting (4.13) in (4.12) and making the same 
approximations as before, we obtain 


ix’n B* (2m*)*(€:)* ]6 (ww) 
(2r)?Q 
x (ky ky— kk’) ( 





aJ,! aly! 
-—), (4.14) 
ak 


, r 





Then a ba 
YE Ly (fp fy) = 4——~ erTof (2m ler 
: 3 —_ 


OJ _' dJ,' 
ces ( . ) . (4.15) 
Ok, Oka 0 


where the subscript zero on the last term means that 
we are taking the quantity for k=0, which is consistent 
with all the expansions that we have made. The ex- 
pression” (4.15) is exactly of the same structure in its k 
k dependence as the driving term of the zeroth order 
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transport equation. Therefore we can solve it at once 
with the relaxation time 7o, 


OJ ,' at, 1€p 
f= — ed ——- ) ial. 
Ok, Oka/ 5 3nd 


(4.16) 


This gives rise to an average velocity 


OJ g! OJ «! €Pr 
Oka Oky/ o3ng 
We consider next the velocity contribution of order 
d°. There are two contributions: ug from (3.26), and 
v° from (3.32). We begin with us, which requires 
the calculation of w,', from (3.16). Using (4.3) we have 


1 aJ,! 
Im(¢yDagvi) =~ 10 (lbp— hy hme +--+, (4,18) 
i 


a 


Inserting the leading term of (4.18) in (3.16), and doing 
all the integration just as before, we find 


1 1 0/,' 
vi=-—( ) k,. 
i To\ OkaT 9 


Since w,' is proportional to k,, we can integrate 
(3.23) with the relaxation time 76, i.e., 


(4.19) 


J,’ 


0. 
| ie - rue 'ta!=ieE( —~) k, pi’. (4.20) 
0 0 


Finally, from (3.26), using (4.20), (4.19), and (4.6), we 
obtain 
OJ 3! dT! 
ug= ~icka( - +) ; 
Ok, Okg/o 


This result has the remarkable property (just as did 
the original result of Karplus and Luttinger) that it is 
independent of any properties of the scattering 
mechanism. 

We come finally to the collision correction vg°”, for 
which we must solve (3.29). Now if we look at the 
driving terms in (3.29) along with the definitions of 
the L’s, we see that there are two types; (a) those 
proportional to V, and (b) those proportional to N?. 
The former are nothing but higher-order corrections to 
the Born-approximation for the scattering of an elec- 
tron on a single scattering center. The latter are con- 
nected with the interference between the scattering 
from two centers, and we shall refer to them as the 
“multiple scattering terms.” We write 


fi™ = f+ f, 


to express this decomposition, and write the corre- 
sponding velocity contributions as vg‘*) and v9. The 
calculation of vg is rather tedious, even with all the 


(4.21) 


(4.22) 
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simplifications used in this section, and we shall not 
give it here. In any case, it is not of any great interest 
since it represents only a correction (in the sense of 
perturbation theory in A) to vg“, It will have, in 
general, the order of magnitude 

vg —~)vg4), (4.23) 


2 a4 


(2r)*n? S 
By =——h (wv) > 5 (wi) 
202 rye 


st 


oJ ,' OS, l 


x | Snn’On'n’’ 6 


where 


Carrying out the /’’ and the /’” summations yields 


in’ g 
By = (wi) (RXR) yu» 


0 


3 OJ,’ dat ,! 
aes, ~ ) |. (4.26) 
2 ah, dhe te 


ie, aad F ver J, tS vel 


(4.27) 


Wy k= 0 


-] 
~ Dkk k—k' | 


2k+ | k—k’| 1 
ee Sa 
2k—|k—k’| |R+R’|? 
Calculating the resultant average velocity from this 
by the method followed in all previous cases, we obtain 


OT 3! OT a! 
o50 ick ( -—"\e-err as (4.29) 
Oka Oke . 


The quantity C is a numerical constant, 


C=(17/30)+ (8/15) In220.94. (4.30) 


5. DISCUSSION OF RESULTS 


Our final result for the extra current due to spin- 
orbit coupling consists of three parts: (1) v3°”, from 
(4.17); (2) us, from (4.21); and (3) vg, from (4.29). 
The first of these is included in conventional transport 
theory, and was considered (from a somewhat different 
point of view) by Smit and by Luttinger.’ Since it is 
proportional to 1/n it gives rise to an anomalous Hall 
coefficient (R’) which is proportional to m. If the re- 
sistivity of the sample is varied by varying the im- 
purity content, then this will give rise to an R’ which is 
proportional to the resistivity of the sample. For this 
reason, such a term does not seem to the author to be 
able to explain the experimental data. For iron, for 


8 J. M. Luttinger, Berkeley, 1953 (unpublished). 
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The quantity f; represents, on the other hand, a 
new physical effect. In the equation for f;, of all the 
driving terms only that part of (3.31) proportional to 
N contributes. Let us call the corresponding part of 
Ly®), By. Then the spin-orbit part of By, in the 
limit we are considering, becomes 


1 
e(- XH R EEE) 
Wir 


1 FO Ks ke ” O), (4.24) 


(4.25) 


k,n bk 
kyk,!. 


example, the experimental results of Kooi? show a de- 
pendence on the square of the resistivity (to a good 
approximation). This same resistivity dependence is 
true to all orders of Born approximation in the con- 
ventional transport theory, and therefore if something 
else is needed one must go beyond the framework of 
this theory. 

The contribution (2) was first considered by Karplus 
and Luttinger. By a very crude approximation, they 
attempted to take into account more than just the 
diagonal elements of the density matrix and velocity 
operator, as is done in conventional theory. The result 
was of the same general order of magnitude as (4.21). 
This term, being independent of m does give an R’ 
proportional to the square of the resistivity as desired. 
If we compare (1) and (2), we see that in our approxi- 
mation their relative values are 


vg") /ug= er (3n@). (5.1) 
Therefore at extremely low density of impurities, the 
ordinary scattering term vg“? must dominate, and one 
should see an R’ proportional to the resistivity. Finally, 
however, as the density of impurities increases we must 
go over to a resistivity-squared domain. Whether this 
is already true for Si in Fe at the densities used by 
Kooi, for example, is open to some question, but it is 
certainly not excluded by an estimate of the type (5.1). 

It should also be mentioned perhaps that the terms 
previously found by Karplus and Luttinger correspond 
to the first term of (3.6) and the last term of (3.15). 
It is possible to write the formulas in such a way that 
these terms are exactly canceled by some of the terms 
which originally depended explicitly on the scattering 
potential. This decomposition [which is used to 
establish (3.26) ] seems to us to have no particular 
physical significance, since when it is performed the 
remaining objects (g; and w,') are no longer phase- 
invariant. (That is, they change their values if the 


°C. Kooi, Phys. Rev. 95, 843 (1954). 





748 =) - 


phase of the original set of Bloch functions are changed.) 
The total result “gs is, of course, still phase-invariant. 
In any case, the important result from our point of 
view is that no matter how one chooses to interpret the 
different pieces which make up wg, its final order of 
magnitude is roughly that given by Karplus and 
Luttinger. 

The final term (3), which results from multiple- 
scattering corrections to the transport equation, is 
new. The first term of (4.29) is exactly of the same form 
as ug, and in fact cancels out a good part of it. It is 
doubtful if this approximate cancellation holds in any- 
thing but the extreme effective-mass limit, since very 
different quantities actually enter into vg and us. It 
seems more reasonable to conclude simply that the 
multiple scattering term will in general give a con- 
tribution comparable in order of magnitude with the 
off-diagonal and field corrections, and that to take one 
without the other is inconsistent. The last term of 
(4.29) is, from (B.23), of the order of magnitude of 
er/A (where A is a typical separation energy between 
the k=0 edges of two bands). We should really drop 
such a term to be consistent with our extreme effective- 
-mass limit. We leave it in, however, to indicate that 
other types of terms besides (0/3'/0ka—OJ «'/dkg)o can 
occur. For a realistic case, of course, er will be of the 
same order of magnitude as A, and this type of term 
will contribute significantly. 


APPENDIX A. DISCUSSION OF SOME 
COMMENTS OF J. SMIT 


In several interesting papers, Smit” has criticized the 
results of Karplus and Luttinger, and has also ques- 
tioned in general the occurrence of contributions to the 
average velocity from off-diagonal components of the 
density matrix. While we cannot claim to understand 
many of Smit’s points, he is without doubt correct in 
regarding the results of Karplus and Luttinger as 
representing a considerable oversimplification of the 
situation. We can indicate rather precisely just how 
this comes about from the point of view of our present 
formalism, and shall do this below. We wish to stress, 
however, that although the treatment of Karplus and 
Luttinger was not complete, the present calculation 
shows that the effect does exist and is of the same order 
of magnitude. Smit’s second point (the noncontribution 
of off-diagonal matrix elements) seems less correct to 
us, and we also wish to discuss it briefly. 

We can connect the work of Karplus and Luttinger 
with this paper in the following manner. The matrix 
elements of the electric field perturbation H are given by 


H,=H.+H", (A.1) 


where 
H,= —teE inn’ (05x /ORa), (A.2) 


H"=—ieE.Jq'". (A.3) 
J. Smit, Physica 21, 877 (1955); Physica 24, 39 (1958). 
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The idea of Karplus and Luttinger was to include 
H” in the unperturbed Hamiltonian, since it is per- 
fectly regular and has the same translational symmetry 
as Ho. Now if we write the field-dependent part of the 
density matrix (/) in the form 


f=f+e(H+H")—»(H), (A.4) 
it is easy to see that f satisfies (to the first order in Eq) 
the equation k ants 
[H,f ]—isf=C, 
C= (»(H),H.). 


(A.5) 
(A.6) 


f satisfies the same equation except that C is replaced 
by C; therefore, we have completely eliminated H”, 
and its only effect is to replace p(H) by p(H+H"’) as 
the “unperturbed density” matrix. The average ve- 
locity is given by 

(A.7) 
(A.8) 


(A.9) 


p= Det iis, 

Hs=tr( fog), 

fig= tri (op(H+H”) — p(H))p }. 
To the lowest order in \ we can compute fs at once, 
by going over to the representation which makes 
H o+H" diagonal. This gives 


OJ 3! OJ q! OJ «! 


, (A.10) 


tig =i1eE, Zz p(—-— )+iet. 3 ae 
l " 


Oke Oks l 0 4 


which is exactly the result of Karplus and Luttinger. 
Now since 
s 0 ta) 
Cw =ickal - on Jou, 
Oka Ok! 


Eq. (A.5) no longer contains the J matrix explicitly 
and is very much like corresponding equation with no 
periodic potential. Karplus and Luttinger’s approxima- 
tion consists in just replacing this equation by the 
equation of ordinary transport theory, that being all 
that was known at the time. Then there is no contribu- 
tion to the Hall effect from f and we get (A.10) as our 
final result. That (A.10), however, cannot be the whole 
story follows at once from the fact that it is not in- 
variant under a change in phase of the Bloch functions. 
Various arguments were given at the time to justify 
this, but we no longer regard them as convincing and 
shall not repeat them here. The point is that since 
tig is of order \°, we cannot throw away the correc- 
tions to f of order \°, which corrections go beyond the 
usual transport theory. Taking them into account 
leads at once to the formulas of the text. 

We now come to Smit’s second point. Let us first 
consider an electron in a pure state y, under the simul- 
taneous influence of an electric field and collisions. 
Expand y in Bloch waves, 


v= Lai(dyi. 


(A.11) 


(A.12) 





THEORY OF THE HALL EFFECT IN FERROMAGNETICS 


Smit first considers the average position Z_ of the 
electron. This is given by 
Oa, 


fg=i Do —a*+i DL ava* Jp". 


l Oks LU 


(A.13) 


If we average over an ensemble of electrons and call 
the average value of a,a,* the density matrix (pr),71, 
then 


Ee=i > 


l 


= nk’ 
Oks 


| +i> (pr)viJ ah. (A.14) 
k! xk ue 


Smit argues that the last term of (A.14) cannot con- 
tribute to the average velocity (defined as the time 
derivative of 3). This is certainly true. In our for- 
malism we have 

(A.15) 


(A.16) 


pr=pt fe", 
pr=sfe"'=sf, 


at =0. Therefore the last term gives a velocity con- 
tribution proportional to s, which vanishes in the 
limit s—>0. Therefore, in agreement with Smit, we 


. O( Pr) nk, nk’ 
dg=i,=1 >. 
l Oks k'mk 


Smit interprets (A.17) as meaning that there is no 
off-diagonal (n#n’) contribution to is. We cannot 
agree with this jnterpretation. First of all, if we replace 
ipr in (A.17) by its value [H7,pr ], then we obtain at 
once the formulas of the text, including off-diagonal 
elements. On the other hand, if we use (A.16) we obtain 


> c s Of nk, nk’ 
dg=is >- ; , 
l Oke k’mk 


Since dg is finite as s—> 0, the quantity in brackets 
must have a 1/s singularity, and its calculation goes 
beyond the ordinary transport theory which computes 
only fi, or KLI which computes the / itself (which is 
regular in the limit s— 0). The great advantage in 
using the velocity operator vgs=i[H7r,xs] is that it 
enables us to avoid such difficult expressions as occur 
in (A.18). 

Smit tries to go a little further with (A.17) itself. 
He puts (pr)w=aiar* (as is true for a pure state) 
Then, since the diagonal values of pr approach con- 
stants (those of p+/), he puts 


may write 


(A.17) 


(A.18) 


ay= | a,| e~**#*, (A.19) 
where |a,| is constant, and EZ, has the dimensions of 
an energy. This gives for ig 
0k, 
dp=L (er) u—, 
t C 


Akg 


(A.20) 


which is really of the form of a sum over diagonal ele- 
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ments of the density matrix. This result seems to us to 
be erroneous. First of all, we are not describing a pure 
state, and therefore the representation a,ay* of the 
density matrix does not exist. Second, this representa- 
tion actually leads to a contradiction since if it were 
true the off-diagonal elements of pr would oscillate with 
frequency E,;—Ey,, and therefore have an average 
value zero. On the other hand, from KLI we know that 
such elements exist in general (they are just those of 
ptf). 

It is, incidentally, always possible to write the 
average value of any operator in terms of a sum over 
the diagonal matrix elements of f/f), since it is char- 
acteristic of our theory that the off-diagonal matrix 
elements may always be expressed in terms of the 
diagonal ones. The resulting “effective velocity opera- 
tor,” however, is not, in general, of the form d£;,/dks, 
as may be easily seen from the explicit expressions of 
this paper. 


APPENDIX B. REALITY PROPERTIES 


In this section some of the reality properties of the 
matrix elements occurring in the theory will be derived. 
Most of these were already given in the paper of 
Karplus and Luttinger, but there they are so seriously 
marred by numerous misprints that we prefer to give 
them here again. The derivation is rather simpler also. 

We consider first the case of an electron in a periodic 
potential with no spin-orbit coupling. The Hamiltonian 
will be written Hoo, 


Hoo= ? 2m+ U, (B.1) 


and the eigenfunctions are 


gi= (e**/4/Q)ui(r). (B.2) 
As usual, / stands for the index pair (m,k), and a; is the 
periodic part of the Bloch function. 

We shall assume that the crystal has a center of 
symmetry, so that U(r)=U(—r). Further, Hoo is real 
(which is equivalent to time inversion symmetry for 
our problem). Therefore, under the symmetry opera- 
tion (S) which replaces r by —r and takes the complex 
conjugate, the Hamiltonian is invariant and 

SHooS len Hoo. ( B.3) 

Under this transformation the function ¢@; becomes 
or = Shi= on, x*(—r). (B.4) 
Therefore, since S commutes with Hoo, we can choose 
the ¢; to be eigenfunctions of S also. That is, 
Soi= S'ou. (B.S) 


However, 5S? is again the identity operation and 
therefore the eigenvalues S’ must satisfy S”?=1 or 
S’= +1. The ¢; and ¢; are however continuous functions 
of k, and therefore as we vary k in a band S’ cannot 
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change sign suddenly. It follows then that 


So1= onr*(—1r)=Sbndbar(r), (B.6) 


where 6,= +1, depending on the band in question. 

For any Hermitian operator A which is invariant 
under S, the matrix elements satisfy the following 
reality condition: 


: ” 
($1,Adr)*= (foriasuinar) 


= founa *oy*(r)dr 


=nbw f 62"(—) A*br(—"ar [by (B.6) ] 
=B.bw f ds*()A*(—r)ov (har 


= iain f oi (r) by (r)dr 


($1,Agv)*= 5b nbn’ (G1,A gr). (B.7) 


For any Hermitian operator B which changes sign 
under S (for example, the spin-orbit coupling), the 
identical method of proof gives 


(1,Bou)*= —6 nbn’ (O1,Bor). (B.8) 


This equation means, in particular, that the diagonal 
elements of any such operator vanish identically, since 
by the Hermiticity they are real and by (B.8) they are 
pure imaginary. (Therefore, there are no first order 
corrections to the energy due to spin-orbit coupling, 
and we make no distinction between e,; and ¢;.) 

If there .is spin-orbit coupling present, the Hamil- 
tonian is Ho defined by (2.13), with the eigenfunctions 
and values given by (2.18) and (2.19). The spin-orbit 
coupling, 


H*°-=(qXVU)-p, (B.9) 


is an operator of type B. We shall limit ourselves to 
effects of (B.9) to the first order. Then 


Wi=eor4+0.™, (B.10) 


where ¢; is of the first order in H*-°-. It follows at 
once that ¢;“ must satisfy 


(1 (—1) "= —5.61(0), 


instead of (B.6). If we have any operator D, we will 
write its matrix elements 


Dw= Wi,Dbv)= Dw +Du™, 


-(B.11) 


(B.12) 


where the D,, are the matrix elements of the operator 


LUTTINGER 


in the representation without spin-orbit coupling, and 
Dy™ are the corrections to the first order due to spin- 
orbit coupling. Then from (B.11) it follows at once that 


A wots —SnbnA w®, 


By O*F= +5,5n By ™. (B.13) 


Finally we consider the reality properties of the quan- 
tities J,'" defined by (2.17). From the orthonormality 
of the y; we have at once 


Jal’ + (Jq"')*=0. (B.14) 


We write 


J, =I,'"+K,"", (B.15) 
where J is the contribution of zeroth order in the spin- 
orbit coupling, and K is the contribution of the first 
order. From (2.17) we have 


6 k’ Ouy* One Ouy*(—r1) 
raty=— f 6;—dr = — | u,(—r)————dr 
Ok, Oka 


We @c a We a 


Oke duy (1) ; 
=-— furo Sndn'=Sndnla!”’, (B.16) 
We Ok, 


and similarly 


(Ka!")*= —8nby (Ka!"). (B.17) 


From (B.14) we have that the diagonal elements of 
J satisfy 


(J.')*=—J,', (B.18) 


so that they are pure imaginary. Therefore from (B.16) 
we find 


I,'=0, (B.19) 


with our choice for the phases of the Bloch functions. 
K,,' on the other hand is not zero in general, so that the 
diagonal elements of J are proportional to the spin- 
orbit coupling. 

We also list here certain other properties of the J 
operators which are convenient in our work. For any 
operator A we have 


(B.20) 


1 
(Ajtai = —[DaAwt (JaA)w ], 
i 


where 
Da=0/dka+8/dka’ (B.21) 
If A=Q, a function of position alone, then 


(OJ a)w= D.Qw. (B.22) 


Finally 
(JayJ pw => (Tal Tg —ST gt Tt") 
ve 


OF" (k) AT,""' (k) 
eee, 
Oks Oke 








THEORY 


1 OW nk 
sam (=—f Wnk* dr. (B.24) 
Ok 


We ¢ a 


APPENDIX C. EFFECTIVE-MASS APPROXIMATION 
TO MATRIX ELEMENTS gu: 


The matrix elements gy are given by (2.25) or 


1 
ew== fe BY" no *wydr. 
Q 


(C.1) 


The assumption that ¢ has no Fourier components of 
the order of a reciprocal lattice vector means that only 
the constant part of the periodic function w;*wy can 
contribute. Therefore 


(C.2) 


ou= gen W's 


1 
Q 
1 
Ww = —f w)*wydr. 
Wey we 


The quantity ¢:4 is just the plane-wave matrix ele- 
ment of the potential. Since the latter is assumed to 
have no Fourier components of the order of a reciprocal 
lattice vector, k’ must be close to & and we may expand 


where 


(C.3) 


(C.4) 


OF THE HALL EFFECT 


IN FERROMAGNETICS 


Ww as 


1 
Ww = — fat evr (k,/— ky) 


Ww 


OWn'k 
+: |e 
Ok, 
=Banrt (Ry! — ky) Ju” (k) +4 (Ry — ky) (k,’—k,) 
KSI uo**(R)+--:, 
where J,”" (k) is given by (B.24) and 


1 Wn’ k 
I ge™™' (B®) —{ Wnk* dr. 
We we Ok, Ok, 


(C.5) 


The J,,"" (k) satisfy the identity 


| | AJ," (k) AJ," (k) 
Tyr" (b)— J yn’™(k))*=———+ —, 
dk, dk 


(C.7) 


which follows at once the orthonormality of the w’s. 


ACKNOWLEDGMENTS 


This work was completed while the author was a 
guest of the Ecole Normale Supérieure. He would like 
to express thanks to Professor P. Aigrain and his other 
colleagues for their constant hospitality and helpful- 
ness. He would also like to thank the National Science 
Foundation for the grant of a N.S.F. Senior Post- 
Doctoral Fellowship, which made it possible to spend 
this time in Paris. Last, but not least, he would like to 
thank Dr. J. Smit for a stimulating correspondence 
which provided a good deal of the motivation of this 


paper. 


PHYSICAL REVIEW VOLUME 112, NUMBER 3 NOVEMBER 1, 1958 


Magnetic Structure of Fe,N+ 


B. C. FRAzER* 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


(Received July 15, 1958) 


The magnetic structure of FesN has been examined in a neutron diffraction study. The results are in 
agreement with a model proposed by Wiener and Berger on the basis of magnetic measurements on a series of 
related compounds. Ferromagnetically aligned moments of 3 wz and 2 us are found for the corner and face 
center Fe atoms (respectively) in the cubic unit cell. The difference in moments is apparently due to bonding 
interaction between nitrogen, at the body-center position, and the face-center Fe’s. 


INTRODUCTION measurement: 8.86 uz at 0°K).! The average moment 
per iron atom is thus almost identical with that ob- 
served in body-centered a-iron (2.22 ug). The crystal 
structure is most closely related to nonmagnetic face- 
centered y-iron, however. It may be considered as 
simply an expanded y-iron lattice with nitrogen placed 
at the body-center of the unit cell.2 The magnetic 


1C, Guillaud and H. Creveaux, Compt. rend. 222, 1170 (1946.) 
*K. H. Jack, Proc. Roy. Soc. (London) A195, 34 (1948). 


‘HE nitride Fe,N is a magnetic compound with a 
Curie point at 488°C and a net moment per 
formula unit of about 9 Bohr magnetons (extrapolated 


t Work performed under auspices of the U. S. Atomic Energy 
Commission. 

* Guest Scientist at the Brookhaven National Laboratory, 
Upton, New York when this work was done. Permanent address 
of author now at the Brookhaven National Laboratory. 
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TABLE I. Wiener-Berger model for Fe,N. 





Outer electrons 


3d’4s 
3d®4s 


Fe coordinates 








structure of this compound is therefore of some interest. 
It is also of interest with regard to the information one 
might obtain on the nature of nitrogen-metal bonding 
in a metallic compound of this sort. Hence, it was con- 
sidered worthwhile to examine this structure with 
neutrons. 


SOME MODELS CONSIDERED 


In a recent paper by Wiener and Berger,* magnetic 
studies were made on two transition metal nitrides 
closely related to FesN: FesNiN and Fe;PtN. These 
were shown to be completely ordered alloys with the 
same structure as Fe,N, except that the corner Fe of 
the face-centered cell is replaced by Ni or Pt. On the 
basis of their measurements, and also using the published 
data on Fe,N and Mn,N,!* Wiener and Berger proposed 
that nitrogen acts as a “donor” of electrons in structures 
of this type. That is to say, the nitrogen gives up one 
electron to the incomplete d shell of each of the three 
transition metal atoms on face-center positions, and 
accordingly the moment for each of these atoms is 
diminished by 1 yg. In this way it was possible to 
account for the observed net moments for Fe;NiN, 
Fes3PtN, FesN, and MnwN. A very similar idea had been 
suggested previously for FesN by Guillaud,® who based 
his assumptions on the observed temperature variation 
of magnetization for FesN (as compared to pure iron), 
although he did not propose a particular structure. The 
structure proposed by Wiener and Berger is given in 
Table I. 

Although it is reasonable to suppose that nitrogen 
will behave in a consistent manner in similar com- 
pounds, Wiener and Berger pointed out that the cases 
of FesN and Mn,N are ambiguous. For these compounds 
one can obtain equally good agreement with observed 
magnetic data by assuming that nitrogen acts as an 
“acceptor” of electrons (from face-center Fe 3d shells). 
The electron acceptor role of nitrogen had been proposed 


TABLE II. Zener model for Fe,N. 








Outer electrons 


3d74s 


Fe coordinates 


0,0,0 
q 3d*4s 
’ 0, 3d*4s 
} 3d*4s 





’ 











3G. W. Wiener and J. A. Berger, J. Metals 7, 360 (1955). 
*C. Guillaud and J. Wyart, Compt. rend. 222, 71 (1946). 
5 C. Guillaud, Compt. rend. 223, 1110 (1946). 
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for FesN by Zener in an earlier paper,® and as can be 
seen in Table IT, the resulting structure is ferrimagnetic. 
The negative sign for the first Fe moment is to indicate 
opposite spin alignment relative to that of the other 
three Fe’s. While indistinguishable by the usual mag- 
netic measurements, the Wiener-Berger and Zener 
models for FesN would yield quite different neutron 
diffraction patterns. 

These were not the only models one might expect, 
however. Another logical structure to consider was one 
with all equal ferromagnetically-aligned moments. This 
would give a pattern differing greatly from that ex- 
pected for the Zener model, but very nearly the same 
as that for the Wiener-Berger model. The equal moments 
model predicts zero magnetic scattering for those Bragg 
peaks whose indices are neither all even or all odd. The 
nuclear scattering for these peaks is due only to nitrogen. 
The Wiener-Berger model predicts some magnetic 
scattering for these peaks, but it is so small that it 
could easily be lost in small errors in the absolute scale 
factor and the Debye-Waller factor (the magnetic 
scattering for the other peaks is identical for all three 
models). The two models can be distinguished, however, 
by applying a magnetic field to the sample in a direction 
parallel to the scattering vector. A saturation field in 
this direction eliminates the magnetic scattering of 
neutrons, and hence if any intensity change at all is 
observed for the peaks with odd and even indices, then 
equal moments must obviously be ruled out. 


EXPERIMENTAL DETAILS 


The sample of Fe,N used in the present study was 
prepared by G. W. Wiener, of the Westinghouse Re- 
search Laboratories, by nitriding thin iron strips with a 
stream of NH; and He in a quartz tube furnace. An 
x-ray powder photograph revealed the presence of some 
unreacted a-iron, but no contamination due to other 
iron nitrides. The lattice constant was found to be 
3.797 A, as compared to the reported? value of 3.795 A. 
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Fic. 1. Preliminary neutron diffraction pattern 
tte tit for FesN. A= 1.064 A. 


6 C. Zener, Phys. Rev. 85, 324 (1952). 
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After grinding to 300 mesh, approximately 50 grams 
of sample were available for neutron diffraction meas- 
urements. A cylindrical fused-silica sample holder was 
used in the collection of all diffraction data except those 
recorded during the magnetic field studies. For the 
magnetic studies, in which diffracted intensities were 
compared with and without a saturation field parallel 
to the scattering vector, the sample was contained in a 
rectangular holder with thin vanadium windows on the 
transmission faces. 

A preliminary diffraction pattern and all of the 
magnetic field data were observed on the double-crystal 
spectrometer of Corliss and Hastings at a mean neutron 
wavelength of 1.064 A. Additional data were collected 
using high-resolution slits on the double-crystal spec- 
trometer of Nathans at a mean neutron wavelength of 
1.040 A. These patterns are shown in Figs. 1 and 2. 
For the final set of intensities the 1.064 A data were 
adjusted to 1.040 A and averaged in with the observa- 
tions made at that wavelength. The details of the 
magnetic field data will be discussed in the next section. 

Two possible sources of error appear in the diffraction 
patterns. The most noticeable occurs in the case of 
a-Fe contamination. Using the resolved (110) and (200) 
peaks to establish scale, overlapping peaks at higher 
angles were subtracted out by calculation. The second 
case arises from background ‘‘swells” due to the sample 
holder. Here a separate fused-silica pattern was used 
to estimate the proper background. Any error resulting 
from these procedures should be quite small. 

From measurements of the effective absorption coeffi- 
cient it was found that the absorption factor would vary 
less than 2% over the entire angular range of observa- 
tion. Absorption corrections were therefore neglected. 
The observed intensities were corrected for half-wave- 
length contamination, however. ‘These corrections were 
quite small in most cases, but approached as much as 
6% for some of the weaker peaks. The half-wavelength 
component of the primary beam was determined 
directly by measuring the intensities of the (410) 
reflection from a Rochelle salt single crystal at the A 
and \/2 positions. 
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TABLE III. Magnetic structure factors for trial 
models (in units of 10~ cm). 


Equal 
Wiener- Berger moments 
—2.207f  —2.207f —2.207/ 
—0.245f 1.717f 0 


Zener 


Indices all even or all odd 
Mixed even and odd 


ANALYSIS 


Before collecting diffraction data, preliminary in- 
tensity calculations had been made for the three 
magnetic structure models discussed earlier. The nuclear 
neutron scattering lengths used in these and subsequent 
calculations were taken from the compilation of Shull 
and Wollan,’ and had the following values: 


by. =0.96XK10-" cm, by =0.94X 107” cm. 


In computing the magnetic contributions to the in- 
tensities, the assumed moments for the various models 
were reduced to room temperature values using 
o/oo=0.91 from the magnetization data of Guillaud 
and Creveaux.' The magnetic form factor used was that 
measured recently by Nathans and Shull® in polarized 
beam experiments on metallic iron. This seemed a 
logical choice since the average number of magnetic 
electrons for FesN is the same as that for a-Fe. 

The nuclear structure factors take the following forms: 


(1) Fauc=4bretby for h, k, and 1 indices all even. 
(2) Fuuc=4bre— by for all indices all odd. 

(3) Fuuc= On for one even index and two odd. 

(4) Fuue=— by for one odd index and two even. 


The magnetic structure factors are given in Table III 
for the three trial models. The symbol / represents the 
magnetic form factor. 

Intensities were calculated by using the standard 
formula for a cylindrical sample, 


Kj sin’6 
siné sin20 ? 


where K is the instrument constant, 7 is the crystallo- 
graphic multiplicity, B is the Debye-Waller temperature 
parameter, and gq? is the average value of the square of 
the magnetic interaction vector (equal to 3 in the 
present case). 

Upon obtaining the preliminary diffraction data at 
1.064 A it was immediately evident that the Zener 
model could not be correct, but fairly good agreement 
was found for both of the other trial structures. This 
can be seen in Table IV. The observed data were scaled 
by using the (111), (200), and (220) planes, since these 
yield the same intensities for all three models. The 


7C. G. Shull and E. O. Wollan, in Solid State Physics, edited by 
F, Seitz and D. Turnbull (Academic Press, Inc., New York, 
1956), Vol. 2. 

&R. Nathans and_C. G. Shull (unpublished data, 1957). 
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TABLE IV. Comparison of preliminary intensity data 
for the trial models (A= 1.064 A). 








Equal 
moments Tobe 


134 


Zener 


343 
292 


hki Wiener- Berger 


100 138 
110 136 
111 646 646 660 
200 880 880 868 
210 104 164 112 
211 86 125 101 
220 826 

(300) . 

(my 70 85 82 





130 











Debye-Waller parameter was B/\?=0.50, so that the 
exponential factor had the convenient form exp(—sin*#). 

In order to test the equal moments model, magnetic 
field studies were then conducted on the (100) peak. 
The (111) peak was also examined in order to check for 
magnetic saturation of the sample. The (100) measure- 
ments were made by setting the counter at the top of 
the peak and alternating field-on and field-off observa- 
tions at equal time intervals. The field direction was 
reversed at each successive field-on measurement. Back 
ground was measured on both sides of the peak with 
field on and off for a combined observation time equal 
to that of each of the peak measurements. The following 
results were obtained 


(1) Field off, peak+ background: 58 960 counts. 
(2) Field on, peak+background: 58 003 counts. 
(3) Background: 26 886 counts. 


The (1) and (2) percent change is 1.60.4, and thus 
the case of equal moments must be ruled out. For the 
change in the actual peak intensity one must subtract 
out the background. One finds that this change is 
3.0+0.9%. In the case of the (111) peak, the measured 
change was 13.9+2.4%, as compared to a calculated 
14.1%. 

The magnetic contribution to the (100) intensity 
arises from the difference in the corner and face-center 
moments. Since the sum of the moments (over the 
complete cell) is known from the published magnetic 
data, and also can be derived from the (111) peak, it is 
possible to solve for the individual moments. From the 
observed (100) intensity change of 3% the calculated 
moments are u,= 2.98 wz and wy-= 2.01 ws for the corner 
and face-center sites, respectively. These results agree 
very well with the values 34, and 2s assumed by 
Wiener and Berger. Even at the probable error limits 
the agreement is also quite good. At the lower limit one 
obtains u,= 2.86 wz and py,-= 2.05 wa, and at the upper 
limit u-= 3.09 wz and pye= 1.97 wp. 

Taking the Wiener-Berger model as the proper mag- 
netic structure, intensity calculations were made for 
comparison with the final set of observed intensities. 
The optimum values for the scale factor and the crystal 
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TABLE V. Comparison of final intensity data (A= 1.040 A). 








hki Tobe 


100 141 
110 134 
111 707 
200 945 
210 119 
211 107 
220 907 
300 
221} 86 
310 60 
311 480 
222 403 
42 
87 
212 





Debye-Waller parameter were determined by the usual 
procedure of plotting In(Jous/Jeaic) against sin’. The 
Debye-Waller parameter so obtained was 0.345 10-'6 
cm?, The observed and calculated intensities are com- 
pared in Table V. 


DISCUSSION OF RESULTS 


While the spin system proposed for FesN by Wiener 
and Berger has been confirmed in the present study, it 
should be pointed out that their complete model cannot 
be verified by neutrons alone. The electron configura- 
tions shown in Table I can be checked only to the extent 
of determining the number of unpaired d electrons at 
the two different Fe sites. The remarkable results 
reported recently by Weiss and DeMarco® for a-Fe 
suggest that a general re-examination of earlier views on 
atomic 3d states may be in order. The unexpected results 
of these authors were confined to the body-centered 
metals (Fe and Cr) among those examined, but it is 
not clear what one might expect to find in alloys and 
interstitial] structures. This may prove to be particularly 
interesting in the case of Fe,N, since the neutron 
results can be interpreted only in terms of a direct 
bonding interaction between between N and the face- 
center Fe’s. As Wiener and Berger suggest, the bonding 
can be either ionic or covalent, although the covalent 
interaction would seem to be more reasonable. In the 
latter case the bond would be formed using p electrons 
from nitrogen and d electrons from the face-center Fe’s. 
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Velocity of Sidewise 180° Domain-Wall Motion in BaTiO; as a 
Function of the Applied Electric Field 
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(Received July 3, 1958) 


New techniques are described which permit one to reverse the direction of the spontaneous polarization 
in liquid-electroded single crystals of BaTiO; with one growing domain which nucleates at a predetermined 
location on the crystal and then expands through sidewise 180° domain-wall motion until the spontaneous 
polarization in the entire electroded area is reversed. Measurements of the rate of growth of the single domain 
for a range of applied electric fields give rise to the first quantitative data on the field dependence of the 
sidewise 180° domain-wall velocity in BaTiOs. It is found that this wall velocity is given by v=v..e~5/”, where 
6 is several thousand volts per centimeter and », is in general of the order of 10 cm sec”. The fields employed 
in these measurements were in the neighborhood of several hundred volts per centimeter and the wall ve- 
locities varied from about 10~* cm sec! to 10-? cm sec™!. The measured field dependence of the wall velocity 
is indicative of a nucleation mechanism for the wall motion, and it is shown that the equation of motion 
usually employed for domain boundaries does not describe the sidewise 180° wall motion in BaTiO;. In 
addition, the well-known e~@’¥ polarization reversal characteristics of metal-electroded crystals are shown 
to be consistent with wall motion of the type found in this research. 


INTRODUCTION and P, is the spontaneous polarization of Rochelle salt. 


FERROELECTRIC domain may grow through Of the fairly large number of papers which have ap- 
(1) forward domain-wall motion in which case the peared in the literature on polarization reversal in 
wall moves in the direction of the ferroelectric axis, single-crystal BaTiO;,° only two of these included ex- 
(2) sidewise domain-wall motion where the wall moves perimentation aimed toward a direct observation of 
in a direction normal to the ferroelectric axis, or (3) a sidewise 180° domain-wall motion. Merz!? concluded 
combbheitlam oft bath. "Wane te paced inleabantints in the that in the field region investigated, several thousand 
literature on ferroelectric domain growth; however, volts per centimeter, thane ge _ Practically no side- 
there is very little quantitative data on the variation wise 180 domain-wall motion. These conclusions were 
of the velocity of ferroelectric domain walls with the based in part on optical observations of the nucleatio» 
applied electric field. It is clear that information of this and growth of domains in crystals which were under 
type is essential to an understanding of the mechanism high elect rical strain. It was necessary to strain the 
of polarization reversal in a ferroelectric material. crystals in order to distinguish between domains of 
From optical observations, and a study of the °PPosite polarization.” In some cases the strains were 
switching transients (dP/dt as a function of time and sufficiently large to fracture the crystal. With a sample 
field) with fields of several thousand volts per centi- 8°o™metry such that a component of the applied electric 
meter, Merz!? concluded that the nucleation of reversed field was perpendicular to the ferroelectric axis, Little® 
domains in single-crystal BaTiO; is followed by their WS able to observe the antiparallel domain structure 
growth, through domain-wall motion, which is largely = BaTiOs during polarization reversal. Little found 
in the forward direction. The velocity of growth », and ° sidewise 180° domain-wall motion for applied fields 
therefore the forward velocity of the domain wall, is less than 2.4 kv cm™, and no nucleations of domains 
given by »=u(E—£o), where E is the applied electric for fields less than 2 kv cm". Thus it seems that Little 
field, Eo the coercive field, and » the domain-wall would not expect polarization reversal to occur with 
mobility. Wieder* has made electrical measurements on fields less than about 2 kv cm” which is not consistent 
Rochelle salt similar to those of Merz on BaTiOs, and with experimental observations of polarization reversal 
concluded that the forward domain-wall velocity in with fields in the neighborhood of several hundred volts 
Rochelle salt is also related to the applied field by an P® centimeter.’ Merz and Little measured metal- 
expression of the type given above. electroded samples which were subjected to either a 
Miteul and Furuichi“® have made direct measure- high electrical stress, or an applied electric field with 
ments of the sidewise domain-wall velocity as a function 2 C°Mponent perpendicular to the polarization direction, 
of the electric field in Rochelle salt and they find the both of which lead to results which are difficult to 
sidewise wall velocity is described by yo=2P,(E—£o), 


in which y and £p are structure sensitive parameters § For a general discussion of published work on polarization 
reversal in BaTiO; and in other ferroelectrics, the reader is re- 

crane: ferred to W. Kinzig, in Solid State Physics, edited by F. Seitz and 

1W. J. Merz, Phys. Rev. 95, 690 (1954). D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 4. 

2 W. J. Merz, J. Appl. Phys. 27, 938 (1956). 7W. J. Merz, Phys. Rev. 88, 421 (1952). 

3H. H. Wieder, Phys. Rev. 110, 29 (1958). SE. A. Little, Phys. Rev. 98, 978 (1955). 

4T. Mitsui and J. Furuichi, Phys. Rev. 90, 193 (1953). ® A. G. Chynoweth, Phys. Rev. 110, 1316 (1958). 

5 T. Mitsui and J. Furuichi, Phys. Rev. 95, 558 (1954). R. C. Miller (unpublished data). 
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Fic. 1. Schematic drawing showing a portion of the liquid 
electrode holder with a dimpled sample of BaTiO; mounted 
between the electrodes. 


interpret in terms of polarization reversal in the usual 
sense where the sample is essentially free from any large 
electrical stress and the electric field applied in the 
direction of the ferroelectric axis. 

Recently it has been shown that with applied fields 
of several hundred volts per centimeter, polarization 
reversal with liquid-electroded BaTiO; crystals can be 
accomplished by the expansion of a few switched 
domains through extensive sidewise 180° domain-wall 
motion.":!= New techniques have since been developed 
which permit one to reverse the direction of spontaneous 
polarization in BaTiO; with a single domain which 
starts out from the center of the electroded area and 
then expands sidewise through 180° domain-wall 
motion until the entire electroded region is switched. 
These techniques, the measurement of the sidewise 
180° wall velocity as a function of the applied electric 
field, and conclusions based on the measured field 
dependence of the wall velocity, are described in this 
paper. 

THE METHOD 


Very clear crystal plates with extremely good smooth 
surfaces are selected from material grown by the 
Remeika method." The selected samples are mounted 
in a jig and dimples 2.5 10~? cm in diameter are sand 
blasted in a large area surface of the crystal plates. The 
depth of the dimple is made equal to about one third 
of the sample thickness. Following this, the samples 
are etched in concentrated H3PO, at 155°C for 10 te 
20 min, rinsed in distilled water, alcohol, and dc-poled 
in water. The crystals which then appear free of a 
domains and imperfections (other than the dimple) 
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Fic. 2. Block diagram of the circuit used to measure the BaTiO; 
switching current, dP/dt, as a function of time. 


a. a 


pi _or 
E 


ieee 








u R. C. Miller, Phys. Rev. 111, 736 (1958). 
2 R. C. Miller, Bull. Am. Phys. Soc. Ser. IT, 3, 99 (1958). 
Bj. P. Remeika, J. Am. Chem. Soc. 76, 940 (1954). 
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over an area somewhat larger than the electrode area 
employed, 0.1 cm in diameter, are selected for experi- 
mentation. The sample to be measured is mounted in 
a liquid electrode holder" so that the resultant con- 
figuration is as shown schematically in Fig. 1. The 
electrolyte used in these experiments was a saturated 
aqueous solution of LiCl at room temperature. 

With the arrangement shown in Fig. 1, the dimpled 
area is a region of high electric field compared with the 
surrounding region, and hence the dimpled area would 
be expected to switch more easily than other regions. 
Provided no domains nucleate outside the dimpled 
area, and sidewise 180° wall motion occurs more easily 
than nucleation of new domains, the crystal should 
switch by the expansion of a single domain growing out 
from the dimpled area. Observations of the switching 
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Fic. 3. Typical switching transient, i, versus t, for a dimpled 
sample of BaTiO; which undergoes polarization reversal with a 
single domain that grows out from the dimple through sidewise 
180° domain-wall motion. The constant voltage is applied at the 
start of the cathode-ray oscilloscope sweep. However, polarization 
reversal does not start until a few seconds later. 


current and the c-domain configuration on partially 
switched samples show that the crystals do indeed 
switch in the manner just described. 

A block diagram of the circuit used to measure the 
switching current, i.e., dP/dt, as a function of time is 
shown in Fig. 2. The crystal voltage supply can be 
cycled plus and minus automatically, or it can be used 
as a voltage source of variable magnitude and length. 
The signal across the resistor R is fed into an electrome- 
ter whose output is observed on a cathode-ray oscil- 
loscope which is equipped with a camera for recording 
the switching current 7, as a function of time. Figure 3 
shows the type of switching transient obtained with a 
dimpled sample which undergoes complete polarization 
reversal with one domain expanding out from the 
dimpled area. The constant voltage to switch the 
crystal was applied at the time the cathode-ray oscil- 
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loscope sweep began but polarization reversal did not 
start immediately. This delay is observed with many 
crystals and is termed a “time lag.” The time lag may 
be many minutes long. after which the crystal will 
switch completely in a time which is characteristic of 
the magnitude of the applied field. When polarization 
reversal begins, the dimpled region switches rapidly 
and gives rise to the initial peak in i, after which the 
current decreases as the wall expands out to the thicker 
portion of the crystal. Then 7, increases linearly with 
time (the switched area enlarges proportional to ) 
as the domain expands in two directions with uniform 
velocities in each direction. When the domain grows 
out to the electrode periphery, the switching current 
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Fic. 4. Photomicrograph of the single switched domain observed 
on a partially switched dimpled sample of BaTiO;. The sand 
blasted dimple is clearly visible in the center of the domain. 





decreases and finally goes to zero as the entire liquid- 
electroded region is switched. 

Figure 4 shows a photomicrograph of the c-domain 
configuration of a sample which switched in the above 
fashion and which had the applied field of 320 v cm™ 
removed before the growing domain reached the circular 
electrode periphery. To observe the c-domain pattern, 
the sample is removed from the electrode holder and 
etched in a 0.5% HF aqueous solution for 15 to 20 
sec," after which, the c-domain pattern can be observed 
with a microscope by reflected light. Throughout this 
paper the term “HF-etched” will be used for the 
etching operation just described, The acid etch tech- 


“4G, L. Pearson and W. L. Feldmann (to be published). 
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Fic. 5. Photomicrograph of a dimpled BaTiO; sample which 
has been partially switched and etched, four times. The four 
concentric squares demonstrate that the single domain grows as 
an expanding square. Different lighting conditions are responsible 
for the different appearance of the domains shown in Figs. 4 and 5 


nique for delineating c-domain configurations has been 
used by others,'*'* but different etchants were em- 
ployed. One advantage of the present etchant over 
others is that the samples can be re-etched in H3PO, 
at 155°C to remove most of the HF pattern and then 
used again. The dimple is visible in Fig. 4 and is in the 
center of the domain which is roughly square in shape 
but has blunted corners. The long sides of the domain 
make an angle of approximately 45° with the crystalline 
a axes. Figure 5 shows a photomicrograph of a dimpled 
sample which was partially switched, and HF-etched, 
four times. Outlines of the four domains, concentric 
squares, are clearly visible. The lighting used to take 
the photomicrograph shown in Fig. 5 was different 
from that used in Fig. 4, and hence the different 
appearance of the domains in the two figures. 

Every dimpled sample does not undergo polarization 
reversal in the manner just described. In some instances, 
a dimpled crystal will switch by the expansion of single 
domain which nucleates outside the dimpled area. This 
behavior is easy to detect electrically for the switching 
transient will have a peak in it as the domain wall 
passes rapidly through the dimpled area. An example 
of this behavior is shown in Fig. 6. 


DETERMINATION OF THE WALL VELOCITY 


In the following analysis it will be assumed that the 
expanding domain is always square once it has grown 


16 J. A. Hooton and W. J. Merz, Phys. Rev. 98, 409 (1955). 
16 P. Kontoleon and J. Tomlinson, Metal Progr. 69, 98 (1956). 
17P. P. Cameron, IBM J. Research Develop. 1, 2 (1957). 
( 18R, C. DeVries and J. E. Burke, J. Am. Ceram. Soc. 40, 200 
1957). 
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Fic. 6. A plot of i, versus ¢ for a dimpled sample of BaTiO; 
which undergoes polarization reversal with a single domain that 
nucleates outside the dimpled area. The peak in 7, occurs as the 
wall moves into the dimpled region which then switches rapidly. 


to a size somewhat larger than the dimpled area. If it 
is assumed the domain is circular rather than square, 
the calculated wall velocities will be changed by a 
constant factor, namely 10%, so that the shape is not 
critical. It is important only that the shape remain 
constant during the measured portion of its growth, 
which is a condition easy to attain as can be seen from 
Fig. 5. In the region where i, versus ¢ is linear, i.e., the 
domain is square in shape, the wall velocity 2 is related 
to the switching current by 


v=1,/16P,x. (1) 


In this expression, P, is the spontaneous polarization 
of BaTiO; (2.6X10-* coulomb cm~),” and 2x is the 
length of one side of the square domain. The quantity 
x is calculated from the integrated switching current, 


1 ft 7 
--|— f ial]. (2) 
8P, 0 


Therefore, the measurement of 7, during all the time 
that an electric field is on the sample enables one to 
calculate v. It is assumed that the conditions of the 
experiment are such that the ratio of the rate at which 
electrical energy is required to move the domain walls, 
to the rate at which energy is required to increase the 
amount of domain wall present, is large. If this con- 
dition is not satisfied, Eqs. (1) and (2) will still be 
valid, but the wall velocity will depend on x as well as 
on the electric field. This ratio is 2EP,x/o», where oy 
is the wall energy per unit area. If one uses the largest 
theoretical estimate of the wall energy,’ 10 ergs cm™, 
and assumes conditions similar to those encountered 


 W. J. Merz, Phys. Rev. 91, 513 (1953). 
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in these experiments, i.e., E= 300 v cm and x= 2X 107 
cm, this ratio turns out to be about 300, so the condition 
is satisfied. 

To obtain the wall velocity as a function of the 
applied field, the initial field which starts the crystal 
switching is removed early in the linear portion of i, 
versus t. Then 1, is measured for different fields which 
are applied to the sample in the form of voltage pulses 
a few seconds long. After the data are taken, the sample 
is removed from the liquid electrode holder, HF-etched 
and the c-domain configuration observed to make 
certain the crystal had been switching in the desired 
manner. If the crystal was well behaved, Eqs. (1) and 
(2) are then used to calculate v as a function of the 
applied field. 

Measurements are not usually attempted for fields 
larger than about 350 v cm™ since it is found that one 
may introduce additional domains if the applied field 
becomes too large. Data for fields higher than about 
350 v cm are obtained using different techniques and 
will be presented in a future paper. Data on the low- 
field side are limited to fields somewhat higher than 
those for which conduction currents through the sample 
and through the liquid electrode holder structure 
become comparable to the current which arises from 
the wall motion. 


RESULTS AND DISCUSSION 


Data for samples 1(II), 6(II), and 7(I) are shown in 
Fig. 7 in which log 2 is plotted versus the reciprocal of 
the applied electric field. Sample 1(IT) was grown from 
a melt which contained 0.1 mole % AgNOs, while 
samples 6(II) and 7(I) were grown from a melt which 
contained 0.02 mole % Fe2O3. These crystal lots were 
not grown explicitly for this research, but came from 
a large number of existing lots some of which had a good 
number of high-quality specimens suitable for these 
experiments. As can be seen from Fig. 7, there is some 
evidence that impurities affect the domain-wall motion, 
though information of this type is very meager. Most 
of the data are fitted by an expression of the type 


v=, exp(—4/E), (3) 


in which 2, and 6 are independent of the applied electric 
field E over a large fraction of the range measured. The 
measurements have been extended to over three decades 
of wall velocity. With the exception of lowest field 
points, the data shown in Fig. 7 are described by an 
expression of the type given in Eq. (3). The lowest 
field point, or points, frequently lie above a straight line 
extended from the higher field data. The uncertainties 
connected with the very low-field measurements are in 
general sufficiently large to bring many of these points 
into agreement with the other data; however, since 
these very low-field points always lie on or above the 
extrapolated data, théy appear to represent a deviation 
from Eq. (3). 
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Table I gives values of 6 and v,, obtained for a number 
of samples. In cases where the sample was measured 
more than once, the operations involved between 
measurements are indicated. The HF etch used to 
delineate the c-domain configuration seems to have 
little, or perhaps no, effect on the results. There is no 
indication in the data shown that there is a marked 
thickness dependence of the wall velocity, The impurity 
content of the material seems to influence the wall 
motion as there appears to be a meaningful difference 
between the results for the two lots of material used. 
No chemical analyses were performed on the materials 
under consideration, so that only the impurity content 
added to the meltis known. 

It might be thought that sample and/or electrode 
holder conductivity are responsible for the deviation of 
the low-field results from Eq. (3); however, experi- 
mental attempts to measure the conductivity of the 
holder and sample ensemble indicate a conductivity 
about one order of magnitude too small to account for 
the observed deviations. The measured areas of the 


single domains observed on partially switched samples 
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Fic. 7. A plot of the logarithm of the sidewise 180° wall velocity 
versus the reciprocal of the electric field for three BaTiO; samples. 
Samples 7(I) and 6(II) were grown from a melt which contained 
0.02 mole % Fe2O3, while the melt from which sample 1(II) was 
grown contained 0.1 mole % AgNO;. The point indicated by a 
solid black square is a single wall-velocity measurement on sample 
6(II) which was determined by a different method than the other 
experimental points shown. 
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TABLE I. A summary of some of the experimental results on 
180° domain-wall velocity, v, in BaTiO; as a function of the 
applied electric field, E. The experimental data for v>10~* cm 
sec! have been fitted by an equation v=v,e~9/", Values of 2, 
and 6 obtained in this fashion for a number of samples are given 
in the table. 
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* Crystals grown from melt which contained 0.1 mole % AgNOs. 

> Same sample as the one listed above it except for HF etch employed 
after previous partial switch. 

¢ Same sample etched in HsPO, at 155°C and measured at a new location. 

4 Crystals grown from melt which contained 0.02 mole % Fe2O:. 

¢ Same sample as the one listed above it, but etched in HsPO, at 155°C 
and measured at same location. 


agree to within the experimental uncertainties, +3%, 
with the area calculated from (2P,)~'/o'%,dt, where ¢ 
includes all the time during which polarization reversal 
takes place. However, in the usual experiment, the 
contribution to the switched area of /i,dt due to low- 
field polarization reversal is very small so that agree- 
ment of the two areas under consideration cannot be 
interpreted as evidence that the very low-field electri- 
cal data give rise to meaningful wall velocities. 

In order to check the low wall velocity data, another 
measurement technique was used in the case of sample 
6(II). First, the normal type of data were taken, i.e., 
t, was measured as a function of the electric field. 
Following the last measurement of 7,, a field of 214 v 
cm~ was left on the sample for one hour, after which 
the sample was removed from the holder and HF- 
etched. From the difference between the size of the 
single domain measured on the etched sample, and that 
calculated with Eq. (2) from the i, measured prior to 
the application of the field for one hour, a wall velocity 
was obtained. The point determined in this manner, 
along with the values of v calculated from the 7, versus E 
data, are shown in Fig. 7. These results show that wall 
velocities obtained by the two different methods agree 
to within the experimental uncertainties involved. 
Additional measurements of the two types just de- 
scribed are in progress in a still lower field region than 
that considered above, a region where the data obtained 
in the usual fashion are suspect due to conductivity 
effects mentioned before. 

Problems connected with liquid electrode stability 
make measurements of the wall velocity as a function 
of temperature somewhat difficult so that very little 
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data at temperatures other than room temperature 
have been obtained. In the case of one sample, the wall 
velocity was measured for a single value of E at 30°C 
above room temperature and it was found that the 
high temperature velocity was two orders of magnitude 
larger than that measured with the same field at room 
temperature. Hence, on the basis of this one experiment 
there seems to be a pronounced temperature depend- 
ence of the wall velocity. 

As mentioned earlier, there are very few data in the 
literature with which the present results can be com- 
All other experimental investigations, two of 
forward wall motion’ and one of sidewise wall mo- 
tion,*® indicate that the measured wall velocity 
vax E—E,y where Ep is a coercive field. The sidewise 
wall motion was measured on Rochelle salt by Mitsui 
and Furuichi (hereinafter referred to as MF), who 
found that the sidewise wall velocity is described by 


pared. 


yo=2P,(E—E), (4) 
in which y and £po are structure sensitive parameters. 
As an example of the magnitude of MF’s results, with 
E equal to 80 v cm™, 2 is about 10~' cm sec™ at 18°C. 


The present data will not fit an expression like Eq. (4) 
unless y and Ey vary with E in some drastic manner. It 
should also be noted that in some cases the motion of 
magnetic domain walls is described by the analogous 
magnetic expression equivalent to Eq. (4).2° MF deter- 


mined their wall velocities from measurements of the 
position of the domain wall as a function of time as the 
wall moved from one trapped position to another. This 
domain-wall motion is characterized by a large velocity 
as the wall breaks away from its trapped position which 
then decreases uniformly as it approaches the new 
trapped position at which point »=0. These wall jumps 
correspond to volumes of 5 10~® cm’ to 10~ cm* which 
reverse polarization in times equal to a few tens of 
milliseconds. The wall velocities reported by MF were 
those calculated for the wall as it breaks away from its 
initial trapped position where the velocity is large, and 
not an average velocity for the wall as it moves between 
trapped positions. In the present data, it is clear that 
the measured quantity is an average wall velocity. 
There is no indication that the 180° BaTiO; domain- 
wall motion is discontinuous on the same scale as in 
the case of Rochelle salt. In fact, with the aid of obser- 
vations with Barkhausen pulse measuring equipment?” 
it can be stated that discontinuous wall jumps in times 
of the order of 10~? sec or less, involving volumes 10—" 
cm? or larger, do not occur in the present experiments. 
This limit is set by the characteristics of the measuring 
equipment. Also, there is no direct experimental 
evidence in the present work of a coercive field Eo for 


” For a general discussion of magnetic domain-wall motion, 
the reader is referred to the following review article: C. Kittel 
and J. K. Galt, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), Vol. 3. 
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the sidewise wall motion. If it is assumed that a coercive 
field would enter the experimentally determined wall 
velocity expression as v=, exp{—[6/(E— Ep) ]} and 
that this expression is valid in the lowest field range 
measured, then £, if it exists, is probably less than 
something like 40 v cm. Therefore, all the evidence 
indicates that 180° domain-wall motion in BaTiOs is 
quite different from that observed in Rochelle salt. 
This is perhaps not too surprising since many char- 
acteristics of the two materials under consideration are 
known to be different.® 

Kittel?! has proposed an equation of motion for the 
180° domain wall in BaTiO; which is similar to that 
used for a ferromagnetic domain wall,”° namely 


Myt=2P,E—BE—nx, (5) 
in which m, is the effective mass of a unit area of the 
wall, 8% is a viscous damping term, and nx is the re- 
storing force which acts on the wall due to its location 
in some local potential minimum. Kittel has pointed 
out that high-frequency dielectric constant measure- 
ments on polycrystalline BaTiO; do not show a reso- 
nance behavior as would be expected from Eq. (5), but 
this may have been absent due to “a combination of 
frictional effects and spread in domain widths.” In any 
event, Kittel does not confirm nor disprove the validity 
of Eq. (5) for small amplitude 180° wall motion. 

For large amplitude motion in which m,# is negligible, 
nx can be replaced by a term which is related to the 
height of the potential minimum and independent of x; 
such a term would serve to reduce the effect of the 
applied field, that is, 


pi=2P,(E—Ep), (6) 


in which Ep is a coercive field. The Rochelle salt wall- 
velocity data‘ are described by an expression of this 
type. The present results show that Eqs. (5) and (6) 
with 6 and £p field independent, do not correctly 
describe the large-amplitude BaTiO; 180° wall motion; 
and therefore, it is not evident that any resonance 
effects in the dielectric measurements due to wall 
oscillation should be expected. 

Landauer, Young, and Drougard®” have suggested 
that the well-known e~*/” dependence of the switching 
of BaTiO; may be due to domain expansion rather than 
nucleation as originally proposed by Merz.' It will be 
shown that at least part of the e~*/* dependence can 
be explained by the field dependence of the wall velocity 
given in this paper. The e~*/” dependence of the 
switching of BaTiO; refers to the manner in which the 
maximum value of the switching current, imax, and the 
time, r,, for all but a small fraction of the electroded 


21 C. Kittel, Phys. Rev. 83, 458 (1951). 
‘sega, Young, and ’Drougard, J. Appl. — 27, 752 
1956) 
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area to switch, vary with the applied field. Experi- 
mentally it has been shown? that tmx and 7, vary with 
E in the following manner: 


y—a/ I (7) 


Cian = la€ 
and 
T.=Tee%!*, (8) 


The above relations are obeyed in the lowest field range 
measured by Merz which is in the neighborhood of 
several thousand volts per centimeter. Making use of 
arguments presented in detail by Chynoweth,’ it can 
be shown that with random nucleation and rapid 
forward growth through the thickness direction, fol- 
lowed by sidewise domain-wall motion in two directions, 
one has 


(9) 


and 

(10) 
In these expressions v is the sidewise domain-wall 
velocity and & is the nucleation probability which is 
defined by 


dN /dt=k(No—N), (11) 
where .V is the number of nucleated sites and Vo is the 
total number of nucleation sites. As will be discussed 
in more detail later, the nucleation probability is 
usually assumed to have the form k« e~*/”, Therefore, 
since v«e~*/*, the theoretical expressions for imax and 
rt, ' are proportional to exp[.— (6+-3«/2)/E], which is 
in agreement with the electrical studies of Merz. In the 
absence of data on the field dependence of the sidewise 
wall motion, Chynoweth® assumed v= # and did not 
obtain theoretical expressions for both imax and 7, like 
those given in Eqs. (7) and (8). The values of 6 found 
in the present work are approximately one third the 
value of a given by Merz, so that x=a/2. It has been 
assumed in the analysis which leads to Eqs. (9) and 
(10) that &¢ is large compared with unity, which means 
that the nucleations are essentially over before the 
time at which 7 reaches its maximum value. If &é is 
assumed to be small compared with unity for times as 
long as r,, that is, for only a small fraction of the No 
sites nucleated, then one finds that the right-hand sides 
of Eqs. (9) and (10) become off. Thus for ktK1, imax 
and r,~!« exp[ — (26+4«)/3E] which also agrees with 
the work of Merz; and now for 6=a/3, a is approxi- 
mately equal to x. It should be emphasized that 6 is 
determined from low-field wall velocity measurement 
on liquid-electroded crystals whereas a was obtained 
from high-field switching studies on metal-electroded 


crystals. In any event, it seems reasonable that some 
power of e~*/” will appear in the theoretical expression 
for imax and 7,~' due to the observed field dependence 
of the sidewise wall motion. More experimentation is 


180° 
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required to determine just what fraction of the Merz a 
comes from the field dependence of the 180° wall 
velocity. 

It has been shown! that a nucleation probability 
of the form 


Rae? (12) 
would be expected for a nucleus of such a shape that the 
depolarizing field can be neglected in the expression for 
the change in free energy on the formation of a nucleus. 
The question arises as to whether the sidewise domain- 
wall motion investigated in this research, v« e~4/£, is 
due to motion of the wall parallel to itself, or to nu- 
cleations adjacent to the wall which govern the rate 
of domain growth and which have nucleation proba- 
bilities per unit length of domain wall of the form given 
in Eq. (12). If the wall motion is indeed controlled by 
nucleations adjacent to an existing wall, one might ask 
why nucleations should be favored close to a wall. 
There are several reasons why nucleation may be easier 
very close to an existing wall over points far removed 
from a wall. It might be possible for nucleations to 
take place adjacent to a wall in such a way that less 
new domain wall has to be created than for nucleations 
in completely unswitched environments, which if true, 
would favor nucleations close to an existing wall. Also, 
there is quite a bit of evidence!*"7 that the 180° 
domain walls are not parallel to the c axis but at some 
angle @ to the c axis. Even though a slanted wall proba- 
bly has a larger energy per unit area than a wall parallel 
to the c axis due to an addition electrostatic field energy 
term in the former, a slanted wall might be easier to 
move through a nucleation mechanism than a wall 
which is parallel to the ¢ axis. For example, on the 
unswitched side of a slanted wall, a field which arises 
from the divergence of the polarization at the wall, 
2P, sin@, will have a component in the direction of the 
applied electric field. This enhanced field if sufficiently 
large should favor nucleation at points adjacent to a 
slanted wall over nucleations in regions beyond the 
influence of this additional field. At this time, it is not 
possible to say whether the wall moves as a unit parallel 
to itself or in an irregular fashion due to many nu- 


cleations at points very close to the wall. 


SUMMARY 


It has been shown that polarization reversal in 
single-crystal BaTiO; can be accomplished with liquid- 
electroded samples by the nucleation and subsequent 
growth through 180° domain-wall motion of a single 
domain. The single domain can be made to nucleate 
at a predetermined location on the crystal. The rate of 
expansion of the single domain has been measured as a 
function of applied electric fields in the range of several 
hundred volts per centimeter and it is found that the 
180° domain-wall velocity. is described by »=0,e74/# 
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for over three decades of velocity. The measured de- 
pendence of the wall velocity on the electric field can 
be shown under certain conditions to be consistent with 
the well-known e~*/¥ switching dependence of BaTiOs. 
A nucleation mechanism for the wall motion is sug- 
gested by its field dependence, and the field dependence 
rules out the equation of motion usually applied to 
domain boundaries. 
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Surface Transport Theory 


Jay N. ZEMEL 
United States Naval Ordnance Laboratory, White Oak, Silver Spring, Maryland 
(Received July 3, 1958) 


A theory is presented for the dependence of the galvanomagnetic parameters on the surface potential of a 
semiconductor. The expression for the conductivity reduces to that given by Schrieffer when the magnetic 
field is zero. Formal equations for the magnetoconductivity and Hall coefficient are derived. By using a 
constant relaxation time, and a linear space charge region potential, one can obtain closed-form expressions 
for the conductivity effective mobility and the Hall effective mobility. The Hall mobility is found to be 
13% smaller than the conductivity mobility for large values of the surface potential. 


INTRODUCTION 


N a recent paper, Petritz' derived a set of expressions 
for the Hall coefficient and magnetoresistance which 
depend on the surface potential of a semiconductor. 
His derivation was based on an unbounded solution of 
the Boltzmann equation. As a result, the expressions do 
not explicitly describe the surface potential dependence. 
In an earlier paper, Schrieffer? derived a formal expres- 
sion for an effective conductivity mobility from a dif- 
fuse-scattering boundary condition on the solution of 
the Boltzmann equation. In this paper, we extend the 
problem to include the presence of a magnetic field. 
Formal expressions are found for the magnetocon- 
ductivity and Hall coefficient as functions of surface- 
dependent terms. By using a linear potential in the 
space-charge region we can evaluate the appropriate 
integrals for these terms when the relaxation time is 
independent of energy. The conductivity and Hall 
effective mobilities are compared with each other. 


GENERAL THEORY 


We shall follow the general procedure used by 
Schrieffer. The Boltzmann equation is assumed to have 
a relaxation time 7 in the collision term* so that 


v-grad,f+a-grad,f=(fo—f)/r, (1) 


where f is the distribution function for the electrons 


1R. L. Petritz, Phys. Rev. 110, 1254 (1958). 

2 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 

3A. H. Wilson, The Theory of Metals (Cambridge University 
Press, London, 1953). 


in the specimen and fo is their equilibrium distribution. 
We let 
f=fothi, (2) 


where f; is the perturbation function. Spherical energy 
surfaces are assumed so that the equilibrium distribu- 
tion function is given by 

m(v.*+0,7+0,?) gp(z) 
4 nana 


. , (3) 
2kT kT 


fo=C exp; — 
The accelerations in the various directions are 
a,= —q(E.+0,H)/m, 
ay= —q(E,—v2H)/m, (4) 
a,= —qgE,(2)/m. 
We assume that the magnetic field is in the z direction 
and is constant in magnitude. Introducing Eqs. (2), 
(3), and (4) into Eq. (1) and neglecting products of 
fiE, and f,E,, we obtain 
Of. gE. fi “( of ~”) 
0,—_— — ———| »9,——1,— 
Ov, «= OY, 


ath YB otB,s,). (5) 
kT 


r 


oz om OV mM 


By Lagrange’s method, we obtain a particular solu- 
tion of Eq. (5): 


e=4mv?—qh(2). (6) 





SURFACE 


Making use of this expression, we can transform f, 
from a function of v, and z to a function of either e and 
z or € and 2,: 


fi(02,2) = fi(z,e) = fi(0,,€). (7) 


The latter transform was used by Schrieffer. Under 
certain circumstances it is preferable to transform to «€ 
and z. However, we shall not concern ourselves with 
this problem here. 

Introducing the transformed distribution function in 
Eq. (5) and changing the variables by means of 


OK — m 
av,  gr(s, e)E,(0,,¢) 
Ve=0v sind, 


Vy= 0 cos8, 
we find 


af, grH df 


—_ ——-—f,= 


OK 


qrefo 
“ —(E,sind+E, cosé). (9) 


We note that 
mdv, 


Us 
get actin: 
0 gr(v,€)Es(0,,€) 
and that at the surface 
Ko=K|e2=02, (11) 
where 2,, is the z velocity of a carrier at the surface. 
By making further use of Lagrange’s method, it is 
simple to show that for a diffuse scattering boundary 
condition, i.e., /:=0 at the surface, the distribution 
function becomes 


(1—e4* cosuHAK) (a, sin 
RT (1+u2H?) 


+5, cosé)—e®* sinuHAK (6; sin@—a; cos@)}, (12) 


where 
AK=K-—Ko, 
a,=E,—pHE,, 
6,=E,+uHE,, 


u=qr/m. 


(13) 


It is obvious that this solution vanishes at the sur- 
face since there 1,=v,, and AK is zero. If we assumed a 
specular scattering boundary condition, we would find 
the usual bulk distribution function. If the scattering is 
not entirely diffuse, the distribution function would be 
a weighted sum of the diffuse and specular solutions. 


CALCULATION OF THE COEFFICIENTS 


In order to determine the galvanomagnetic coefh- 
cients, we calculate the currents in the x and y 
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directions: 


a= —9 f finadvadogivads, (14) 


(15) 


I,= =a f findtoadeydeds 


We transform the integration over (2z,2y,?2,2) to an 
integration over (v,0,¢,AK). The Jacobian of the trans- 
formation is rv/m. By using Eqs. (3) and (12), the 
currents can be reduced to 


arm 


=—{(An(1—w*H?) + 2uHBu)>, «Ex 
kT 
+(2uHAn—(1—y?H?)Bu)r,e Ey}, (16) 


amC 
Ty=——{(An(1—p?H*)+ 2uH Bu)», Ey 


+ (2uHAn—(1—y?H?) By)», Ez}. (17) 


For convenience we use the following notation 


dum f f g(v,€) 
(18) 


(= f s(demtae (19) 


ol exp(—mv* ‘2kT) 


eM dode 


(1+-u2H?)? 


Further, 
A a= exp{ _ 2Ko} cos2uH K 9+ 2Ko—1 9 
By=exp{ —2Ko} sinduH Ko— 2uH Ko. 


(20) 
(21) 


Upon setting /,=0, and using the usual definitions, the 
Hall coefficient is 


_(— An—(1—u “H") Bu), “) 
He 


— (22) 
(2uHBu+(1—u 2772), An)», € 


and the magnetoconductivity is 
_ amit Re *H”) 


ae An (1 —p?H?)+2uH Bu)», € 
kT 


(23) 


If we assume that wH<1, we can expand Eqs. (20) 
and (21). Keeping terms of order u?H? only, we find 
An= (€?X042K —1)—w2H?(2K Pe **°) 

=A—wH’G, (24) 
By=pH (2Ko— 2K oe **°) == wHB. (25) 
Equations (22) and (23) then become 


amC (1+ R°s*H?) 

o= —————__(A —*H*(A+G—2B))s, 
kT 

amC (1+ R*o*H") 


kTo?* 


(26) 





(u(2A — B))o, « (27) 
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Fic. 1. Variation of the potential y(z) at the surface of a semi- 
conductor. y, and y» are the surface and bulk potentials, re 
spectively, Ey is the Fermi level and £, is the band gap. The 
specular reflection of minority carriers in the space-charge region 
is indicated by the arrows on the path of the minority carrier. 





There are several things to be noted at this point. 
First, the expressions derived represent the sheet con- 
ductivity and Hall coefficient. As such they yield the 
conductivity and Hall coefficient per square of surface 
for a sample of arbitrary thickness. In order to demon- 
strate the effect of the surface potential on these 
quantities, a scheme must be devised to separate sur- 
face and bulk effects. Recently, the author has obtained 
such a separation.‘ The second point is that the assump- 
tion of an energy-dependent relaxation time introduces 
a serious computational problem: it has been impossible 
so far to find a closed form solution of the appropriate 
integrals using 7(2,€). Without this assumption, the 
magnetoresistance will vanish. In the remainder of the 
paper we assume an energy-independent relaxation 
time and treat the Hall coefficient exclusively. The 
third point concerns the form of the solution when H 
vanishes. Comparison with Schrieffer’s paper indicates 
that our formal expression for the conductivity differs 
from his. However, this is due to our use of a negative 
rather than a positive surface field. 

Finally, in this paper we do not attempt to treat the 
question of the minority carrier in the space-charge 
region. As this carrier approaches the surface, it en- 
counters a repulsive potential so that when the mo- 
mentum is sufficiently low, the carrier will not reach 
the surface but will be specularly reflected at the sur- 
face barrier. This is indicated schematically in Fig. 1. 
As a result only some of the minority carriers will suffer 
a scattering collision with the surface. Thus, for this 
case our treatment is inadequate. 


4 J. N. Zemel, Bull, Am. Phys. Soc. Ser. IT, 3, 255 (1958). 
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LINEAR SPACE CHARGE REGION 
POTENTIAL MODEL 


Using the assumption that 7 is independent of 
energy, Eqs. (26) and (27) reduce to 


2rkTpy'C 
gu 


(28) 


m 


2nkT uC 
——_—(2A—B),, 
m 


(29) 


where yp is the bulk mobility of the carrier defined as 
qgr/m and where terms of order H® and higher are 
neglected. If the potential in the z direction varies 
linearly with distance, the field is constant and equal 
to E,,. Introducing this into Eq. (11) and noting 
that at the surface v,,= (2¢/m)!, and assuming that the 
surface potential Y,=ys, we find 


€ \! (2mkT)! 
cl 
AT) grE. 
If we set y= (€/kT)! and a= (2mkT)!/qrE.,, then Eqs. | 


(28) and (29) can be integrated in closed form, leading to 


(31) 


(30) 


a= Nqul1—exp(a’) erfca ], 


2a 


1 
-— (1—2a*) exp(a*) etc 
H 


R _- Naw ted 


o 


(32) 


T 


N is 


where N is the number of carriers per square. 
obtained from 


2rkT wy, 
N=  feteato,dosds= —_——_—_{ 


m 


‘(RT (m)'a). (33) 


Following the procedure suggested by Petritz, the effec- 
tive conductivity and Hall mobilities are respectively 


(Mett/Mo) o= 1—exp(a?) erfca, (34) 





= 


ELECTRON EFFECTIVE MOBILITY 
RATIO 





























a 


Fic. 2. The effective mobilities as a function of a, where 
a=(2mkT)§/qrEss. (uett/u»)o is the conductivity effective mo- 
bility and (uert/us)r is the Hall effective mobility. 
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2a 
(Hett/mo)r=|1— 
r 


} 
— (1— 2a?) exp(a’) erfor| . (35) 


In Fig. 2, these two terms are plotted for comparison. 
For large values of a, corresponding to a shallow well, 
the two mobilities are the same, ie., approximately 
unity. As the well deepens, the Hall term drops below 
the conductivity term and quickly reaches a constant 
fraction of the effective conductivity mobility. The 
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Thus the effective Hall mobility is some 13% less than 
the effective conductivity mobility. 


CONCLUSIONS 


In this paper, we have derived formal expressions for 
the one-carrier magnetoconductivity and Hall coeffi- 
cient. By choosing a simple model for the space-charge 
potential, an effective Hall mobility expression is found 
which is comparable to that for the effective conduc- 


amount is readily calculated. When a — 0, the effective 'V!ty mobility. 


conductivity mobility becomes ACKNOWLEDGMENTS 
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forming some of the numerical calculations. 


(ett/ Md) «| a+»0= 2a/m', (36) 


and the effective Hall mobility becomes 


(Mett/ Mb) R| aw0=Q. 
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Mechanical Resonance Dispersion in Quartz at Audio-Frequencies 


EDWIN R. FitzGERALD 
Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 


(Received June 27, 1958 


Measurements of the complex shear compliance (J*=J’—iJ’ 
quartz at frequencies from 100 to 5000 cps have resulted in the discovery of sharp resonances in the com- 
pliance similar to those recently found in polycrystalline metals and crystalline polymers. The number, 
locations, and magnitudes of the resonances depend on crystal orientation with respect to the applied 
dynamic stress and vary with temperature, external static stress, and, in some cases, with time. The presence 
of numerous resonances in fused quartz may result from the existence of regions of long-range order (100 
to 200 A) in this material. Analysis of the data on the basis of a generalized stress-strain relation involving 
a linear combination of strain and its first and second time derivatives gives a close fit to the experimental 
curves. An explanation of the resonances is suggested by calculations of Fermi, Pasta, and Ulam for non- 
linear systems in which no tendency toward equipartition of energy among modes was found. Accordingly it is 
proposed that (1) crystalline solids with nonlinear forces between atoms do not share their vibrational 
energy among all of the available modes, but pass energy back and forth among relatively few modes, 
(2) the frequency of the energy exchange among modes may be low, and in particular, much lower than the 
frequencies of the lattice vibrations, and (3) the resonance dispersions observed in the dynamic mechanical 
compliance of quartz and other materials occur at these various acoustic exchange frequencies. This lack 
of energy equipartition will not necessarily be noti¢ed in specific heat measurements of solids, but can be 
expected to have some consequences in other areas. 


) of single crystals of quartz and fused 


I. INTRODUCTION spaced intervals in the audio-frequency range. Deter- 
minations of logarithmic decrement («J”/J’) as a 
function of temperature at frequencies in the neighbor- 
hood of 21 and 42 kcps have revealed a maximum in 
the vicinity of 250°C for quartz crystal bars in longi- 
tudinal vibration.‘ The temperature variations of the 
Q (QQ? «J”/J’) of quartz bars in torsional and longi- 
tudinal oscillation have also been studied at funda- 
mental frequencies near 36 kcps and at the third and 
fifth overtones.*:? A maximum in Q-' was observed at 


HE existence of multiple-dispersion regions of the 
resonance type at audio-frequencies has been 
demonstrated in previous investigations of the dynamic 
shear compliance of polycrystalline metals! and crystal- 
line polymers.?* These measurements of complex shear 
compliance (J*=J’—iJ’’) now have been extended to 
single crystals of quartz and to fused quartz. 

While a number of investigators have previously 
studied the dynamic mechanical properties of quartz, 
their measurements have not been made at closely ‘R.A. Artman, J. Appl. Phys, 23, 475 (1952). 
a ata 5G. A. Alers, J. Appl Phys. 24, 324 (1953). 

1 E. R. Fitzgerald, Phys. Rev. 108, 690 (1957). ®R. K. Cook and P. G. Weissler, Phys. Rev. 80, 712 (1950). 
2E. R. Fitzgerald, J. Chem. Phys. 27, 1180 (1957). 7R. K. Cook and R. G. Breckenridge, Phys. Rev. 92, 1419 
3 E. R. Fitzgerald, J. Appl. Phys. 29, 1442 (1958). (1953) 
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TABLE I. Sample dimensions. 








Material 


Quartz 
(shear 1 to Z) 
30 


Sample No. 





Dimensions 
Diam. (in.) 
Thickness (in.) 


Sample coefficient* (cm) 


0.226 
0.1954 


1.04 


0.333 


Weight (grams) 
0.3366 


(shear || to Z) 
31 


Fused quartz 
32 35 40 
(A) (B) (C) 


Quartz 





0.265 
0.270 
0.1515 


0.268 
0.271 
0.199, 


1.45 1.88 


0.400, 0.293 
0.4139 0.3045 


0.276 
0.271 
0.126, 
2.37 


0.2705 
0.261 


0.232 
0.194, 


1.11 


0.3375 
0.336. 


® C =A1/hi+A2/h2 =2A/h, where Ai, As are the cross-sectional areas and /, h2 the thicknesses of the sample disks. 


305°C near the fundamental frequency of 36 kcps and 
at successively higher temperatures for the overtones. 
The results in each of these investigations were ac- 
counted for in terms of relaxation processes. The 
variation of Q with frequency in the range 1 to 100 
Mcps at temperatures from 1.5 to 300°K has been 
obtained for quartz plates vibrating in shear, revealing 
the presence of two relaxation peaks in Q™ (near 21 
and 52°K at 5 Mceps).* Similar high-frequency 
measurements of Q have been carried out for fused 
quartz," and elastic wave velocities in fused quartz 
(«1/J’) have been measured by a pulse method in the 
range 0.5 to 5.0 Mcps."-™ In the later measurements 
no dispersion was observed in the torsional wave 
velocity obtained at about 15 frequencies in the range 
0.5 to 3.0 Meps. 

In the present work measurements of complex shear 
compliance at closely spaced intervals (10 cps) in the 
range 100 to 5000 cps have resulted in the discovery of 
a number of sharp resonance dispersions in both single 
crystals and fused quartz. The locations and magnitudes 
of the resonances are functions of crystal orientation, 
static stress, and temperature, but appear to be 
independent of sample size, at least to a first approxi- 
mation. A possible explanation of the observed 
phenomena is presented. 


Fic. 1. Orientation of 
samples with respect to 
the crystal axes of 
quartz. First set (a), 
axes of sample cylinders 
in direction of Z axis; 
second set (b), axes of 
sample cylinders in 
direction of Y axis of 
crystal. 


* Bommel, Mason, and Warner, Phys. Rev. 99, 1894 (1955). 

* Bommel, Mason, and Warner, Phys. Rev. 102, 64 (1956). 

” D. L. White, J. Appl. Phys. 29, 856 (1958). 

1 QO. L. Anderson and H. E. Bommel, J. Am. Ceram. Soc. 38, 
125 (1955). 

2 D. S. Hughes and C. Maurette, J. Appl. Phys. 27, 1184 (1956). 
(1955) S. Hughes and J. M. Kennel, J. Appl. Phys. 26, 1307 

“4 R. L. Roderick and R. Truell, J. Appl. Phys. 23, 267 (1952). 


II. MATERIALS STUDIED 


The single crystal samples of quartz were formed 
out of a large natural crystal from Minas Geraes, 
Brazil’® which had the following impurities according 
to spectrochemical analysis: Fe, 0.01%; Al, 0.004%; 
Mg, 0.0001%; Ca, 0.002%; Li and Bi, possible trace. 
The samples were in the shape of right circular cylinders 
of about }-in. diameter and 0.2-in. thickness. These 
were cut out of the crystal as the cores of a diamond 
drill, and the ends were then lapped to give smooth, 
parallel faces along which the dynamic shearing forces 
could be applied. The first set'® of samples were formed 
so that the axes of the cylinders were in the direction 
of the optic or Z axis of the crystal with the dynamic 
shearing stresses then being applied in planes (XY) 
perpendicular to the Z axis. The second set of samples 
were formed with their axes in the direction of the 
mechanical or Y axis of the crystal so that the dynamic 
shear stress was directed in planes (XZ) perpendicular 
to the Y axis and hence parallel to the Z axis. The 
angle betweeen the line of action of the dynamic stress 
and the Z axis was approximately 30° in the second 
case for each sample of the set. 

Sample sets of fused quartz of four thicknesses 
(0.1 to 0.2 in.) were cut from a fused quartz rod of 
about }-in. diameter obtained from the General Electric 
Company. Spectrochemical analysis revealed the follow- 
ing impurities: Fe, 0.02%; Al, 0.004%; Mg, 0.0001%; 
Ca, 0.002%; Cu, 0.0005%; Cr, 0.004%; Mn, 0.001%; 
Li, 0.001%; K, possible trace. The ends were lapped 
as in the case of the single crystals and all samples were 
washed in acetone before testing. 

The orientation of the crystal samples with respect 
to the natural quartz crystal is illustrated in Fig. 1; 
for the sake of brevity these samples will be designated 
perpendicular or parallel according to the angle between 
the Z axis and the plane in which the dynamic stresses 
act. A summary of sample dimensions is presented 
in Table I. 


16 The crystal was obtained from the collection of the Mineral 
Industries Museum at The Pennsylvania State University. 

16 The experimental method requires the use of a set of two 
samples of nearly identical dimensions as described in reference 1. 
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Fic. 2. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for single crystal samples of quartz at 24.6°C. 


Dynamic shear perpendicular to Z axis of quartz. Solid points, J’ 


III. EXPERIMENTAL RESULTS 


In this section the main emphasis is on a somewhat 
detailed description of the entire history of the dynamic 
mechanical measurements in chronological order, since 
in a new phenomenon of this sort one is never certain 
which parameters may be the most critical variables. 
A systematic study of the effect of any variable may 
be vitiated if another, more critical one is simultane- 
ously and capriciously allowed to vary through ignor- 
ance of its effect. In the present study regulation of 
temperature and frequency were maintained, the time 
dependence, if any, was determined over fairly long 
periods, and the static stress was approximately con- 
trolled by indirect means. These, at the moment, seem 
to be the variables chiefly responsible for changes in 
the location and magnitudes of the mechanical disper- 
sions observed in a given sample. 


1. Experimental Method 


Measurements of complex shear compliance were 
made by means of an electromagnetic transducer 
method which has-been described in previous publica- 
tions.” In this method two small disks of the sample 


17E. R, Fitzgerald and J. D. Ferry, J. Colloid Sci. 8, 1 (1953). 


; open points, J”. 


material are clamped between metal surfaces and sub- 
jected to a sinusoidal dynamic stress in a direction 
perpendicular to the static, clamping stress. The static 
stresses are about 10’ dynes/cm* (~ 150 psi) while the 
amplitudes of the dynamic stresses are less than 5X 10° 
dynes/cm? (~0.08 psi) resulting in strain amplitudes 
of 10-° to 10-7. At each frequency a test for linearity 
is made by increasing and decreasing the dynamic 
driving stress over a twofold range and noting any 
change in the measured results. Since the measurements 
are derived from an electrical bridge at balance, this 
test for linearity is extremely sensitive. The results 
presented are for stresses and strains sufficiently small 
so that any nonlinearity is less than 0.1% for a twofold 
change in stress amplitude. 

The estimated uncertainty in any experimental point 
is less than +3% except where otherwise indicated." 
Temperatures cited are within +0.20°C. 


18Tt is an inherent characteristic of the method that for rigid 
samples, at low frequencies, the uncertainty rises sharply due to 
vanishingly small relative motion between the driving tube and 
sample holder of the apparatus (see reference 1). A frequency 
range where the total mechanical impedance of the system is 
close to zero likewise gives rise to increased uncertainty. These 
areas are indicated on the figures by vertical lines through the 
experimental points in question. 
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Fic. 3. Variations of complex shear compliance (J*=J’—iJ”’) with frequency for single crystal of quartz at 49.4°C. 
Dynamic shear perpendicular to Z axis of quartz. Solid points, J’; open points, J”. 


2. Single Crystals of Quartz 


The variation of storage compliance (J’) and loss 
compliance (J’’) with frequency for a single crystal of 
quartz at 24.6°C oriented with its optical (Z) axis 
perpendicular to the direction of shearing stress is 
adduced in Fig. 2. The samples were inserted in the 
apparatus and measurements taken from 1000 to 2700 
cps from 1.8 to 6.0 hours. Measurements from 2700 
cps to 3800 cps were taken 73.5 to 76.5 hours after 
insertion, and those from 3800 to 5000 cps during the 
period 93.5 to 100.5 hours; finally, results from 100 to 
1000 cps were obtained at 105.3 to 122.0 hours. 
Resonances at 1525, 2790, and 2935 cps were clearly 
present with indications of low, broad resonances 
centered at 3475 and 3750 cps. These initial measure- 
ments were made at 50-cps intervals. In order to 
establish more exactly the positions of the resonances, 
the measurements from 1150 to 1700 cps and 2500 to 
3050 cps were repeated at closer intervals (10 cps near 
the peaks) at 140.8 to 142.2 and 146.2 to 148.0 hours 
respectively. In order to determine any possible change 
with time, results from 2500 to 3150 cps were again 
obtained at 242 to 245 hours. The location and magni- 


tude of the peaks did not change within this time 
interval. The results shown in Fig. 2 are those taken 
after the longest time in each case where closer spacing 
of points was maintained in the resonance region. The 
results at earlier times, however, are vitrually the same. 

Two days later the temperature was raised to 49.4°C 
and the results shown in Fig. 3 were obtained. 
Resonances are evident at 1425, 1485, 2720, 2900, 3360, 
and 3585 cps. The measurements from 2500 to 3350 cps 
were taken first (3.3 to 6.5 hours after the new tempera- 
ture equilibrium was established) and then repeated at . 
124.3 to 127.0 hours after temperature equilibrium. 
No changes occurred. 

The temperature was raised to 76.3°C two days after 
the completion of measurements at 49.4°C with the 
resulting frequency dependence of complex compliance 
shown in Fig. 4. Resonances are found at 400, 1315, 
1350, 1485, 1700, 2670, 2890, 3300, and 3410 cps. Here 
again the results in the 2500 to 3150 cps region were 
obtained first (0.0 to 8.3 hours after temperature 
equilibrium was established) and measurements in the 
region 2400 to 3600 cps were retaken at 310.0 to 323.8 
hours and from 3650 to 3900 cps at 337.3 to 338.5 hours. 
The results at these later times were different from 
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Fic. 4. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for single crystal of quartz at 76.3°C. Dynamic shear 
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Fic. 5. Variation of complex shear compliance (J*=J’—iJ”) with frequency for the quartz of Fig. 4 at approximately 
317 hours after temperature equilibrium. Solid points, J’; open points, J”. 
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Fic. 6. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for single crystal of quartz at 103.0°C. Dynamic shear 
perpendicular to Z axis. Data taken approximately 4 hours after temperature equilibrium. Solid points, J’; open points, J”’. 
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Fic. 7. Variation of complex shear compliance (J*=J’—iJ”) with frequency for the quartz of Fig. 6 at approximately 
174 hours after temperature equilibrium. Solid points, J’; open points, J”. 
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Fic. 8. Variation of complex shear compliance (J* 


=J'—iJ’’) with frequency for the quartz of Fig. 6 after lowering the temperature 


to 50.4°C. Solid points, J’; open points, J’’. The dashed curves show the results previously found at 49.4°C (Fig. 3). 


those originally found as demonstrated in Fig. 5. 
Resonances are now located at 2760, 2960, 2985, 3335, 
and 3425 cps. 

A day after these last measurements at 76.6°C the 
temperature was raised to 103.0°C and data were taken 


from 2400 to 3525 cps 0.0 to 8.0 hours after temperature 
equilibrium was reached. Results from 3525 to 3900 
cps and 2000 to 2400 cps were taken at 25.5 to 29.5 
hours. The corresponding variation of complex com- 
pliance with frequency is shown in Fig. 6. A group of 
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. 9. Variation of complex shear compliance (J* = J’—iJ’’) with frequency for the quartz of Fig. 8 after lowering the temperature 
to 24.6°C. Solid points, J’; open points, J’. The dashed curves show the results originally found at 24.6°C (Fig. 2). 
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Fic. 10. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for single crystal samples of quartz at 24.5°C. 
Dynamic shear in plane parallel to Z axis. Solid points, J’; open points, J”. 
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Fic. 11. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for the quartz of Fig. 10 at 24,5°C, 
Solid points, J’; open points, J”, 
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Fic. 12. Variation of complex shear compliance (J* =J’— 
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three resonances are present at 2705, 2950, and 3220 
cps. These measurements were repeated at 169.8 to 
200.0 hours (172.0 to 178.0 hours from 2400 to 3450 
cps) and extended to include frequencies from 100 to 
5000 cps as shown in Fig. 7. Small resonances appear 
at 1260, 1310, and 1430 cps while the three resonances 
previously noticed at 4 hours shift to higher frequencies 
of 2790 cps (formerly 2705), 3020 cps (from 2950), and 
3250 cps (from 3220). 
The temperature was allowed to drop to 50.4°C over 
a four day period and data then taken from 2000 to 
3900 cps from 0.0 to 49.0 hours. (The results in the 
region 2400 to 3180 cps were obtained in the period 0.0 to 
3.5 hours.) The variation of compliance with frequency 
after the return to 50.4°C is presented in Fig. 8. 
Dashed lines show the compliance previously observed 
at 49.4°C. The two resonances first observed at 2720 
and 2900 cps now have apparently shifted to 2900 and 
3070 cps while small resonances are present at 3350 cps 
(previously at 3360) and 3630 cps (formerly at 3585). 
Finally the temperature was allowed to reach 24.6°C 
in two days and then kept at this temperature (+0.3°C) 
for 16 days. At the end of this time results from 2000 to 
3900 cps were retaken as demonstrated in Fig. 9 
(2300 to 3300 cps from 2.3 to 7.0 hours after resumption 
of meaurements). The original data at 24.6°C are 
shown in the figure by dashed lines and it is clear that 
the two resonances originally found at 2790 and 2935 
cps are shifted to higher frequencies of 3000 and 3070 


iJ’’) with frequency for the quartz of Fig. 10 at 24.5°C. 
open points, P nds 


cps as well as undergoing a reversal in relative magni- 
tudes. Additional, small resonances occur at 3525 cps 
(compared to 3475) and 3800 cps (formerly 3750). 
Results obtained from 100 to 2000 cps and 3900 to 5000 
cps (not shown) were the same as those originally 
found (Fig. 2) except that the 1525 cps maximum in J” 
was twice its original magnitude. 

At the conclusion of this set of measurements the 
samples were tested for slipping and found to be still 
tight (see reference 1). 

The variation of complex compliance with frequency 
for a single crystal of quartz at 24.5°C oriented with 
its optical (Z) axis parallel to the plane of the shearing 
stress (and at approximately 30° to the direction of 
stress) is presented in Figs. 10-12. These results were 
found in the interval of 216.8 to 278.3 hours after 
insertion of this set of samples in the apparatus. 
Previous measurements at nearly the same temperature 
(22.4°C) from 0.0 to 8.3 and 28.8 to 78.8 hours produced 
substantially the same frequency dependence. Reso- 
nances thus occur in parallel quartz at 1085, 1455, 1625, 
2565, 2865, 2890, 3150, 3840, 3890, and in profusion 
around 4600 cps. These are not all well resolved but, 
aside from the large resonance at 4600 cps, there appear 
to be others at 4480, 4530, 4550, 4630, 4700, and 
4780 cps. 

One change with time that occurred is illustrated in 
Fig. 13 where results at 6.5 hours are compared with 
those at 244 hours in the range 2600 to 3300 cps. At 
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Fic. 13. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for the quartz of Fig. 11 in the region of 2900 cps 
showing changes in negative absorption with time. A, data taken approximately 6.5 hours after sample insertion; B, data taken at 


approximately 244 hours. Solid points, J’; open points, J’. 


6.5 hours a negative absorption is observed with J” 
reaching a minimum of —0.22X10~-* cm?/dyne at 2900 
cps while at 244 hours this negative absorption is 
greatly reduced with a minimum value of J’ of only 
—0.03X 10~ cm*/dyne. In other respects, however, the 
data on parallel quartz did not change with time. 


3. Fused Quartz 


The first set of fused-quartz samples (A, in Table I) 
was measured at 24.9°C with the results shown in 
Figs. 14-15. Data from 2000 to 3900 cps (Fig. 15) 
were taken first 0.5 to 7.5 hours after the samples were 
in place; measurements from 100 to 1360 cps followed 
at 76.0 to 79.3 hours and from 1360 to 2075 cps at 
105.3 to 108.3 hours. Finally data from 3900 to 5100 
cps and from 5100 to 5600 cps were taken at 148.3 to 
151.3 and 197.8 to 198.8 hours, respectively. These 
samples of fused quartz exhibited resonances at 1315, 
1600, 1695, 2040, 2495, 2730, 2820, 3120, 3370, 5010, 
5135, 5185, and 5410 cps. 

A second set of fused-quartz samples of smaller 
thickness (B, Table I) was measured from 100 to 5000 
cps in the period 21.8 to 295.8 hours after the samples 


were put into the apparatus. The corresponding fre- 
quency dependence of J’ and J” is shown in Figs. 16-17. 
Resonances appear at 1050, 1320, 1565, 2030, 2810, 
2940, 3195, 3270, 3400, 3580, 3850, 4195, 4300, and 
4440 cps. 

A third set of samples (C, Table I) of still smaller 
thickness yielded the results given in Figs. 18-19. Here 
the results were obtained from 0.3 to 56.3 hours after 
insertion of the samples. Measurements made at 124.5 
to 146.0 hours showed no changes occurring with time. 
The static stress on this set of samples was then 
changed from some value S, to a higher value S: by 
turning the screw which drives the forcing wedge of the 
sample holders one-fourth turn (cf. reference 1) 
and reclamping. This increased static stress produced 
changes in the position and magnitude of the mechancal 
resonances as shown in Fig. 20 where the region from 
2000 to 3900 cps at stress S: is to be compared with that 
at S, shown in Fig. 19. Resonances at 2185, 2920, 3050, 
3465, 3600, and 3785 cps, at a static stress of S; are 
changed in both position and magnitude at the in- 
creased static stress S:. Five resonances (2230, 3145, 
3410, 3655, and 3890 cps) now appear instead of six. 
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Fic. 14. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for fused quartz at 24.9°C. 
(Sample A ). Solid points, J’; open points, J”. 
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. 15. Variation of ——— shear compliance (t= J’—iJ") with frequency for fused quartz at 24.9°C. 
Sample A). Solid points, J’; open points, J’. 
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Fic. 16. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for fused quartz at 24.3°C. 
(Sample B). Solid points, J’; open points, J”. 


With the screw turned back again (one-fourth turn) to 
provide a static stress S,’ approximately equal to the 
original S;, the largest resonances return roughly to 
their original positions as shown in Fig. 21 but certain 
others remained in the positions assumed at static 
stress S». The accompanying changes in the frequency 
range from 1000 to 2000 cps are demonstrated in Fig. 
22 where at S;’ changes with time were also observed. 

A fourth set of samples of fused quartz (actually 
measured before the preceding set) of smallest thickness 
yielded the results shown in Fig. 23. Here no large 
resonances are found at all, but small ones occur at 
1505, 3410, 4105, 4230, and 4550 cps. These data were 
first taken at 1.0 to 126.5 hours and did not show 
appreciable changes with time when checked at 196.0 
to 292.8 hours. 


IV. DISCUSSION 


1. Effect of Crystal Orientation 


If the results on single crystals with the shearing 
stress perpendicular and parallel to the optical axis are 
compared at the same temperature (Figs, 2, 10, 11, 
and 12), it appears that the number, location, and 


relative magnitudes of the resonances found in the 
range from 100 to 5000 cps depend markedly on 
orientation. However since the resonances are also 
affected by static stress as shown by the fused quartz 
samples (cf. Figs. 19-21) and certain crystalline 
polymers,’* the possibility that the differences are due 
to variations in static stresses rather than orientation 
must be considered. The two sample sets used in the 
single crystal measurements were of almost the same 
thickness (0.195, and 0.194; in. for perpendicular and 
parallel measurements respectively) so that turning the 
sample holder screw the same number of turns from 
the open position insured the presence of approximately 
the same external static stress in each case. The 
difference in static stress in this case was no greater 
than that corresponding to a one-fourth turn of the 
screw. Judging from the effect of corresponding changes 
in static stresses on fused quartz and other materials?*."” 
the differences between the perpendicular and parallel 
samples are much too great to be accounted for in 
terms of a static stress variation alone. Variations in 


19 Similar changes in the positions of resonances due to changes 
in external static stress have been observed in single crystals of 
sodium chloride. 
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Fic. 17. Variation of complex shear compliance (J*=J’—iJ”) with frequency for fused quartz at 24.3°C. 
(Sample B). Solid points, J’; open points, J’’. 
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Fic. 18. Variation of complex shear compliance (J*=J’—iJ”) with frequency for fused quartz (Sample C) at 24.8°C 
and a static stress, S,. Solid points, J’; open points, J’. 
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Fic. 19. Variation of complex shear compliance (J* 


turn less from the open position, approximately the 
same static stress was again imposed. Now. the fused- 
quartz samples were chosen to determine the connection 
between crystallinity and the presence of resonances in 
mechanical compliance. Previous work on polymers had 
revealed no resonance dispersion in amorphous poly- 
mers, but had demonstrated their existence in crytal- 
line polymers.” Thus it was initially supposed that fused 
quartz consists of a random network of silicon-oxygen 
bonds with an effective crystallite size of the order of a 
single tetrahedron (7 A).”°*! If this were indeed the 
case the presence of multiple resonances in fused quartz 
would rule out any connection with crystallinity per se. 
However, more recent work of Milligan” and Weber” 
using neutron diffraction data indicates a degree of 
order up to 20A; electron microscope studies by 
Prebus and Michener™ give evidence of regions of a 
high degree of order in fused quartz ranging from 20 
to 100 A in extent. Thus the presence of resonances as 


” W. H. Zachariasen, J. Am. Chem. Soc. 54, 3841 (1932). 

1B. E. Warren, J. Appl. Phys. 13, 602 (1942). 

2 Milligan, Levy, and Peterson, Phys. Rev. 83, 226 (1951). 

% A. H. Weber, Nucleonics 7, 31 (1950). 
( % A. F. Prebus and J. W. Michener, Ind. Eng. Chem. 46, 147 
1954). 


=J’—iJ”) with frequency for fused quartz (Sample C) at 24.8°C 
and a static stress, S;. Solid points, J’ 


; open points, J”. 


observed in fused quartz cannot be taken as conclusive 
evidence of their existence in a completely random 
structure. In fact the presence of more resonances in 
some samples of fused quartz than are found in either 
single-crystal orientation might be due to a random 
orientation of fairly large crystalline regions with 
respect to the shearing stress. Thus if certain resonances 
are associated with perpendicular quartz and others 
with parallel quartz orientations, one might expect to 
find all of these and more in a sample of fused quartz. 
Further, the exact orientations and number of crystal- 
lites in each could change from sample to sample; a 
portion of the fused quartz rod might contain practically 
no crystallites. Then the differences found in samples 
A, B, C, and the small number of resonances observed 
in sample D could be accounted for in terms of crystal- 
lite orientations and a nonuniform distribution of 
crystallites. 

The possibility of differences in static stresses on 
samples A, B, C, and D causing variations must be 
considered since the static stresses on each were only 
approximately the same. The differences are believed 
to be larger than can be accounted for by variations in 
static stress however. Similarly no systematic depend- 
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Fic. 20. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for the fused quartz of Fig. 19 at a 
static stress S.>S,. Solid points, J’; open points, J’’. 


ence on thickness is revealed by the results on these 
samples. 

A comprison of the resonances observed in the six 
sets of quartz samples is presented in Fig. 24 where 
locations are indicated with no attempt to distinguish 
between large and small resonances. The effect of an 
increase in static stress is shown for sample C of fused 
quartz where the dashed lines indicate the changed 
position of the resonances in the region from 1000 to 
4000 cps resulting from an increase in stress. A change 
in static stress results in a small shift of resonances to 
new frequencies (along with changes in relative magni- 
tudes) rather than a change in their number. This fact 
together with the data on static stress effects in other 
materials previously cited*.’ strengthens the conclusion 
that the differences in the data obtained for the four 
sets of fused quartz samples is much greater than can 
be accounted for by variations in their static stress 
loadings. 


2. Temperature Dependence 
The effect of temperature on perpendicular quartz 
is shown in Figs. 2-9. If attention is confined to the 
region from 2000 to 4000 cps in which the largest 


resonances appear, an increase in temperature from 
24.6 to 103.5°C is seen to change the relative magnitude 
of the first two resonances present without moving 
them much from their original positions. After each 
increase in temperature these two resonances move 
apart. At 76.6 and 103.5°C, where changes with time 
were noticed, the resonances shifted apart and to lower 
frequencies at first, but then moved together and to 
higher frequencies at later times. After 174 hours at 
103.5°C the first resonance was again located at 2790 
cps {as at 24.6°C) while the second was at 3020 cps or 
115 cps above its original position at 24.6°C. Subsequent 
decreases in temperature resulted in the resonances 
moving together as a result of the first moving to higher 
frequencies while the second remained at a position 50 
cps above its location at 103.5°C. Some of the changes 
in these particular resonances are summarized in 
Table II. 

A more striking change which occurs in this same 
frequency range is the gradual increase and merger 
of two very small resonances barely discernible in the 
vicinage of 3400 to 3700 eps at 24.6°C. At 49.4°C 
however, two. broad maxima in the loss compliance are 
clearly present at 3360 and 3585 cps; these continue 
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Fic. 21. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for the fused quartz of Fig. 20 returned to a 
static stress S,'=S;. Solid points, J’; open points, J”. 


to grow and move together at 76.6°C (3335 and 3425 
cps). Finally, at 103.5°C, the two merge into one, large 
peak at 3250 cps. When the temperature was lowered 
again this peak broke apart into two components at 
approximately their original locations at 50.4 and 
24.6°C. 

Since changes are also produced by variations in 
static stress it is important to investigate possible 
external stress changes occurring as a result of differ- 
ential thermal expansions of the samples and the 
sample holders. The apparent total increase in the 
distance between the faces of the sample holders was 
calculated to be 0.0014, inch for a temperature rise 
from 24.6 to 103.5°C; at the same time the sample 
thickness was calculated to increase 0.0004; inch so 
that the net apparent increase would be 0.0010 inch. 
This corresponds to a decrease in static stress equivalent 
to that resulting from one-eighth turn of the sample- 
holder screw and is thus small. Nevertheless it is 
possible that the effects just described result from a 
combination of temperature and external static stress 
variations. A more quantitative investigation of the 
effect of static stress on single crystals of quartz is 
needed to resolve this question. 


3. Analysis of Dispersion Data 


It has previously been demonstrated!” that resonance 
dispersion of the type described here can be fitted 
closely to a mechanical model consisting of a mass in 
series with a retarded spring and an elastic spring. 
Thus for polycrystalline metals and crystalline polymers 
it was possible to fit the experimental data to expres- 
sions of the form: 


1 / 
=I )+ (—. rene ), (1) 
G\ (1—-«*/w,?)?+0?7? 


1 WT 
a ¢ ——_—_—___-_— ), (2) 
G\ (1—«*/w,?)?+??? 


where J,’ (reciprocal modulus of the elastic spring) 
and J,’ are constants giving the “background” 
compliance; G is the modulus of the spring retarded by 
a viscous element of viscosity, 7; and the retardation 
time, r=/G. The resonant frequency, w,, is given by 
the expression [G/(m/l)}! in which the “effective” 
mass per unit length, m// is added to the mechanical 
model to account for the resonance dispersion. In both 
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metals and polymers the “effective” mass per unit 
length was found to be several thousand grams/cm so 
that it was difficult to make any physical interpretation 
of it. Subsequently it has been pointed out” that a 
generalized stress-strain relationship in which the 
stress is a function of the strain and its first and second 
time derivatives will serve to fit the data as well as a 
specific mechanical model. Thus if the relationship 
between the stress, s, and strain, a, is of the form 
da da 


s=koatk),— a 
dt 


(3) 


where ko, ki, and kz are constants, expressions for the 
storage compliance, J’, and loss compliance, J”, 


become 
1 1—w’/w,? 
J'=J,!+ ( ), 
ky \ (1—@?/w?)? +a??? 


1 WT 
Ja + ( ), 
Ro (1 —)" we)? ww? 


(4) 


(5) 
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6 This was brought out by E. J. Skudryzyk and later by W. F 
G. Swann (private communication). 
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TABLE II. Effect of temperature on two of the resonances found 
in quartz with dynamic shear perpendicular to the optical axis. 


Loss compliance 
maxima 
(10~* cm?/dyne) 


0.38 
0.38 
0.28 
0.20 


0.31 
0.36 


0.28 
0.24 


Frequency 
difference 
(cps) 


145 


Resonant 
frequencies 
(cps ) 
2790 29: 35 
2720 2900 180 
2670 2890 220 
2760 2960 200 
2705 2950 245 
2790 3020 230 
; 2900 3070 170 
24.6 3000 3070 70 


Temp. °C 
0.32 
0.50 
0.33 
0.54 
0.53 
0.57 
0.46 


where t=h,/ko, w= (ko/k2)!. The addition of the con- 
stant terms J,’ and J,” takes into account possible 
background compliances as before. Now values 
of ko, ki, and ke selected to give the best fit to exper- 
imental resonance curves can be considered as con- 
stants defining the stress-strain relationship which 
happens to apply without reference to a specific model. 
Two sets of values of these constants were chosen to 
give the best fit to the double resonance observed at 
24.6°C in crystal quartz (see Fig. 2). The values of J’ 
and J” calculated according to Eqs. (4)—(5) are com- 
pared with the observed values in Fig. 25 and the 
constants selected are listed in Table III. The stress- 
strain relation given in Eq. (3) could, of course, be 
extended to include higher derivatives, but these do 
not appear to be needed in the present case. 


4. Nonequipartition of Energy Among Modes 
as an Explanation of the Resonances 


While the method of analyzing the dispersions in 
terms of a generalized stress-strain relation avoids the 
use of a specific model, some physical meaning must 
be attached to the constants ko, &;, and & if the phenom- 
ena are to be explained. The most straightforward 
interpretation of the results would be the postulation 
of an accumulation of vibrational modes at certain 
discrete frequencies in contradiction to the Debye 
assumption that the number of modes is proportional 
to the square of the frequency and is a smooth function 
of frequency. Specific heat measurements could not be 
expected to have detected narrow spikes in the lattice 
vibration frequency spectra since they are insensitive 
to details of the spectra, measuring the total energy 
over a range of frequencies rather than at one point. 
Further, the resonances are observed at frequencies 
(~ 2000 cps) corresponding to equivalent temperatures 
(hv/k) of 10-8 °K where few reliable specific heat measure- 
ments have been made. Unfortunately, however, the 
dimensions of the samples used are such (see Table I) 
that the lowest normal mode is greater than 10° cps and 
it is of little use to speculate about accumulations of 
modes which are not even present. 

A more plausible explanation can be advanced on 
the basis of calculations carried out for nonlinear 
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Fic. 23. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for fused quartz (Sample D) at 24.7°C. 


Solid points, J’ 


physical systems by Fermi, Pasta, and Ulam*® in 
which the aim was to observe the rate at which energy 
originally in one or more modes flowed to other modes, 
i.e., to determine the rate of mixing. One-dimensional 
systems containing up to 64 particles, with slightly 
nonlinear forces acting between particles, were studied. 
Starting with vibrations in the first mode, or several 


; open points, J”. 


lower modes, periodic analyses of the energy present in 
various modes were performed. Instead of a steady, 
continuous flow of energy to the higher modes as was 
to be expected, it was found that the energy of vibration 
was exchanged periodically between only a few of the 
lower modes. Thus even after relatively long periods of 
time the results gave little evidence of a tendency 
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Fic. 24. Locations of resonances for single crystal quartz and fused quartz in the range 1000 to 5000 cps (~25°C). Dashed lines for 
perpendicular quartz indicate final location of resonances at 24.6°C after heating to 103°C. Dashed lines for sample C of fused quartz 
show location of resonances at increased static stress S:>.S; corresponding to one-fourth turn of sample holder screw. 


2 Fermi, Pasta, and Ulam, Los Alamos Scientific Laboratory Report LA-1940, 1955 (unpublished). 
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toward equipartition of energy among the various 
modes. These calculations have recently been extended 
to nonlinear clamped plates with the same unexpected 
results.2”7 What is of most importance here is that, as in 
the well-known case of a compound pendulum, the 
frequency with which the energy passes from mode to 
mode may be much lower than that of either mode. 
The postulate is now advanced (1) that crystalline 
solids behave in a similar manner (having nonlinear 
forces between atoms), and in lieu of a simultaneous 
sharing or equipartition of energy among the various 
modes, actually pass energy back and forth among 
relatively few of the available modes at any one time; 
(2) the frequency of this energy exchange, in contrast 
to the lattice frequencies themselves, may be very low, 
i.e., in the audio-frequency range; (3) the resonance 
dispersions observed in quartz and other materials 
occur at frequencies corresponding to these various 
acoustic exchange frequencies. 

The exact pattern or periodicity of the energy 
exchange can be expected to be a function of the details 
of the nonlinearity present in the interatomic forces 
and hence dependent on internal (and external) stresses 
and resulting strains, temperature, dislocations, or any 
other factors changing the effective forces between 
lattice points. The observed exchange frequencies will 
be sensitive to such variations as they are, in fact, 
observed to be. 

It is even possible that over a long time period the 
energy (averaged over this long time base) may be 
equally shared among many available modes. At any 
instant, however, it will be present in only a small 
number. If this situation holds, then it must be true 
that only certain discrete exchange frequencies occur 
or, at the least, that certain frequencies are favored. 
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Fic. 25. Comparison of calculated values of compliance based 
on the generalized stress-strain relations and Eqs. (4)-(5) (solid 
lines) and experimental results for two resonances in perpendicular 
quartz at 24.6°C (Fig. 2). Solid points, measured values of J’; 
open points, measured values of J’’. The calculated curves are 
based on the empirical constants listed in Table III. 


27S, Ulam (private communication). 


DISPERSION IN QUARTZ 


TABLE III. Analysis of dispersion data for quartz 
(Fig. 2) based on Eqs. (4)—(5). 


2935 


Resonant frequency, fr (cps 2790 


0.034 1075 
5.0 X10" 
0.20 X10 
0.17 108 


0.050 1075 
2.8 X10" 
0.35 X10 
0.14 «108 


Retardation time, 7 (sec) 

Modulus, &o (dyne/cm*) 

1/ko (cm?/dyne) 

First derivative constant, k, 
(dyne-sec/cm?) 

Second derivative constant, ke 
(dyne-sec?/cm?) 

Background compliance J, 
(cm*/dyne) Leas 


0.91; X 108 1.4, 108 


0.040 10° 
. 0 


In the case of specific heat, it is ouly the product of 
the energy in each mode and the number of modes 
present (integrated over all modes) that determines 
the expression for the total vibrational energy. Thus 
according to the Debye procedure, if «(v) is the energy 
of each vibrational mode and Z(v)dy is the number of 
possible modes in the frequency range between v and 
v+dy, the vibrational energy is 


"D 
B= [ Z(v)e(v)dy, 


¥0 


(6) 


where vp is the Debye cutoff frequency arbitrarily 
chosen to give a total of 3.V modes, vo is the frequency 
of the lowest mode, N is the total number of atoms, 
and e(v) is the quantum mechanical expression for the 
average energy of a harmonic oscillator at a tempera- 
ture 7. If we consider an actual solid in which an- 
harmonic oscillations occur and the vibrational energy 
is assumed to pass back and forth among a relatively 
small number of modes, then the important thing is 
not the number of modes available in a given frequency 
range Z(v)dv, but rather the number of working modes 
and the energy associated with each. Thus if F(v,#) 
describes the distribution of working modes present at 
any time, #, (i.e., those modes which have energy) in 
the range v to v+dy, and e(v,t) is the energy of a mode 
at time, ¢, then 


¥D 
z= f F(v,t)e(v,t)dv. 


v0 


The possibility then exists that the integral of Eq. (7) 
may lead to the same type of expression for £ as in 
Eq. (6) if F(v,t) and e(v,t) have suitable forms. Thus 
specific heat measurements do not necessarily dis- 
tinguish between simultaneous sharing of energy among 
all available modes and a periodic exchange of energy 
among a few. 


V. CONCLUSIONS 


Measurements of the complex shear compliance of 
single crystals of quartz and fused quartz have resulted 
in the discovery of multiple resonance dispersions in 
the audio-frequency range. These are similar to reso- 
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nances previously reported for polycrystalline metals 
and crystalline polymers. 

Since previous experimental work on quartz has not 
included the measurement of shear compliance at 
closely spaced frequencies in this range the data are 
not in disagreement with any previous results. In fact, 
even at higher frequencies closely spaced readings have 
not been taken so that sharp resonances may well exist 
in the 5 to 100 keps range. 

The number, locations, and relative magnitudes of 
the resonances in crystals of quartz are dependent on 
orientation with respect to the dynamic shearing stress 
and vary with temperature, external static stress, and, 
in some cases, with time. The presence of resonances in 
fused quartz may be taken as further evidence of the 
existence of regions of fairly long-range order (100 to 
200 A) in this material. 

Analysis of some of the data on the basis of a general- 
ized stress-strain relation involving a linear combination 
of the strain and its first and second time derivatives 
gives a close fit to the experimental curves. This analysis 
results in a determination of the three constants of the 
stress-strain relation which can then be studied as a 
function of temperature or other variables. 

An explanation of the occurrence of the resonances is 
formed by assuming: (1) that crystalline solids with 
nonlinear forces between atoms do not share their 
vibrational energy among all of the available modes, 
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but pass energy back and forth among relatively few 
modes, (2) the frequency of this energy exchange among 
modes may be very low (in the audio-frequency range) 
and in particular much lower than the frequencies of 
the lattice vibrations, and (3) the resonance dispersions 
observed in quartz and other materials occur at these 
various acoustic exchange frequencies. This explanation 
is based on a study by Fermi, Pasta, and Ulam in 
which slightly nonlinear systems were observed to 
exhibit no tendency toward equipartition of energy but 
instead to periodically exchange energy among a few 
modes. 

This lack of energy equipartition will not necessarily 
affect specific heat measurements of solids, but can be 
expected to have some effects in other areas of physics. 
These must be investigated before the general validity 
of the point of view presented here can be established. 
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Fundamental Absorption Edge in Cadmium Sulfide* 
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The absorption and reflection spectra of CdS have been determined in the temperature range 90°-340°K 
by photoelectric measurements on single crystals, using polarized light. The temperature and frequency 
dependence of the absorption coefficient in the edge, over a substantial range of absorption magnitudes, 
are well described by expressions of the form a(v) =a» exp[—8(Eo—CT—hyv)/kT], where the energy 
(Eoo—CT) is closely associated with the position of an absorption peak. For light polarized with £ vector 
parallel to the crystalline ¢ axis, there is one such peak, at 44844 A at 90°K;; for light polarized with E vector 
perpendicular to the ¢ axis, the 4844 A absorption is again present in about equal strength and a stronger 
line appears at \4874 A, shifting the absorption edge toward longer wavelengths by a corresponding amount. 
These absorption lines, or sharp bands, are observed in the reflectance spectrum, and correspond to ab 
sorption lines observed photographically by Gross and others. These results are discussed in the light of 
the present theoretical picture of absorption in insulating crystals, and it is noted that an exponential 
absorption edge of this kind, characteristic also of other ionic crystals, cannot be adequately explained in 


terms of existing models. 


1, INTRODUCTION 


HE fundamental absorption of CdS is especially 
interesting in view of the importance of this 
material as a “model” photoconductor and phosphor, 
and is the subject of a considerable experimental litera- 
ture.!~-“ The main purpose of the work reported in this 
paper was to determine in some detail the shape of the 
absorption edge, particularly the dependence of the 
edge shape on the polarization of the incident light, since 
the dichroism’: of CdS had not been taken into account 
in previous quantitative absorption measurements. 
Because of the apparent close correspondence of the 
thresholds of intrinsic photoconductivity and optical 
absorption, it has been widely assumed that absorption 
in the edge is due to band-to-band transitions; on this 
basis Dresselhaus!® has suggested, as a possible inter- 
pretation of the absorption dichroism, direct transitions 
which are symmetry allowed or symmetry forbidden, 
depending on the orientation of the polarization vector, 


* Research supported by the U. S. Air Force through the Air 
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the two processes being distinguishable in principle by 
the frequency dependence of the absorption coefficient. 
On the other hand, the discovery by Gross and co- 
workers* of complex structure in the strong-absorp- 
tion region, which they attribute to excitons, and 
observations by Balkanski and others'® of possible 
exciton diffusion, raise the possibility that exciton transi- 
tions comprise part or all of the familiar absorption in 
the neighborhood of 5100 A. Information about the 
strong-absorption structure has been obtained by 
photographic methods which give only a rough idea 
of the relationship of this structure to the absorption 
“tail” which defines the fundamental absorption edge 
in crystals of the thicknesses normally employed for 
photoconductivity and luminescence studies. A detailed 
knowledge of the frequency dependence of the absorp- 
tion coefficient, covering a wide magnitude range and 
extending as far as possible into the fine-structure 
region, would clarify this relationship and perhaps 
provide useful clues to the nature of the edge absorption 
mechanism and the actual magnitude of the band gap. 

For photoelectric measurements of absorption in the 
strong-absorption region extremely thin samples are 
required, and evaporated samples! of CdS usually do 
not duplicate too closely the spectrum detail charac- 
teristic of good crystals. However, crystals grown from 
the vapor phase can occasionally be obtained in thick- 
nesses of 1 uw or less and can be used for optical measure- 
ments without further grinding or polishing treatments. 
The vapor-phase growth technique also produces 
samples of thickness greater than ~100 » which pre- 
serve the crystal habit most convenient for optical 
measurements, i.e., platelets with surfaces parallel to 
the crystalline c axis. The material is thus particularly 
amenable from an experimental point of view for ab- 


16M. Balkanski and I. Broser, Z. Elektrochem. 61, 715 (1957); 
G. Diemer and W. Hoogenstraaten, J. Phys. Chem. Solids 2, 119 
(1957) ; M. Balkanski and R. D. Waldron, Massachusetts Institute 
of Technology, Laboratory for Insulation Research, Technical 
Report No. 123 (unpublished). 
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Fic. 1. Optical system and crystal mounting arrangement of low- 
temperature apparatus (schematic diagram, not to scale). The slit 
image in the sample plane has dimensions roughly 10X 100 uw. The 
entire cryostat assembly is supported on an accurate vertical slide 
and moves up to allow the beam to pass through the reference 
aperture. (1) Monochromator exit slit 1.00.04 mm; (2) beam 
splitter : glass cover slip coated with Evaporated Metal Films 2-630; 
(3) Polaroid film polarizers; (4) objectives: Elgeet 13 mm //1.5; 
(5) glass cover plate 100 u thick; (6) crystal specimen 1 to 40 u 
thick; (7) cooled copper mounting block; (8) wedge interference 
filter (B and L); (9) diaphragm with aperture roughly equal to 
exit slit size; (10) detector: 1P21 photomultiplier; (11) cryostat 
outer jacket of Pyrex with fused quartz windows; (12) stainless 
steel coolant container tube. (b) Detail of crystal mounting: (13) 
symmetrical 0.013 in. diam holes, counterbored; (14) copper 
clamping plate. 
sorption measurements, and for studies of reflection 
and refraction correlated with the absorption behavior. 

Relatively little attention has been given to inter- 
pretation of the edge shape in CdS. Seiwert discussed 
his 1949 data’ in terms of a linear dependence of ab- 
sorption coefficient on frequency, and the same data 
have been analyzed from a different point of view by 
Cheeseman.” Urbach"* has called attention to the ex- 
ponential dependence of the absorption coefficient 
(axe™/*T) manifested by several materials, among 
which he included CdS on the basis of Klick’s data.® 
Seiwert’s data* also appear to fit such an exponential 
law fairly well. 

A fresh experimental examination of the “‘edge shape” 
problem, for analysis in the light of more recent 
theoretical work,!*-’.° seemed appropriate at this time, 
and this paper reports the results of such an investiga- 
tion; data have also been obtained, chiefly from ob- 
servations of the reflectance spectrum, which give some 
indication of the relationship of the exciton-like absorp- 
tion fine structure to the absorption “tail” at liquid- 
nitrogen temperatures and above. 


2. EXPERIMENTAL PROCEDURE 


The absorption data reported here were obtained by 
point-by-point photoelectric transmittance measure- 


17JT. C. Cheeseman, Proc. Phys. Soc. Se A65, 25 (1952). 
18 F, Urbach, Phys. Rev. 92, 1324 (1953). 


19 Bardeen, ‘Blatt, and Hall, Photoconductivity Conference, 
Atlantic City 1954, edited by Breckenridge, Russell, and Hahn 
(John Wiley and Sons, Inc., New York, 1956), p. 146; D. L. 
Dexter, ibid., p. 155. 

*D. L. Dexter, Proceedings of the 1957 Varenna Summer 
School Conference [Supp]. Nuovo cimento 7, 245 (1958) ]. 
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ments on single crystals. Samples from several! different 
laboratories (see Sec. 7) were measured; they were 
grown by the Frerichs technique”! or modifications of it. 
Since for part of the absorption range extremely thin 
samples were required, and since the thinner specimens 
were often quite small, a microscopic technique was 
employed throughout. For measurements at room tem- 
perature, the samples were mounted on the stage of a 
polarizing microscope in which the substage condenser 
was replaced by a strain-free achromatic objective. 
Light from a monochromator, after passing through a 
polarizing prism, was focused on the crystal by this 
objective, collected by a symmetrical objective above 
the sample, and passed through a second polarizer, set 
parallel to the first, into the detector, a 1P21 photo- 
multiplier. The beam was modulated at 15 cps, and a 
Ballantine Model 310A voltmeter served as the measur- 
ing instrument. Optical flare in the system was obviated 
by placing a small aperture, completely covered by the 
specimen, in the image plane. A symmetrical blank 
aperture was provided for the reference beam, the 
sample mount being shifted alternately between the 
two positions. Samples of dimensions ~ 100X150 yu 
could be used, and the arrangement proved quite con- 
venient for larger specimens also, since a narrow region 
of accurately measureable thickness could be selected 
even in a striated or wedge-shaped crystal. 

The monochromator employed was a Leiss double- 
dispersion instrument with flint prisms, capable of 
about 1A resolution at 5000 A, and quite free from 
stray radiation. At 5000 A, with tungsten illumination, 
stray light of longer wavelengths was too faint to be 
detected, i.e., less than 0.01%. With this system, using 
the minimum band width obtainable from the mono- 
chromator, optical densities up to 4.0 were measureable 
to a precision of about 0.01 density unit. 

For measurements above and below room tempera- 
ture, the samples were mounted vertically in a cryostat 
and the analogous optical system consisted of sym- 
metrical objectives preceded and followed by Polaroid 
film polarizers. To obtain sufficient aperture and work- 
ing distance, cinematographic lenses were used (Elgeet 
f/1.5 13 mm f.l.) stopped down slightly to improve 
image definition and to keep the incident cone angle 
relatively small (about 10°). The cryostat was mounted 
on the carriage of a vertical slide which permitted the 
sample to be moved out of the beam and returned with ° 
position reproducibility of about 0.02 mm. The more 
cumbersome mounting arrangement of this apparatus 
required samples of somewhat larger dimensions, of 
the order of 350 u square. Provision was also made in 
the latter apparatus for reflectance measurements, as 
shown in the schematic optical system of Fig. 1. 
Light reflected from the crystal, and from the thin 
glass supporting plate in front of it, returned through 
the lens and converged after 90° deviation by a partially 


21 R. Frerichs, Naturwissenschaften 33, 281 (1946); Phys. Rev. 
72, 594 (1947). 
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reflecting mirror to form an image of the monochroma- 
tor exit slit at the point (9) in Fig. 1. A small aperture 
was placed in the image plane to pass this beam and 
discriminate against light reflected from other elements 
in the system. The intensity at this point was first 
measured with the crystal in the beam (J/;), then with 
the cryostat shifted so that reflection occurred only 
from the cover plate and other stationary elements (2). 
The quantity (/;—J/.2)/I_, was taken as proportional 
to the ratio of the reflectance of the crystal to that of 
the glass plate, the latter a slowly varying function of 
wavelength. Absolute reflectance values were obtained 
by normalization to the computed reflectance at some 
wavelength where the index of refraction was known. 
The necessary data were quickly and easily obtained 
by automatic recording. 

Sample thicknesses less than ~ 49 » were determined 
from the multiple-beam interference pattern, obtained 
by automatic recording of the transmitted or reflected 
intensity as a function of wavelength, using values of 
the index of refraction given by Reynolds ef al.” 
Thicker samples were measured by focusing a shallow- 
field microscope successively on top and bottom sur- 
faces, or by micrometer calipers. The over-all precision 
of thickness determination is estimated at ~3%. The 
thickness values measured at room temperature were 
used for reducing the data at low temperatures also; 
the coefficient of thermal expansion in the appropriate 
direction (_L to ¢ axis) at room temperature, according 
to Seiwert,’ is 6.5X10~*/deg C. It was assumed that 
the average coefficient between room temperature and 
— 180°C is no larger than this value, which gives a 
negligible thickness correction. 

Corrections for reflection were based on computed 
values, for the wavelength range in which the index 
of refraction was known, and on the measured reflec- 
tance at shorter wavelengths. In nearly all cases the 
measured optical density, in the region of transparency, 
was identical to that computed from reflection losses, 
and no further corrections were necessary; in a few 
instances a small additional constant correction was 
made for vignetting effects. The magnitude of the 
reflectance correction ranged from 0.15 to 0.30 density 
unit. 

For the low-temperature measurements, cooling of 
the sample occurred primarily by conduction to the 
copper block on which it rested, and there were apt to 
be variations from sample to sample in the equilibrium 
temperature achieved (e.g. from ~81°K to ~105°K). 
In most cases direct measurement of the sample tem- 
perature by attachment of a thermocouple was im- 
practicable because of the small sample size; the pro- 
cedure finally adopted for temperature measurement 
consisted of a careful observation of the wavelengths of 
the peaks in the reflectance spectrum, the temperature 


2 Reynolds, Czyzak, Allen, and Reynolds, J. Opt. Soc. Am. 45, 
136 (1955). 
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shift of the latter having been previously determined on 
a larger crystalline specimen to which a thermocouple 
could be directly attached. Temperatures could be 
measured in this way to within about 3°K. 

For intermediate temperatures, small quantities of 
coolant were introduced into the cryostat as required, 
the thermal inertia of the system being high enough so 
that measurements could be made at a known tempera- 
ture. In such cases, care was taken to prevent deposition 
of condensable vapors on the crystal surface, i.e., 
measurements were made during the cooling cycle so 
that the sample always remained somewhat warmer 
than its surroundings. 

Most of the specimens investigated showed green 
“edge’’ luminescence at low temperatures. The optical 
geometry was such that during absorption measure- 
ments the fluorescence intensity was below the thresh- 
old of the detector and did not interfere with the 
measurement of the sample transmittance. When it 
was necessary to verify that the detected radiation was 
actually transmitted light of the appropriate wave- 
length, a Bausch and Lomb wedge interference filter 
could be inserted before the detector for rough spectral 
analysis. This system also proved a convenient one for 
some simple observations of the fluorescence, which 
have been reported previously.” 


3. RESULTS 
A. Absorption 


The complete absorption data are given in Fig. 2 for 
two different polarizations of the incident light, i.e., 
with E vector parallel to or perpendicular to the 
crystalline c axis (referred to hereafter as || and 1 
polarizations) and with the direction of incidence in 
all cases normal to the c axis (within the incident cone 
angle of 10°). The room temperature data were ob- 
tained on some 22 specimens, ranging in thickness from 
0.89 to 165 microns. There was virtually no variation, 
from sample to sample, in the absolute values of the 
absorption coefficient above 10* cm. Below this range, 
two samples showed deviations from the curve of Fig. 2, 
both in the direction of stronger absorption; in one case, 
with an exponential frequency dependence like that of 
Fig. 2 but with lower slope, and in the other case a very 
flat absorption tail extending far out toward longer 
wavelengths. For the remaining specimens, absolute 
absorption values were consistent from sample to sample 
within experimental error. There is thus good reason 
to believe that the data below 10% cm™, which follow 
the same law as the data above, do in fact represent the 
intrinsic absorption of CdS. Most of the samples used for 
this part of the curve were RCA Type I crystals‘; no 
variation was observed among these down to the 
smallest measureable absorption values, about 20 cm™. 


% TD. Dutton, J. Phys. Chem. Solids 6, 101 (1958). 
* R. H. Bube and S. M. Thomsen, J. Chem. Phys. 23, 15 (1955); 
R. H. Bube, J. Chem. Phys. 23, 18 (1955). 
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Fic. 2. Absorption coefficient of crystalline CdS. The linear 
portions of the solid curves are plots of the form Ina=Shv/kT 
+const, where 8=2.17. The vertical lines A and B are the 
positions of absorption peaks inferred from the reflection spectrum 
at 90°K. || and | indicate absorption for polarized light with E 
vector parallel or perpendicular, respectively, to the crystalline 
c axis. Absorption coefficient = (1/#) In(7~*), where 7 is the optical 
transmittance corrected for reflection, and !=sample thickness. 


Absolute values of the absorption coefficient, at 
room temperature, are considered accurate within 
+10%. The low-temperature data are subject to con- 
siderably greater error, due to the steepness of the edge, 
an instrumental uncertainty of +1A in the absolute 
wavelength scale, and the difficulties of exact tem- 
perature measurement. Error due to the use of a finite 
measuring band width can be estimated from a relation 
due to Moser and Urbach,?® appropriate for cases in 
which the absorption coefficient varies exponentially 
with frequency or wavelength. The relative error in 
the absorption coefficient a, where a=ao exp(— A), is 
given approximately by”® 

Aa (Ad)? 
—=———(1-—af), 
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Qa 
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. 3. Experimental values of the parameter 8 
at various temperatures. 
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where Ad is the measuring band width and ¢ the sample 
thickness. For CdS the parameter c is approximately 
4.2X 10° cm™ at room temperature, and 13x 10° cm 
at 90°K. The resulting errors, computed for a band 
width of 1 A and an optical density of 3.0, and corre- 
sponding to measured values of the absorption coeffi- 
cient lower than the true values, are respectively 0.045% 
and 0.42%. 

The solid curves in Fig. 2, in the linear portions, are 
plots of the function Ina= (Bhv/kT)+ constant, where 
8=2.17. Such a function describes the frequency de- 
pendence of a and the low-temperature sharpening quite 
well. Figure 3 shows various experimental values of 8 
as determined on individual specimens. The scatter at 
90°K is partly, but not entirely, insirumental. There 
does not seem to be any systematic trend toward lower 
values of 8, i.e., the absorption edge is apparently con- 
tinuing to steepen with decreasing temperature at 90°K. 
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Fic. 4. Temperature shift of the absorption spectrum. The 
photon energy Av at which the | absorption coefficient a; has a 
given value is plotted on a linear scale against absolute tempera- 
ture. Curves A and B denote the positions of absorption peaks as 
inferred from the reflection spectrum. The points 4840 and 4869 A 
are the positions of absorption lines reported by Gross. The line 
absorption spectrum at 4°K, after Gross,!° is shown by the 
rectangular boxes on the left. The point at 300°K on curve A is 
taken from the room-temperature absorption spectrum (see 
Fig. 8). 


The largest variation among the samples measured at 
low temperature is indicated by the triangular experi- 
mental points in Figs. 2 and 3. 

The temperature shift of the edge as well as the steep- 
ening can be described over most of the temperature 
range 90°-340°K by an expression of the form 


B 
a=ayo exp| ——(o~m) (1) 
kT 


where Eo= (Eoo—CT). This is illustrated in Figs. 4 and 
5, in which the photon energy at which the absorption 
coefficient has a given value is plotted against the 
temperature. From (1) the temperature dependence 
should be 


k ao 
hv | a= Eoo— - Int (la) 
B a 
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This linear relationship holds for absorption values 
10? cm~ and below to nearly 104 cm™. 

The assignment of numerical values to Ey and ay is to 
some extent arbitrary. Hy) may be taken as the position 
of an absorption peak, in which case a and C are 
determined. The dichroism can be described for 
temperatures above 160°K by the function (1) with 
different values of oo for 1 and || polarizations, but 
with the same values of ao, 8, and C; below this tempera- 
ture, the || absorption appears to shift a little less 
rapidly than the | absorption, so that the energy 
separation of the two absorption edges is somewhat 
less at 90°K than at room temperature. 


B. Reflection 


The reflection spectrum is shown in Figs. 6 and 7, 
for an untreated crystal surface at 81°K. Figure 6 is 
plotted directly from recordings of the reflected light 
intensity vs wavelength, uncorrected for a slow varia- 
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Fic. 5. Temperature shift of the absorption spectrum. 
A plot similar to Fig. 4 for the || absorption. 


tion of the incident intensity with wavelength, and is 
included here to illustrate the polarization dependence 
of the reflectance at normal incidence. The fine struc- 
ture is first perceptible at a temperature of about 160°K, 
and it sharpens and shifts to shorter wavelengths as 
the temperature is reduced. This shift can be compared 
with that of the absorption edge. The wavelength mid- 
way between a reflectance maximum and a minimum 
should correspond very closely with the position of an 
absorption peak. The positions of absorption lines, 
inferred in this way, are plotted as functions of tem- 
perature in Figs. 4and 5. On the same plot are shown the 
positions of absorption lines as reported for 77°K by 
Gross et al.,"°4 at 4869 and 4840 A. The line positions 
at 90°K, as inferred from the reflection spectrum, fall 
at 4874 and 4844 A, and extrapolate to Gross’s values 
at 77°. The shift with temperature is very nearly linear, 
and if the positions are linearly extrapolated to 4°K 
there is again fairly close correspondence with lines 
or narrow bands observed by Gross,” namely, the 
bands (4820-4836 A+ 4815, 4816, 4817 A) and (4791- 


ABSORPTION 


EDGE IN Cds 





Fic. 6. ReflectiOn 
spectrum. Reproduc- 
tions of original data 
records giving re- 
flected light intensity 
as a function of 
wavelength, (a) for 
light, (b) for 1 light. 
The upturn at the 
left of each curve, 
marked by heavy 
arrows, is due too 
additional reflectione 
from the second sur-¥ 
face, since the crystal& 
becomes transparent« 
at these points. The 
vertical pips are 
wavelength markers. 
Note the similarity 
of anomaly B in the 
two polarizations 
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4793 A) respectively. It would be remarkable if a linear 
shift of this kind continued to so low a temperature 
as 4°, and it is possible that this apparent behavior is 
an accidental coincidence; there are, however, in the 
90° reflection spectrum, no further reflectance anomalies 
at shorter wavelengths which could be identified with 
the strong (4815 A etc.) and (4791 A) 4° lines. Gross 
identifies” a 4°K (4854.2 A, 4853.3 A) doublet with 
the 77° (4869 A) line. Details of his extrapolation 
procedure are not given, and no measurements of the 
strong-absorption spectrum at intermediate tempera- 
tures have yet been published. 

The absorption line positions at 90°K are shown also 
on Fig. 2. The lines coincide very closely with the two 
absorption edges. 

Figure 7 shows similar reflectance data for the L 
polarization, corrected and normalized by the procedure 
described in Sec. 2 to give absolute values of the re- 
flection coefficient, good probably within a relative 
error of 10% (in the magnitude of the reflection 
coefficient). 
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Fic. 7. Reflection coefficient. Data similar to those of Fig. 6, 
reduced to give approximate absolute values of the reflection 
coefficient at 81°K, for L light. The “computed” part of the curve 
is based on values of the index of refraction measured from the 
interference pattern at low temperature. 
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The absorption spectrum at 90°K, near the edge, 
can be described in summary as follows: an absorption 
line occurs at \=4844 A, about equally strong in both 


| and 1 polarizations, and the |! absorption edge 
appears as the “tail” of this line, with the frequency 
and temperature dependence of the absorption coeffi- 
cient given by Eq. (1). A stronger line appears at 
\=4874A in the | polarization, is completely absent 
in the || polarization, and the | absorption edge 
appears as the “tail” of this line, again with the fre- 
quency and temperature dependence of Eq. (1). 

Careful efforts were made to observe additional ab- 
sorption fine structure at longer wavelengths, for 
example, by automatic recording of the transmitted 
light intensity as a function of wavelength in the 
absorption edge, in crystals of varying thickness. No 
evidence for any additional structure was found, indi- 
cating that any absorption lines present must be orders 
of magnitude weaker or else very narrow compared 
tol A. 

There is some trace of fine structure in the room- 
temperature absorption spectrum. Figure 8 is a plot 
of the absorption coefficient on a linear scale, as obtained 
from a single specimen of thickness 0.89 uw. The slight 
bump near 5000 A is significant, and the instrumental 
wavelength resolution is ample to define the shape 
accurately [Fig. 8(b)]. A linear extrapolation of the 
\=4874 A, 90°K line to room temperature coincides 
roughly with the position of this bump. A rather 
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interesting feature of the room-temperature spectrum 
is the wide region from \= 4840 A to 4660 A in which 
the 1 absorption is constant. Due to instrumental 
limitations, the || absorption was not measured in this 
region. A slight further rise occurs toward shorter 
wavelengths. At A=4358A the || absorption appears 
to be slightly stronger than the | absorption. 


C. Miscellaneous Observations 


Reflectance measurements were made at low tempera~ 
ture on one large crystal which had been given a good 
optical polish. The polished surface showed strong 
specular reflection, but no trace of the fine structure 
observed on untreated CdS surfaces. This is not too 
surprising, since the lattice disorder introduced by 
polishing could easily be equivalent to that produced 
by warming to 160°K, which also washes out the fine 
structure. 

Attempts were made to observe an effect noted by 
Gobrecht and Bartschat,’ namely, a shift of the ab- 
sorption edge toward longer wavelengths during pro- 
longed illumination, also an apparent shift induced by 
simultaneous illumination in the infrared around 1 y. 
No effects of this kind were observed. In the experi- 
ments of Gobrecht and Bartschat, the samples were 
illuminated by imaging a tungsten filament upon them, 
and it is possible that the incident radiant flux was 
sufficient to raise the sample temperature and produce 
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an apparent shift of the edge. A change in the absorp- 
tion edge subsequent to illumination with green light 
has been reported by Halperin and Garlick**; this is a 
different effect, presumably associated with the popula- 
tion of impurity levels. It was not observed during the 
present experiments. 


4. DISCUSSION 


Recently developed analytical models for absorption 
due to band-to-band transitions!>” predict an absorp- 
tion coefficient varying with frequency essentially as 
(hv— Eq)", where n=4 for direct, symmetry-allowed 
transitions, n= 3 for direct, symmetry-forbidden transi- 
tions, and Eg is the band gap. A distinction of this 
kind has been suggested by Dresselhaus"® as a possible 
mechanism for the dichroism of CdS. These edge shapes 
are based upon a simple F! density of states dependence, 
and would be expected to describe only the weak absorp- 
tion region where (hv— Eq) is small. Indirect transitions, 
according to the Hall-Bardeen-Blatt theory,” lead to 
a frequency dependence which is essentially (hy— /a)* 
or (hv—Eg)* depending on the symmetry of the 
appropriate wave functions. Elliott?’ has shown that a 
similar shape might be expected for indirect exciton 
transitions. Edge shapes of this kind have been ob- 
served in several semiconductors, e.g., PbS.2* In the 
case of CdS, none of the above functions provides even 
a partial fit to the experimental data. 

The exponential frequency dependence of the absorp- 
tion coefficient shown by CdS is characteristic of a 
number of other ionic crystals; there is in fact a striking 
similarity to the behavior of KBr, which has recently 
been measured over a wide absorption range by Mar- 
tiennsen.”* In each case there is a sharp absorption line 
with an exponential tail extending over several decades 
of the absorption coefficient. (One difference which 
should be noted is that while in KBr the position of the 
absorption peak, extrapolated to 0°K, agrees with the 
parameter Eo of the absorption tail, this is not quite 
true for CdS. A better knowledge of the line shape near 
the peak is required before the significance of this point 
can be assessed.) No very detailed or satisfactory theory 
of this property has yet appeared in the literature. 
Dexter” has offered a semiquantitative suggestion of a 
possible mechanism, based on statistical consideration 
of the local fluctuations in the band gap energy due to 
lattice dilatations associated with thermal vibrations. 
If these fluctuations are taken into account, an ab- 
sorption tail arises on the long-wavelength side of the 
band gap, and the shape of this tail resembles an ex- 
ponential over two decades or so. In principle, the 
magnitude of the parameter 8 would depend on the 
magnitudes of the deformation potential constant and 


2% A. Halperin and G. F. J. Garlich, Proc. Phys. Soc. (London) 
B68, 758 (1955). 

17'R. J. Elliott, Phys. Rev. 108, 1384 . 

2 W. W. Scanlon, Phys. Rev. 109, 47 (1958). 

mW. Martiennsen, J. Phys. Chem. Solids 2, 257 (1957). 
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of appropriate crystal elastic constants. A similar argu- 
ment might be expected to apply in the case of exciton 
transitions. Major difficulties in the quantitative ap- 
plication of this model arise from the necessity for 
treating lattice dilatations of wavelengths comparable 
to the Bloch wavelengths of the excited electronic 
states. 

The origin of the absorption dichroism is not clear. 
A test of the mechanism proposed by Dresselhaus! is 
not possible in this case since the frequency dependence 
of a predicted by the model is masked by the thermal 
processes which create the exponential tail. Dexter?? 
has suggested that the polarization dependence be 
accounted for by a difference in the matrix elements for 
1 and || transitions; in this case, one would expect the 
ratio of a, and a, to be more or less independent of 
temperature. The experimental results indicate that a 
more apt description would be the assignment of two 
different characteristic energies to | and || transitions, 
since the a;/a,, ratio gets very much larger at low 
temperatures, while the energy separation of the two 
absorption edges remains almost the same. 

From the appearance of the absorption spectrum at 
90°K, one is inclined to attribute the fundamental 
absorption near the edge to exciton transitions very 
much analogous to those of the alkali halides. The 
exciton spectrum at this temperature is relatively un- 
complicated, consisting of one or two lines depending 
on the polarization of the light. This viewpoint must 
be reconciled with the efficient occurrence of photo- 
conductivity on the one hand, and on the other with 
the spectral dependence reported by Balkanski e¢ al.* 
for their exciton diffusion effects, the pertinent feature 
of the latter being the presence of a prominent excitation 
band in the yellow red which is not observable in the 
intrinsic absorption spectrum. 


5. FURTHER WORK 


A number of interesting problems remain to be in- 
vestigated. The line absorption spectrum becomes con- 
siderably more complex at 4°K,” with a number of 
longer-wavelength lines which show variability in 
strength depending on the sample history." Quantita- 
tive measures of the peak absorption coefficients would 
be of considerable value, and it is hoped that the present 
investigation can be extended along these lines. It 
would be interesting to know whether the marked 
sharpening of the absorption structure continues down 
to liquid-helium temperature, as presently available 
data would suggest. 

The birefringence of CdS is also of some interest. The 
most recent measurements of the refractive index® 
show the extraordinary ray (E||c) as having the larger 
index, while the stronger absorption is associated with 
E 1c. Index measurements made during the present in- 


ange, Baker, Crane, and Howe, J. Opt. Soc. Am. 47, 240 
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vestigation by observation of the interference pattern, 
at shorter wavelengths than those covered by Czyzak 
et al.,® show a steeper rise, toward the absorption peak, 
than that predicted by the Cauchy dispersion formula 
given by those authors. These observations indicate 
that some stronger short-wavelength absorption process, 
perhaps the ultraviolet band observed by Hall,! plays 
a dominant role in the dispersion of CdS, and that the 
sense of the polarization dichroism is reversed in this 
region. 

The absorption dichroism is probably closely associ- 
ated with the fluorescence anisotropy observed” in the 
5205 A emission bands. This emission is thought to 
arise from a luminescence center which is very weakly 
bound, so that it is probably the lattice anisotropy, 
rather than the structural symmetry properties of the 
center itself, which is responsible for the effect. In this 
connection, it would be interesting to study the di- 
chroism associated with discrete impurity absorption. 
Recognizable color centers have not been observed in 
CdS, but a close analog is the infrared photoconduc- 
tivity quenching bands* which are observable by 
electrical means. 

In their 1955 paper,” Gross and Iakobson describe a 
dependence of the absorption strength on the direction 
of propagation of the radiation. It is not entirely clear to 
what extent this effect is related to a polarization de- 
pendence. A propagation-vector effect distinct from 
polarization dichroism has been predicted for certain 
molecular crystals by Fox and Yatsiv.” The effect arises 
from the possibility of exciton excitation coherent over 
large volumes of the crystal. This point appears to 
merit further investigation in CdS. 


31 FE. A. Taft and M. H. Hebb, J. Opt. Soc. Am. 42, 249 (1952). 
# DD. Fox and S. Yatsiv, Phys. Rev. 108, 938 (1957). 
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6. SUMMARY 


The absorption edge in CdS, over a wide magnitude 
range of the absorption coefficient, has the frequency 
and temperature dependence given by the formula 


8 
a=ay Cxp— - on (Eoo— CT- in) 
kT 


The energy (Eoo—CT) is closely associated, at least at 
low enough temperatures, with the position of a sharp 
absorption line. For light polarized with its E vector 
parallel to the crystalline c axis, there is one such line, 
which falls at A=4844 A at 90°K. For light polarized 
with its E vector normal to the c axis, the 4844 A line 
is again present in about the same strength, and a 
stronger line appears at \=4874 A, shifting the ab- 
sorption edge toward longer wavelengths. The shape of 
the absorption edge cannot be interpreted in any detail 
within the existing theoretical framework of optical 
absorption in insulating crystals. 
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High-Vacuum Studies of Surface Recombination Velocity for Germanium*+ 
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The surface recombination velocity, s, of minority carriers for (100) faces of germanium crystals has 
been studied under various vacuum conditions. Values of mean lifetime were obtained by the decay-of- 
photoconductivity method and the corresponding values of surface recombination velocity were determined 
from geometrical considerations. Increases in s were observed due to initial evacuation of the experimental 
tube. Following outgassing of the samples in vacuum at temperatures above 500°C and for a time in excess 
of 30 hours, s was found to be insensitive to exposure to oxygen at pressures as high as 10-* mm Hg. Asa 
result of cleaning the surfaces of samples by the ion-bombardment technique, s increased to a value of 
(5 to 7)X10*® cm/sec. Heating the ion-bombarded crystals in vacuum at temperatures above 500°C for 
prolonged periods of time, followed by slow cooling, resulted in a decrease in s to a value below 500 cm/sec 
but greater than the value obtained following a CP-4 etch and the value obtained after pumping. The 
recombination velocity of clean and annealed (100) germanium surfaces was found to be insensitive to room- 
temperature adsorption of oxygen at pressures as high as 5X 10-5 mm Hg. Exposure of these clean surfaces 
to oxygen at temperatures of about 100°C resulted in small decreases in mean lifetime, corresponding to a 
possible increase in s, assuming that this was entirely a surface phenomenon. The clean-surface value of s 
could be restored by heating at 500°C in vacuum for short periods of time. The characteristics of a well- 
outgassed oxide-covered surface and a clean surface are found to be similar. The observed similarities are 
discussed and the conclusion drawn that the oxide layer, of itself, has little or no effect on the surface recom- 
bination process. 


I. INTRODUCTION ductance, surface recombination velocity, field effect, 
and work function, for similar crystal faces of ger- 
manium, may be used in a comparison of experiment 
with theory. In the present work, a part of which has 
been discussed earlier,* we have limited the objective 
to a study of surface recombination velocity. 


ECENT attempts to study the recombination 

process at the surfaces of clean germanium single 
crystals have incorporated a procedure of simulta- 
neously performing two or more experiments on the 
same surface.! This procedure has been used to provide 
enough parameters so that the separate experimental 
results could be compared using the statistical theory of 
semiconductor surfaces developed by Brattain and 
Bardeen? and by Stevenson and Keyes.’ These experi- 
ments, however, have been unsuccessful in unam- 
biguously determining the physical constants associated 
with the recombination process at clean germanium 
surfaces. The reason for this failure appears to be due 
to the experimental difficulties involved when com- 
bining the requirements of two or more experiments 
with those necessary for obtaining clean surfaces. It has 
been shown that the electrical and physical properties 
of clean germanium surfaces are reproducible,*’> when 
proper precautions are taken. Hence, it follows that 
the results of separate experiments on surface con- 


Il. EXPERIMENTAL 
1. Method 


The investigations included methods of using both 
thick and thin crystals. These two methods are funda- 
mentally different only in the manners of supporting, 
heating, and ion bombardment of the crystals. In both 
cases the mean lifetime was determined by the decay of 
photoconductivity and the values of surface recombina- 
tion velocity were obtained from geometrical considera- 
tions, having previously determined the bulk lifetime 
and diffusion constant. In the thin-crystal method the 
geometry of the sample was such that volume effects 
were reduced relative to those of the surface. Since the 
method of determining mean lifetime has been de- 
scribed by Stevenson and Keyes,’ only brief considera- 
tion of this part of the experiment will be given. 

The method of decay in photoconductivity utilizes a 
short pulse of light to create extra hole-electron pairs in 
the sample. By adjustment of the intensity of this 
light pulse, the excess conductance of the sample is 
made directly proportional to the density of excess 


*Supported by the International Business Machines Cor- 
poration. Pe. ; ; 

t This paper is based on a thesis which is being submitted by 
H. H. Madden in partial fulfillment of the requirements for the 
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current carriers. The mean lifetime is obtained from a 
determination of the time dependence of the excess 
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Fic. 1. Block diagram of vacuum and gas-handling systems. 


conductance. This determination of small changes in 
conductance was made by sending a constant current 
through the sample and observing the resulting propor- 
tional voltage changes by means of an oscilloscope. 

For the final experiments the light pulse was produced 
by a rotating mirror placed several meters from the 
crystal and passed through a converging lens. A battery- 
operated light source eliminated ac ripple which was a 
cause of distortion in the observed waveform of decay 
in photoconductivity in the case of two crystals. 
A battery in series with an external, noninductive, wire- 
wound resistance and the crystal furnished the constant 
current. The value of the resistance was chosen to keep 
the electric field in the sample from changing the ob- 
served lifetime and to produce a sufficient voltage 
change across the sample to be measured. A Tektronix 
type 121 wide-band preamplifier and a 511AD oscillo- 
scope were used as measuring instruments. 


2. Vacuum System 


A diagram of the vacuum system is shown in Fig. 1. 
The main tube was pumped by a three stage diffusion 
pump using Octoil-S. A side tube, with molybdenum 
filaments which were flashed to produce a gettering 
film, was connected to the experimental tube by a 
magnetically controlled ball-and-socket ground Pyrex 
valve. This valve remained open when argon was 
admitted to the main system for ion bombardment and 
was shut when oxygen or other gases were admitted. 
The experimental tube and getter were separated from 
the diffusion pump by a trap cooled by a dry ice-acetone 
mixture during the out-gassing and later by liquid 
nitrogen. A dry ice-acetone cooled trap was also used 
between the diffusion pump and the fore pump. A gas- 
handling system, pumped by a single stage oil diffusion 
pump, incorporated two separate gas supply lines. 
A molybdenum getter was built into the expansion 
volume of the supply line used for argon. The other gas 
supply line was used for oxygen. A metal vacuum 
valve, which was outgassed in an oven, separated the 
gas-handling system from the main tube. 

Pressure was measured in the high-vacuum side of 
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the main system by means of a Westinghouse WL 5966 
ionization gauge. A thermistor was used for measure- 
ment of pressures above 10-‘ mm Hg. Both the high- 
vacuum side of the main system and the metal valve 
were initially heated by ovens at about 350°C for 
several hours. During this heating the molybdenum 
getter envelope and all tubulation not enclosed in the 
ovens were heated with an air-gas flame. After the 
system had cooled to room temperature, the filaments 
and getters were outgassed, and the cold traps were 
allowed to warm to room temperature for a few minutes 
to remove condensible vapors. After replacing the dry 
ice-acetone mixture on the cold traps, the baking 
process was repeated. The dry-ice mixture was later 
replaced by liquid nitrogen. The residual pressure in 
the experimental tube was of the order of 2X 10~° mm 
Hg although the presence of the getter insured that 
the residual pressure of active gases was much less 
than this. 


3. Crystal Mounts 


rhe following conditions were realized in constructing 
the mounts. (1) The contacts at the ends of the crystal 
were ohmic and used no metal which might diffuse 
into the sample when heated. These conditions were 
realized by using pressure contacts between electrodes 
of pile graphite and ground surfaces at the ends of the 
crystals. (2) All leads connected to the crystals were 
shielded with quartz or glass tubing to prevent 
sputtering of metal onto the crystal during argon-ion 
bombardment. (3) Plastic deformation of the crystal 
was avoided during heating in vacuum.’ This was 
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Fic. 2. Schematic diagram of thick-crysta] mount. 
®R. A. Logan and M. Schwartz, Phys. Rev. 96, 46 (1954). 
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accomplished in different manners for the thick and thin 
crystals as described below. 

A schematic diagram of the thick crystal mount is 
shown in Fig. 2. The smallest dimension of the crystals 
used with this mount was 2.5 mm. The crystal was 
supported between two disks which were made from 
pile graphite. These disks were cleaned and outgassed 
in vacuum for over five hours at temperatures above 
1000°C prior to assembly of the crystal mount. The 
lower graphite disk was supported from below by a 
molybdenum spring. This spring was designed to sup- 
port the crystal in a vertical position and to avoid plastic 
deformation during the heating of the germanium 
crystal in vacuum. The compression of this spring was 
adjusted so that it was only slightly greater than that 
required to produce reliable electrical contacts between 
the graphite disks and the ground-surface ends of the 
germanium. The crystal was heated by conduction with 
an alternating current. This heating current was 
carried to the upper graphite disk by a threaded 
molybdenum rod, and to the lower disk by the molyb- 
denum spring. Because of the large currents needed for 
heating the crystal, flexible silver-strip leads were used 
to connect the molybdenum spring and rod to the 
glass-to-metal seals of the tube envelope. These leads 
were annealed in vacuum prior to assembly of the 
experimental tube in order to minimize strain on the 
crystal mount introduced when making the connections 
to the glass-to-metal seals. The first experimental tube 
contained one crystal mount. The second tube con- 
tained two similar crystal mounts so that observations 
on two crystals could be made under the same condi- 
tions. In order to check the design of the thick-crystal 
mount for its effectiveness in supporting the crystals 
during heat treatment in vacuum without changing 
their bulk properties, the bulk lifetime and resistivity 
of one of the crystals was measured following the 
experiment. These bulk parameters were found to be 
substantially unchanged. 

















Fic. 3. Schematic diagram of thin-crystal mount. NS= fixed 
nickel support, TP=tungsten point seat, C=crystal, MS=U- 
shaped metal stop, LA=lever-arm arrangement, TH1=threaded 
holes for tungsten points, MR = molybdenum ring, TH2 = threaded 
holes for clamping screws, G=graphite half-disks, GC = graphite 
contacts, MSS= molybdenum strip springs. 
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The method of supporting thin crystals is indicated in 
Fig. 3. The crystal was clamped at the upper end 
between two graphite half-disks. These half-disks were 
held in a molybdenum ring by means of pressure applied 
by screws against the graphite half-disks through metal 
shims. The molybdenum ring in turn was held in the 
upper framework between two tungsten points. The 
molybdenum ring, graphite half-disks, screws, and 
crystal were balanced so that this assembly was free to 
swing about a pivot line through the tungsten points, 
and when at rest the crystal hung parallel to a “‘plumb- 
bob” line. The crystal was heated by means of electron 
bombardment. During the heating, no connection was 
made to the bottom of the crystal so that it hung verti- 
caliy while hot. For the lifetime measurements, mag- 
netically controlled graphite contacts could be brought 
against 2 mm of the lower end of the crystal. Three 
millimeters of the length at the upper end of the crystal 
and two millimeters at the lower end were ground to 
provide ohmic contacts. The lower contact arrangement 
consisted of two graphite contacts. A large contact 
could be brought up against a U-shaped metal stop. 
The position of this stop was adjusted during assembly 
so that when the crystal was hanging freely on a 
‘“plumb-bob” line, the surface of the stop against 
which the large contact rested, was in the same plane 
as the surface of the crystal on the side of the large 
contact. When this large contact was in place, a smaller 
graphite contact could be brought against the opposite 
side of the crystal, between the sides of the U-shaped 
stop. Both the large and small graphite contacts were 
connected to large molybdenum-strip springs by means 
of small molybdenum-coil springs. These coil springs 
insured that the seating of the large graphite contact 
was flat against the metal stop and that the seating of 
the small graphite contact was flat against the surface 
of the crystal. A weight was hung between the sides of 
the molybdenum-strip spring to give a more positive 
action to the closing of these lower contacts. 

The lower graphite contacts could be pulled away 
from the crystal by means of a lever arm arrangement 
and magnetic controls. These contacts were in the 
retracted position during bakeout of the vacuum 
system, during heating of the crystal by electron bom- 
bardment, and during argon-ion bombardment. All 
leads connected electrically to the sample during ion 
bombardment were shielded from sputtering by glass 
or quartz tubing. A quartz plate, 0.5 mm thick, 
closed the lower end of the quartz tube to prevent 
sputtering of the molybdenum ring at the upper end 
of the crystal and to prevent any of the electron beam, 
used for heating the crystal, from passing to the metal 
and graphite at the upper end of the crystal. The crystal 
hung through a 3X8 mm slot cut in this quartz plate. 
Although accurate determinations of the bulk lifetimes 


of the thin crystals after the experiments were im- 
possible, the largest net changes in mean lifetime 
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between the value at the start of the experiment and 
at its end occurred during the process of obtaining a 
vacuum, thus indicating that the high-temperature 
outgassing of the thin crystals produced no appreciable 
changes in bulk lifetimes. 


III. PROCEDURE 
1. Preparation of Crystals 


With the exception of crystal No. 1, all samples 
were cut so that their (100) faces were parallel to the 
cut faces of the sample, to within one-quarter of one 
degree. The faces of crystal No. 1 were about two 
degrees from the (100) plane. The shapes of the crystals 
were rectangular parallelepipeds. When the desired 
orientations were obtained, the surfaces of the crystals 
were mechanically ground on glass using American 
Optical Company “Centriforce Abrasives,” the final 
abrasive grade on glass being M-305. The surfaces of 
the crystals were then polished on wax using a MgO 
abrasive. After flat mirror-like surfaces were obtained, 
the crystals were given a CP-4 etch. This etch was 
followed in the case of two crystals by an HF etch. The 
etches were followed by several rinses in doubly dis- 
tilled water. It was necessary to have ground ends on 
the crystals for ohmic contact. This was accomplished 
in the case of the thick crystals by clamping the crystal 
with Teflon pads against ground ends of the crystal 
during the etching process. All the metal parts of the 
holder for etching were covered with paraffin during 
the etch. After preparation of the crystal, minimum 
contact to the etched surfaces was realized by using 
another holder which gripped the crystal at only three 
points made of polyethylene. A rinse in a concentrated 
aqueous cyanide (KCN) solution followed the etching 
of the crystal.* The final rinsing of the crystal was in 
water doubly distilled in Pyrex glass. 

All surfaces of the thin crystals were first etched with 
CP-4 solution after mechanical preparation. One side 
of these crystals was then covered with a layer of 
polystyrene, and all but three millimeters of the length 
of the crystal on one end and two millimeters on the 
other end, of the second side were covered with poly- 
styrene. The exposed ends were ground lightly using 
abrasive paper. After all loose abrasive was removed, 
the polystyrene was removed in a toluene filled ex- 
tractor. This process was repeated to obtain ground 
ends on the other side of the crystal. When all of the 
polystyrene was finally removed, the thin crystals were 
given the aqueous cyanide solution rinse, followed by 
rinses in doubly-distilled water. Following mechanical 
and chemical preparations of the sample, contact with 
the crystal was made only by Teflon-tipped tweezers 
and lens tissue. 
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2. Cleaning of Crystals in Vacuum 


The conditions and method of producing a clean 
germanium surface have been discussed elsewhere.*:>. 
Since the reasons for the cleaning procedure used in 
this laboratory and the stability of the clean surface 
have been outlined, only the conditions for ion bom- 
bardment and anneal used in these lifetime experiments 
will be summarized. For ion-bombardment of the thick 
crystals, exposures of approximately five minutes dura- 
tion in a self-maintained discharge of argon were used. 
The argon was pumped continuously through the main 
system during the bombardment. The discharge was 
not started by electronic excitation but by allowing the 
pressure of argon to increase in the experimental tube 
to the point where the discharge began. The ion current 
to the crystal was then controlled by regulating the 
pressure of argon in the tube. The crystal was at a 
potential of 500 volts above the surrounding cage of 
the crystal mount, and the ion current to the crystal 
was about 100 microamperes. After the ion bombard- 
ment the thick crystals were annealed by heating with 
an alternating conduction current at temperatures 
above 500°C for varying lengths of time. It was found 
that a heating of 15 to 20 hours, followed by a slow 
reduction in the heating current (over at least one hour), 
was required to obtain the lowest values of surface 
recombination velocity after ion bombardment. The 
thin crystal was ion-bombarded using a controlled dis- 
charge of argon produced by electron beams. The 
current density during ion bombardment was about 
100 wa per square centimeter, and the bombarding 
voltages used were 500 v and 600 v. This controlled 
discharge had the advantage of being carried out at an 
argon pressure appreciably less than that required for 
the self-maintained discharge. The thin crystal, how- 
ever, could be and was bombarded in a self-maintained 
discharge. The resulting surface recombination velocity 
after anneal was not significantly different in the 
two cases. 


IV. RESULTS 


The results were obtained from five crystals, three 
thick and two thin. The crystals are identified according 
to resistivity, and type, and thickness in the case of 
thin crystals. The order of presentation of the results 
parallels that for the investigation for one crystal. 


1. Changes in s with Initial Evacuation of 
the Experimental Tube 


The process of pumping the experimental tube 
brought about rapid increases in the value of surface 
recombination velocity. This effect was followed closely 
in the case of the two thin crystals. After one hour of 
pumping with the fore pump, the value of s for a 37 


® Farnsworth, Schlier, George, and Burger, J. Appl. Phys. 26, 
252 (1955); 29, 1150 (1958). 
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ohm-cm, n-type sample (thickness 0.023 cm), increased 
from an initial value of 14 cm/sec to 40 cm/sec. Further 
reduction in pressure to a value of 5X10-® mm Hg 
resulted in an increase in s to 178 cm/sec. Similar large 
changes in s were observed on the second thin crystal 
(65.4 ohm-cm, thickness 0.027 cm), to be referred to 
below as crystal No. 2. In this case the increase in s was 
observed to have started within one minute after the 
forepump was turned on. After a pressure of 6X 10-® mm 
Hg had been obtained, the surface recombination 
velocity had increased from its initial value of 0 (within 
the accuracy of measurement) to a value of 85 cm/sec. 
These two thin crystals had been given an initial etch 
with CP-4. Increases in s were also observed due to 
evacuation of the experimental tube for two thick 
crystals (both about 42 ohm-cm, p type) which had 
been given an HF etch following the CP-4 etch. These 
measurements were made before bakeout of the vacuum 
system, so that no heating of the crystals was involved. 
This increase in s with evacuation of the experimental 
tube was most certainly due to the removal of some 
physically adsorbed gases or vapors from the surfaces 
of the crystals. Subsequent increases in s resulting 
from the heating of the crystal during the bakeout of 
the vacuum system suggest that this physically ad- 
sorbed layer is HO, but the hypothesis could not be 
verified. 


2. Oxygen Adsorption on Oxide-Covered 
Surfaces at Room Temperature 


Changes in the value of s resulting from adsorption 
at room temperature on oxide-covered surfaces were 
zero to within the limit of observable change . (about 
10 cm/sec). The crystals considered in these measure- 
ments had been outgassed in vacuum but no other 
attempt to clean the surface had been made. Crystal 2, 
which had received a CP-4 etch initially, was heated in 
vacuum at temperatures above 500°C for 20 hours 
before these oxygen adsorption studies were made. The 
residual pressure in the experimental tube was 3X 10~* 
mm Hg before exposure to oxygen for 20 minutes at 
pressures above 5X 10~* mm Hg. The highest pressure 
during this exposure was 1.2X10-* mm Hg and was 
maintained for a period of 6 minutes. The two 42 ohm- 
cm, p-type, thick crystals which had an HF etch follow- 
ing the CP-4 etch were outgassed in vacuum for over 
100 hours at temperatures above 500°C. The residual 
pressure in the experimental tube was 3X 10-° mm Hg 
and the crystals were sufficiently outgassed (before these 
adsorption measurements) so that this pressure was the 
same with the crystals at a temperature of 600°C. 


3. Effects of Argon-Ion Bombardment and Anneal 


Measurements to determine the effects of argon-ion 
bombardment and annealing on the value of s were 
made on one thick and one thin crystal, numbers 1 
and 2, respectively, in Table I. The energy of the 
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TABLE I. Summary of results after cleaning by ion bombardment. 


Crystal number 
Item 1 2 


resistivity (ohm-cm); type 37, 0” 
bulk lifetime (usec 
initial s » treatment CP-4, KCN 
thickne f sample (cm 0.25 
s value after argon-ion bombardment 
m /sec 5000 
after anneal above 550°C 
ae 250 
value due to exposure of 
oxygen at room 


sec 


s value 


(7) change in 
cleaned surface to 
e m 


of oxygen used (mm 


8) s value after heating and annealing an 


1-bombarded crystal in oxygen at 


10-6 mm Hg (cm/sec 


bombarding ions was 500 ev for both crystals. The 
current to crystal 1 during ion bombardment was 
100 wa, and the crystal was subjected to a series of 
bombardments and anneals. The surface recombination 
velocity was always high after ion bombardment, about 
This result is consistent with the observa- 
tion of Law and Garrett.' Subsequent heating of the 
crystal in vacuum at temperatures of 500°C and above 
produced a decrease in the value of s. This decrease 
depended on the temperature and duration of heating, 
and on the rate of subsequent cooling. In other experi- 
ments in this laboratory on electron diffraction and 
work function, using ion-bombardment cleaning of 
germanium surfaces, short annealing times of the order 
of 1 hour at 550°C proved sufficient to establish equi- 
librium conditions. In the case of these lifetime meas- 
urements, equilibrium conditions were obtained only 
after the crystal was heated above 500°C for at least 
15 hours in vacuum, following ion bombardment. It was 
also necessary to reduce the temperature slowly, over a 
period of at least one hour, to insure reproducible 
results after the long heating period. Radiation quench- 
ing of the crystal caused a decrease in mean lifetime, 
corresponding to an increase in s, assuming the change 
in lifetime was caused by a surface effect. The value of s 
for crystal 1 following the long anneal, and after the 
cumulative time of ion bombardment had reached one 
hour, was 250 cm/sec. This value, however, was relative 
to an assumed value of s of 50 cm/sec for a surface 
etched with CP-4, and should not be considered as 


5000 cm/sec. 


absolute. 

The procedure of long anneals was followed in the 
studies of the effects of ion-bombardment cleaning on 
crystal 2. This crystal received a cumulative bombard- 
ment in a controlled discharge of argon for 56 minutes. 
The ion current to the crystal was 200 wa. The value of s 
after ion bombardment was about 6700 cm/sec, and 
after anneal it was 460 cm/sec. This crystal was also 
bombarded using a self-maintained discharge for a 
cumulative time of 18 minutes, at the same ion energies 
and currents. The resulting value of s after anneal in 
this case was the same as that following ion bombard- 
ment in the controlled discharge, and anneal. The 





798 H. H. MADDEN AND 
pressure of argon in the tube was more than an order 
of magnitude greater in the case of the self-maintained 
discharge than that in the controlled discharge. 

After ion bombardment, crystal 1 was heated and 
annealed in the presence of oxygen, at a pressure of 
about 10-* mm Hg, to determine possible effects of 
residual amounts of oxygen in the experimental tube 
during the vacuum-annealing process. The change in s 
for an equivalent heating and annealing in vacuum 
would have been a decrease of more than 4000 cm/sec. 
Due to heating in oxygen at the increased pressure, 
the value of s increased from the ion-bombarded value 
of 5000 cm/sec to about 10* cm/sec, as indicated in 
item 8 of Table I. It was decreased again by heating in 
vacuum. Hence, the decrease of s with vacuum heating 
after ion bombardment was not due to an effect of 
oxygen but to annealing out of defects caused by the 
ion bombardment. 


4. Oxygen Adsorption on Clean Surfaces 
at Room Temperature 


Adsorption of oxygen on the surfaces cleaned by ion 
bombardment and annealing produced no measurable 
changes in s (less than 7 cm/sec). These studies were 
made first on crystal 1 after a stable value of s was 
obtained following ion bombardment and anneal. This 
crystal had been outgassed at temperatures above 500°C 
for more than 380 hours prior to the adsorption measure- 
ments. The crystal had been ion bombarded for a total 
time of 50 minutes. Total exposure to oxygen (pressure 
X time) was 3X10~ mm Hg-min. The highest pressure 
was 7X10~* mm Hg for a period of 40 minutes. Meas- 
urements of lifetime were made in the presence of 
oxygen at the increased pressure and also after the 
residual pressure was again below 5X10-* mm Hg. At 
no time during these measurements was a change in 
lifetime observed. The total exposure was more than 
50 times greater than that required to adsorb 90% of 
a monolayer of oxygen, as indicated by low-energy 
electron diffraction measurements.‘ This absence of an 
effect on s due to oxygen exposure of cleaned germanium 
surfaces at room temperature was checked with crys- 
tal 2. Here, a higher pressure of 5X10~* mm Hg was 
used for a period of 15 minutes. The total exposure to 
oxygen was 8.3X10-* mm Hg-min. As in the case of 
crystal 1, no measurable change in s was observed. 


5. Exposure to Oxygen at Elevated 
Temperatures 


Figure 4 shows the results of exposure to oxygen at 
an estimated temperature of about 100°C, following 
ion-bombardment cleaning. The crystal was heated by 
conduction during these exposures and three sets of 
data were obtained with two heating currents and two 
pressures of oxygen. The curve is a plot of observed 
mean lifetime versus the product of pressure and time 
of exposure to oxygen, on a logarithmic scale. These and 
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other data taken during these investigations show a 
decrease in mean lifetime of at least 10 microseconds, 
caused by an exposure to oxygen at a temperature of 
approximately 100°C. Assuming that this treatment 
results in a change in the surface only, these decreases 
in mean lifetime correspond to an increase in s of at least 
20 cm/sec. On closer study, this phenomenon showed 
an erratic behavior which suggested that the parameter 
of pressure X time is not the important one, but rather 
the time and number of repeated exposures to oxygen 
at an elevated temperature following the first exposure. 
This same behavior was observed when the cleaned 
surfaces of crystal 2 were exposed at higher pressures 
of oxygen while the crystal was warm. The first exposure 
to oxygen in this case was 3 minutes at a pressure of 
10-* mm Hg. The temperature of the crystal was 
maintained by an oven at 100°C. Using the parameter 
of pressure X time and considering the results presented 
in Fig. 4, this exposure should have been sufficient to 
produce a clearly measurable decrease in the mean 
lifetime. The decrease, after this treatment, was small 
and just outside the limits of accuracy of the measure- 
ments. Two subsequent exposures following the primary 
exposure by about 6 hours and 16 hours, respectively, 
at temperatures of 100°C and 150°C for longer periods 
of time (40 minutes each) caused a total decrease in 
mean lifetime of 5 microseconds for crystal 2. This 
corresponds to an increase in s of 140 cm/sec, again 
assuming that this is entirely a surface effect. Heating 
the crystal for about one hour in vacuum at tempera- 
tures above 500°C followed by a slow decrease in 
heating power caused the value of s to return to its 
clean-surface value. 


6. Effects of Outgassing Crystals in Vacuum 


As mentioned above, the value of s increased as a 
result of baking the experimental tube at temperatures 
of about 350°C. The net effect of outgassing the crystals 
prior to the bombardment and annealing procedure, at 
temperatures above 500°C, was to produce further 
increases in the surface recombination velocity. These 
increases were found to terminate and an approximately 
stable value was obtained after appreciable high-tem- 
perature outgassing. The value of s for crystal 2 after 
35 hours of heating in vacuum above 500°C was 420 
cm/sec. This value is close to 460 cm/sec for the clean 
surface on that crystal (Table 1). Evidence from low- 
energy electron diffraction studies of germanium sur- 
faces in this laboratory indicate that heating alone is 
not sufficient to remove the oxide layer on the crystal 
remaining after the CP-4 etch.’ 


V. DISCUSSION AND CONCLUSIONS 


The surface recombination velocity at a clean ger- 
manium surface is about one order of magnitude greater 
than that at a surface in air subsequent to a CP-4 etch. 
This difference in s is apparently not primarily a result 
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Fic. 4. Mean lifetime 
vs oxygen exposure at 
approximately 100°C. 
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of the oxide layer left by the etch, but is due to a 
physically adsorbed gas or vapor. Oxygen-exposure 
studies on outgassed crystals covered with an oxide 
layer and similar oxygen studies on clean surfaces sug- 
gest that this gas is not oxygen. Although it is clear 
that the structure of adsorbed oxygen on clean ger- 
manium surfaces is markedly different from that of the 
oxide layer left by CP-4 etching,’ this difference has 
little or no effect on the surface recombination process. 
Comparison of the results of Stevenson and Keyes’ with 
the experiments described above suggests that water 
vapor, and not oxygen, is the active element for the 
changes in s observed with the Brattain-Bardeen cycle. 
This comparison further suggests that the initial in- 
creases in s with evacuation of the experimental tube 
are a result of the removal of water vapor from the 
surface. 

It is difficult to understand the insensitivity of the 
surface recombination velocity to adsorption of oxygen 
at room temperature on the basis of the model developed 
by Stevenson and Keyes.’ Since the results of work 
function and photoelectric yield on clean germanium 
surfaces suggest that the surfaces are degenerate or 
nearly so,® the insensitivity of s to room-temperature 
adsorption of oxygen would require the energy level of 
the recombination centers to lie extremely close to one 
of the band edges, according to the Stevenson-Keyes 
theory. If these levels lie at less than kT away from one 
of the band edges, the Fermi level must cut the surface 
at a distance greater than kT from the band edges, and 
the surface is then not degenerate. Any shift in the 
Fermi level at the surface resulting from oxygen adsorp- 
tion must also leave the Fermi level greater than kT 
from the band edge to ensure a constant value of s in 
this case. Less strenuous limitations can be realized if 
the Stevenson-Keyes assumption of equal recombina- 
tion-center capture probabilities for holes, cp, and for 


PRESSURE x TIME 
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electrons, ¢,, is dropped, as was done by Many et al."® 
Such a modification of the theory would allow the clean 
surface to be degenerate and still have an s value that 
is insensitive to oxygen adsorption. Since the clean 
surface is p type," a shift of the Stevenson-Keyes curve’* 
for the relative s value versus surface potential could 
cause the region of constant nonzero s of this curve to 
extend over the valence band. Such a shift in the curve 
would mean that c,<c,. Finally, it is possible that some 
other more basic assumption made in the development 
of the Stevenson-Keyes theory (e.g., constancy of 
recombination center density) may not be valid in the 
case of clean germanium surfaces and the theory there- 
fore may not be directly applicable. Some results ob- 
tained by Law and Garrett! should be mentioned. They 
found a sensitivity of s to room-temperature adsorption 
of oxygen for their surface in contrast with the present 
studies showing no change in s resulting from room- 
temperature adsorption. The value of s for the surface 
studied by Law and Garrett was higher than the values 
obtained for clean surfaces here. This may indicate that 
their surface was not well annealed after ion bombard- 
ment and that oxygen adsorption on a bombardment- 
damaged surface can affect the surface recombination 
processes. This view is supported by a comparison of 
the necessary conditions for well-annealed clean surfaces 
presented above, and the annealing conditions (420°C 
for 10 minutes followed by radiation quenching) in the 
experiment of Law and Garrett. 

Finally, the apparent increases in s upon exposure 
of a clean surface to oxygen at elevated temperatures 
are probably not simply a result of an enhanced oxygen 
adsorption. The erratic behavior of this phenomenon 


Many, Harnik, and Margoninski, Semiconductor Surface 
Physics (University of Pennsylvania Press, Philadelphia, 1957), 
). ° 

uP, Handler, Semiconductor Surface Physics (University of 
Pennsylvania Press, Philadelphia, 1957), p. 23. 
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makes it doubtful that this is entirely a surface effect. 
Similar apparent increases in s resulting from heating 
germanium in air at 70°-100°C have been reported by 
Buck and Brattain.” In their experiment these effects 
were also erratic. The present results suggest that the 
oxygen content in the air was the active agent associated 
with their observed results. 


2T. M. Buck and W. H. Brattain, J. Electrochem. Soc. 102, 
636 (1955). 
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The heat capacity of pure and reduced rutile has been measured between 1 and 20°K. Below 4°K, C for 
pure rutile is proportional to 7* with a Debye @ equal to 758°K. Upon reduction a large additional contribu- 
tion appears which is independent of temperature below 13°K. This is probably due to electrons which 
do not become degenerate above 1°K because of their very high effective mass (300-500 times the free 


electron mass). 


I. INTRODUCTION 


N electronic contribution to heat capacity has 

been observed for many metals at low tempera- 
tures since its original discovery by Keesom and Kok.! 
Recently such a contribution has also been found in 
impure semiconductors.? Except in superconductors 
below their transition points, this term is found to be 
proportional to the absolute temperature 7, in agree- 
ment with the Pauli-Sommerfeld degenerate electron 
gas theory.’ According to this theory the coefficient of 
this term is proportional to the density of electronic 
states at the Fermi level, which in turn is proportional 
to the electron effective mass. Since Breckenridge and 
Hosler* had reported that the electrons in reduced rutile 
(TiO2) had a high effective mass (30-100 times the 
free-electron mass) we expected to find a large non- 
lattice heat capacity in this material at low tempera- 
tures. We did indeed find that its heat capacity is very 
large below 4°K but to a first approximation it is inde- 
pendent of 7. 


II. EXPERIMENTAL 


The first sample was a single crystal boule of rutile® 
weighing 65 g; later we also used 200 g of single crystal 
* This work was supported by Signal Corp Contract. 

1 W. H. Keesom and J. A. Kok, Physica 1, 770 (1933). 

2 N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 

2A. Sommerfeld, Z. Physik 47, 1 (1928). 

4R. G. Breckenridge and W. R. Hosler, Phys. Rev. 91, 793 
(1953). 

5 These samples were kindly provided by Mr. W. C. Clark of 
the Linde Air Products Company. 


granules. The material as received was transparent, but 
slightly yellow. After the heat capacity was measured 
at low temperatures the crystal was reduced by the 
Linde Air Products Laboratory in an argon atmosphere 
at 1200°C. Later reductions were done in our depart- 
ment in a hydrogen atmosphere at 900°C. This tem- 
perature was also used for reoxidations in an oxygen 
atmosphere. All gases used were commercially pure and 
passed through a liquid nitrogen trap to remove oil and 
water vapor. Reduction rendered the material opaque, 
with a bluish color which deepened with increasing 
degree of reduction. On reoxidation it regained its 
yellowish color, but was less transparent than originally. 
The material was weighed before and after each treat- 
ment and the weight loss used as an estimate of the 
degree of reduction. This correlation is probably not 
very accurate for the granules, however, because of the 
difficulty in handling them. A transverse slice taken 
from the boule showed uniform coloration, indicating 
that reduction was uniform throughout. 

Thermometer and constantan heater wires were 
secured to the surface of the boule with Glyptal lacquer 
and the heat capacity measurements carried out in the 
manner described previously.? Phosphor-bronze wire 
was used as thermometer in the liquid helium range and 
lead wire at hydrogen temperatures. Corrections were 
made for the heat capacities of the wires and the 
Glyptal. After remounting, following reductions and 
oxidations, the vacuum can surrounding the boule was 
pumped for several days at room temperature. The 
heat capacity of the granules was measured in a calorim- 
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TABLE I. Weight loss and excess heat capacity of reduced rutile. 


Treatment 
and 


material Symbol 


Single crystal: 
none X 
reduced XR 
reoxidized XRO 
reduced XROR 
reduced XRORR 


Granules: 
reduced 
reduced 


GR 
GRR 


eter which had earlier been used in work on ger- 
manium.® A constantan heater wire and a phosphor- 
bronze thermometer wire (later replaced by an Allen- 
Bradley carbon composition resistor) were mounted in 
the calorimeter and it was filled with a measured 
quantity of helium gas for heat exchange. 

The heat capacity measurements were made on the 
boule and granules in various states which are listed 
in Table I, together with weight changes, increases in 
heat capacity per mole of rutile, and ratios of these 
increases to the weight losses expressed in gram-atoms 
of oxygen. 


Ill. RESULTS 
A. Pure Rutile 


The heat capacity of the boule in its original state 
(X) and after reduction and reoxidation (XRO) are 
plotted against 7* in Fig. 1. The 1948 temperature 
scale was used in computing these data. A recalculation 
of the X data using the 1955¢ scale gave no appreciable 
change in the slope of the line (and hence none in 69) so 
none of the other data were recalculated, since it is the 
relative values that are mainly of interest. The two 
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Fic. 1. Molar heat capacity of rutile as a function of 7* below 
4.3°K. @: X (single crystal boule). a: XRO (same crystal after 
reduction and reoxidation). 


6 P,; H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 


Weight loss Excess heat capacit y 


(Am) 16AC/Am 


gram ) ( millijoule -) ( : joule 
mole TiOz deg mole TiOz deg g atom O 


0.69 1.07 


0.73 
0.68 


0.20 
0.31 


0.020 
0.49 


parallel straight lines in Fig. 1 shown that the heat 


capacity can in both cases be written 


C=aT*+8, (1) 
with different values of 8 for X and for XRO. As will be 
discussed later, it is very probable that the constant 
term in the heat capacity can be ascribed to departures 
from stoichiometry, so that the cubic term common to 
both samples is taken to be their lattice contribution to 
heat capacity. Since on this assumption it appears to 
be insensitive to small departures from stoichiometry 
we conclude that it is also the lattice heat capacity 
of pure rutile, which then has a Debye parameter 
6)=758°K (with 9 degrees of freedom per molecule), 
and a cubic region which extends up to at least 4.5°K. 

In Fig. 2 the molar heat capacity of pure rutile is 
plotted against temperature up to 20°K (on this scale 
the constant term is not visible). Between 10 and 20°K 
it rises faster than 7*; this behavior can be described 
by a Debye parameter @ which decreases from 690°K 
at 10°K to 450°K at 20°K. Values of @ in this range are 
listed in Table II. These results are in excellent agree- 
ment with those of Dugdale, Morrison, and Patterson.’ 


B. Reduced Rutile 


The data from which the fourth column in Table I is 
computed are plotted in Fig. 3. Except for XR (the 
heaviest reduction) it appears that for both the boule 
and the granules the effect of reduction is to add a 
term to the heat capacity which is nearly independent 
of T between 1 and 4°K. The spread in results on XR 
is large because the great increase in heat capacity is 
apparently not accompanied by a similar increase in 
thermal conductivity; hence the thermal diffusivity 
becomes small. The resulting temperature inhomo- 
geneity in the boule during the measurement introduces 
large errors in evaluating the temperature increase and 
thus the heat capacity. 

The difficulty mentioned above which is inherent in 
measuring the weight loss for the granules makes the 
small value (20 milligram) for GR (granules after 


? Dugdale, Morrison, and Patterson, Proc. Roy. Soc. (London) 


A224, 228 (1954). 
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Fic. 2. Molar heat capacity of rutile as a function of T below 20°K 
e: X (single crystal boule). a: XR (same crystal after reduction) 


reduction) rather unreliable. Excluding the results for 
this measurement as well as for XR, we find that for 
the other three measurements the ratio of increase in 
heat capacity (using the value at 3°K in all cases) to 
weight loss is about 0.7 joule/degree per gram atom 
oxygen loss, or 0.12 10-'* erg/degree per O atom lost. 
Since the value of 8 in Eq. (1) is 7X 10~* joule/degree 
mole TiO, in the measurement on X and about twice 
this for XRO, it could be accounted for by an oxygen 
deficiency of 10-* atom percent (one O atom in 2X 10*) 
for the “pure” material in the boule as received, and 
twice this in the material after it had been heavily 
reduced and then reoxidized. 

The molar heat capacity of XR is plotted in Fig. 2 
up to 20°K. The measurements show less scatter above 
10°K than below 4°K, presumably because the thermal 
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Fic. 3. Molar heat capacity of rutile as a function of T below 
5°K. ©: X (single crystal boule). a: XR (same crystal after 
reduction). A: XROR (XR after reoxidation and further reduc- 
tion). V: XRORR (XROR after still further reduction). @: GR 
(granules after reduction). * : GRR (GR after further reduction). 
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diffusivity is much larger. The difference between X 
and XR appears to be roughly constant up to about 
13°K, and becomes too small to be observed by 16°K. 
It should be pointed out that the difference measured 
at 3°K would still be about 10% of the total molar 
heat at 20°K, so that we must conclude that its absence 
is due to a real decline, rather than to masking by the 
rapidly increasing lattice contribution. 


IV. DISCUSSION 


The nearly constant additional heat capacity ob- 
served below 13°K in the reduced samples suggests the 
presence of a nondegenerate gas. Helium, the only 
chemical substance which is a gas in this temperature 
range, can be ruled out as the source because its heat 
capacity would not decrease above 13°K ; furthermore, 
such a term did not occur with the pure or reoxi- 
dized samples under identical experimental conditions. 
Finally, we collected the gas evolved from specimen 
XR on warming to room temperature. Less than 3X 10-? 
cm* NTP was collected while about 10° as much would 
be required to account for the observed AC. Hence we 
were led to examine the possibility that the electronic 


TABLE II. Debye characteristic temperature 0 of 
pure rutile between 10 and 20°K. 





6 (°K) 





contribution might take this form in the reduced ma- 
terial, which is a semiconductor. 

If we therefore assume a contribution of 3k/2 per 
electron, where kis Boltzmann’s constant, the additional 
heat capacity per mole, AC (column 4 in Table I) can 
be related to m, the concentration of electrons intro 
duced by reduction, by 


n= 2.58X 108 AC cm-* (2) 


if AC is in millijoules/degree mole TiO». However, such 
a large concentration would result in degeneracy at low 
temperatures (and therefore in AC proportional to 7) 
unless the density of electron levels is correspondingly 
high. This in turn requires a large effective mass, m*, 
for the electrons in the band since for a standard energy 
band (level density proportional to the square root of 
energy difference with respect to the band edge) the 
level density is proportional to (m*)!. Electrons in such 
a band will become degenerate at sufficiently low 
temperatures; a convenient though arbitrary dividing 
line is given by the so-called degeneracy temperature, 
Ta, defined by {=kTa, where £ is the Fermi energy. 
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The relation connecting n, m*, and T, is then 
m*T a= (h?/k) (3n/89)!. (3) 


The onset of degeneracy is accompanied by a decline 
in the heat capacity; at 7, it has decreased by about 
7% from the classical value. If we associate the ob- 
served decrease in AC near 1°K (for the more heavily 
reduced samples GRR and XRORR) with this effect 
we can combine Eqs. (2) and (3) to give = 


m*/m=79(AC)'/T a, (4) 


where m is the free electron mass. The data plotted in 
Fig. 3 give T,~1.4°K for XRORR which leads to 
m*/m=310; for GRR, T,=1.2°K which gives 
m*/m= 530. 

Such high effective masses would be associated with 
electrons in a very narrow energy band. This is most 
likely not the conduction band of the pure crystal, 
since even at much higher: temperatures (78-500°K) 
Breckenridge and Hosler* concluded from their meas- 
urements of resistivity and Hall effect that they were 
dealing with electrons in states introduced by various 
centers which occur in the crystal as a result of reduc- 
tion. However, the effective masses they deduced from 
their measurements ranged from 29 to 133 times the 
free-electron mass. 

In an effort to reconcile our much higher values with 
theirs, we attempted to measure the resistivity and Hall 
coefficient in the liquid helium range. However, a sample 
cut from the boule appeared to contain many small 
fractures, presumably the result of the reductions, 
oxidations, and temperature cyclings it had undergone. 
We therefore obtained from the National Bureau of 
Standards* a sample cut with the c axis along its length, 
which had been reduced in a hydrogen atmosphere for 
5 minutes at 800°C. Room temperature measurements 
of resistivity and Hall constant agreed with those 
reported for similar samples by Breckenridge and 
Hosler.‘ Hall-constant values down to 10°K are plotted 
in Fig. 4. Because of the very low mobility it was im- 
possible to measure the Hall constant at lower tempera- 
tures, but from the sensitivity of the apparatus it is 
possible to estimate the upper limit of the Hall constant 
at 4°K. This upper limit is indicated on the graph by a 
double-headed horizontal arrow. 

The upper limit is about 10° times smaller than that 
found at 4°K by extrapolation from the points measured 
at 77 and 20°K. This sort of behavior of the Hall constant 
has been observed in other semiconductors, for instance 
germanium’: and InSb." In these substances the Hall 
constant reaches a maximum at some temperature 
below the exhaustion range and then decreases at lower 


8 We are indebted to Dr. H. P. R. Frederikse for providing us 
with this sample. 

®C. S. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950); 
96, 1226 (1954). C. S. Hung, Phys. Rev. 79, 727 (1950). 

10H. Fritzsche, Phys. Rev. 99, 406 (1955). 

1H. Fritzsche and K. Lark-Horovitz, Phys. Rev. 99, 400 (1955). 
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Fic. 4. Hall constant of NBS rutile sample as a 
function of 1/7; <: upper limit at 4.2°K. 


temperatures to a value of the same order of magnitude 
as that in the exhaustion range. This has been inter- 
preted as corresponding to a transition of the carriers 
from levels in the conduction band, which are occupied 
at high temperatures, to levels in a lower lying band 
arising from impurities, which are occupied at lower 
temperatures. The corresponding transitions in rutile 
presumably all connect different sets of levels arising 
from reduction, rather than levels in the conduction 
band with those arising from impurities. It is thus 
possible to infer that the excess heat capacity observed 
below 10°K is due to electrons in a band of levels, at 
lower energies than those observed by Breckenridge and 
Hosler,* in which the effective mass is considerably 
higher than in the higher levels. 

If we assume that this sort of transition is responsible 
for the relatively low upper limit to the Hall constant 
at 4°K, we can then estimate the carrier concentration 
from the Hall constant measured at 77°K, where the 
results of Breckenridge and Hosler show it to be rela- 
tively independent of temperature. This gives a carrier 
concentration of the order of 10'*cm~* in the sample 
provided us by the National Bureau of Standards 
(NBS). It is unfortunately impossible to compare 
this sample with ours directly, since we have no reduc- 
tion weight-loss data for it. All our reductions, however, 
were for times much longer than five minutes and at 
temperatures higher than 800°C. Thus it is not in- 
consistent that the indirect comparison, which we can 
make by calculating carrier concentrations in our speci- 
mens from Eq. (2), gives higher values (2X 10" to 10°). 

The rough estimate which we have made of the 
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effective mass in the lower band (which is presumably 
responsible for the high heat capacity observed below 
13°K) does not appear to warrant drawing any detailed 
conclusions concerning the nature of these energy levels. 
We can conclude, however, that they are associated 
with a rather complex sort of crystal defect. This would 
seem to follow from the fact that if we insert in Eq. (2) 
the value 700 millijoule/deg per gram-atom oxygen 
loss (the average arrived at in Pt. III) we find that 
the free-electron concentration corresponds to only one 
electron for each eighteen oxygen atoms lost by re- 
duction. It is thus possible that more than one set of 
levels is involved, and that we observe the excess heat 
capacity due only to electrons in one band with very 
high effective mass. Its disappearance between 13 and 
16°K would be expected if this band were (a) narrower 
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than 13°K (about 10~ electron volt), and (b) separated 
by a gap of rather greater energy than this from the 
next higher band of levels. Our data are consistent 
with both of these requirements, since (a) the de- 
generacy temperatures in the moderately reduced 
samples are only about one-tenth of 13°K, and (b) at 
least in the lightly reduced NBS sample, the gap corre- 
sponding to the slope of the straight line in Fig. 4 is 
about eight times larger than 13°K. 
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The theory of self-diffusion in a crystal via the vacancy mechanism is investigated from a detailed dy- 
namical model. It is shown that the parameters which determine the diffusion coefficient can be defined in 
terms of the normal coordinates of the crystal. The effects of lattice imperfections are considered explicitly in 
the formulation in the normal mode analysis, but no detailed analysis is given. The effects of the correlation 
in motion of atoms is considered and some comments on the physical nature of the contributions to the 


enthalpy and entropy of activation are presented. 


I. INTRODUCTION 


HE theory of diffusion in a crystalline phase is 

usually developed by an application of absolute 

rate theory. If it is assumed that the diffusing atom 

moves by a series of “jumps” of length AX in the X 

direction, and if the frequency with which these jumps 

occur is denoted by I’, then the diffusion coefficient may 
be written in the form! 


D= 31 (AX)?, (1) 
the factor 3 arising from the possibility of jumps — AX. 
To compute the frequency of jumps it is supposed that 
the diffusing particle must surmount a free-energy 
barrier. A simple application of the formalism of abso- 
lute rate theory then leads to the relation? 


D= (kT /h) (AX)? exp(—AG'/kT), (2) 
with AG' the Gibbs free energy of activation per mole- 
cule, and the universal constants k and / have their 
usual significance. Other formulations, substantially 


1§. Chandrasekhar, Revs. Modern. Phys. 15, 1 (1943). 
2 See, for example, C. Zener, in Imperfections in Nearly Perfect 
Crystals (John Wiley and Sons, Inc., New York, 1952), p. 289. 


equivalent to the application of absolute rate theory, 
have also been presented. Thus Zener obtains for the 
diffusion coefficient the relation’ 


D= ya*v exp(— AG'/RT), (3) 
with a the lattice parameter, y a numerical constant, 
and v a rather ill-defined vibrational frequency. 

Note that both expressions (2) and (3) involve a free 
energy of activation rather than an energy of activation. 
It is necessary that the barrier be a free energy rather 
than an energy in order to account for the inevitable 
complimentary changes which occur in a dense medium 
when a single particle is moved. That is to say, the 
mean force acting on the diffusing atom is the gradient 
of the local free energy, i.e., the potential of mean force, 
and not of the potential energy of interaction. Equations 
(2) and (3) have been used principally for the descrip- 
tion of the temperature dependence of the diffusion 
coefficient and to distinguish between alternative dif- 
fusive mechanisms by means of the calculation of AG’. 
Despite the ambiguity in the definition of various 
fundamental quantities (such as the frequency v) this 


3E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 
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program has met with a considerable measure of 
success.” 

There are, however, several objections to the formal- 
ism embodied in Eqs. (2) and (3). To cite two, we 
mention first that the basic assumption underlying the 
application of absolute rate theory to diffusive processes 
is that there exists a transition state whose existence is 
sufficiently well defined and whose lifetime is suffi- 
ciently long that it makes sense to define the thermo- 
dynamic properties of the activated atom. It is usually 
further assumed that the properties of the transition 
state are substantially identical with the properties of 
unactivated states except along certain reaction coordi- 
nates. This last assumption is troublesome in that AG" 
then refers to a ratio of partition functions with different 
numbers of degrees of freedom and therefore does not 
represent the work done in any simple process. The 
postulation of a thermodynamically definable activated 
state would seem to require either some experimental 
demonstration of its existence, or at least a plausibility 
argument indicating that its mean lifetime is sufficiently 
long to achieve the equilibrium proposed. It is generally 
believed, however, the diffusing particle spends most of 
its time on one or the other side of the barrier and 
actually crosses very rapidly (in a period covering at 
most a few vibrations). Under these circumstances the 
use of an activated state is probably a marked over- 
simplification. 

A second criticism may be directed against the usual 
calculations of the entropic part of the free energy of 
activation. These analyses ordinarily proceed by using 
macroscopic parameters such as elastic constants and 
with almost total neglect of the details of the local 
dynamics. It is known that the inclusion of defects in a 
crystalline lattice modifies the frequency spectrum of 
the lattice, especially in the vicinity‘of an impurity.’ 
Since it is just the local environment of the lattice defect 
which is expected to dominate its motion, the descrip- 
tion of local dynamical behavior in terms of macroscopic 
parameters can lead to errors. An extreme example of 
this local behavior is the existence of a pulsating mode in 
the vibrational spectrum of a one-dimensional crystal 
with a vacancy.’ This mode refers to the out-of-phase 
motions of the neighbors of the hole and is localized in 
the vicinity of the vacancy. In the course of time the 
out-of-phase motions occasionally become in phase and 
the vacancy thereby diffuses. Clearly, the neglect of this 
localized mode will markedly alter the ¢éomputed 
diffusion coefficient. 

From a mechanistic point of view, it would be de- 
sirable to formulate the theory of diffusion in terms of a 
dynamical model, rather than using a thermodynamic 
description. The use of thermodynamic functions at the 
very outset to describe molecular behavior results in an 
averaging procedure which masks much of the physical 
situation. It is probably advantageous to proceed from 
the opposite point of view, even if this requires the 
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introduction of approximate procedures. The purpose of 
this brief communication is to outline the formal theory 
of diffusion in solids by a method which proceeds 
directly from a consideration of the lattice dynamics. 
The formalism is based upon analogies with the theory 
of unimolecular reaction rates and makes extensive use 
of some calculations due to Slater.* The chief advantages 
accruing from this procedure are that all average 
molecular parameters become well-defined and the 
origins of the energetic and entropic changes involved 
can be identified. Subsequent notes will deal with the 
application of the formalism to special models. 

Before proceeding, we wish to mention an investiga- 
tion by Vineyard® which treats the process of diffusion 
in the complete phase space of the system. Vineyard 
computes the velocity with which the phase point passes 
over the barrier by a technique essentially identical 
with that used by Pelzer* to discuss the theory of 
unimolecular reactions. The advantage of performing all 
the calculations in the complete phase space is that the 
many-body character of the problem is emphasized. A 
major point of departure between Vineyard’s treatment 
and that presented herein is that Vineyard’s treatment 
is in the sense of transition state theory and still makes 
use of the assumption that the state at the top of the 
col is sufficiently long-lived to permit the definition of 
thermodynamic functions. The author cannot prove or 
disprove this assumption, but his personal prejudice is 
that it is not accurate for the case of diffusion. We do 
not use this assumption in the development of this 
paper. The treatment contained herein may be con- 
sidered to be complimentary to that of Vineyard and 
represents a different point of view. 


II. SOME GENERAL CONSIDERATIONS 


It is well known that if the restoring forces acting on 
an atom in a crystal are linear in the displacement of the 
particle from its equilibrium position, then it is possible 
to make a normal mode analysis of the motion of the 
N-body system.* In this harmonic approximation, each 
of the normal modes is independent of all the others, but 
the normal modes do not, in general, correspond to the 
motion of atoms along arbitrarily selected paths in the 
lattice. Any such motion along a particular trajectory is 
composed of contributions from many different modes 
of vibration. If there are no external interactions, any 
given normal mode remains constant in time, unchanged 
in energy or phase. However, the particular trajectory 
mentioned above is composed of a sum of oscillating 
functions with the result that its energy does change in 
time, provided only that the individual contributions to 
the sum are not everywhere in phase. 

4A. F. Trotman-Dickenson, Gas Kinetics (Academic Press, Inc., 
New York, 1955). N. B. Slater, Proc. Roy. Soc. (London) A194, 
112 (1948); Proc. Roy. Soc. (London) A164, 161 (1955). 

5G. H. Vineyard, J. Phys. Chem. Solids 3, 121 (1957). 

6 An extensive analysis of this problem is to be found in M. Born 
and K. Huang, The Dynamical Theory of Crystals (Oxford Uni- 
versity Press, Oxford, 1955). 
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Consider, for definiteness, the motion of an atom in 
the first shell of neighbors of a vacancy and consider the 
vacancy mechanism of diffusion. In order that the atom 
or vacancy change its lattice position it is necessary that 
the amplitude of vibration of the atom along the line 
between the lattice points of atom and vacancy be 
sufficiently large that the force tending to pull the atom 
into the adjacent vacancy lattice position exceeds the 
restoring force tending to return it to its own lattice 
position. In addition to this requirement there are at 
least two other obvious physical conditions which must 
be satisfied. If attention is focused on one atom as the 
migrating species, then the direction in which the 
vibration occurs is important. For, if we temporarily 
regard the shell of neighbors as static, only if the direc- 
tion of the vibration falls into that solid angle corre- 
sponding to the location of the vacancy can an exchange 
of sites occur. Second, examination of hard sphere 
models of close packed lattices reveal that if the posi- 
tions of the atoms in the shell immediately surrounding 
a vacancy remain unaltered, then the migrating central 
atom cannot reach the vacancy site due to the small 
cross-sectional area presented by the hole in the shell. In 
order for diffusion to occur there must be an out of 
phase motion of the atoms surrounding the vacancy or, 
in macroscopic language, local expansion of the lattice. 
Finally, if attention be focused on an atom in the crystal 
chosen at random, diffusion is possible only if there is a 
vacancy adjacent to the atom. The diffusion coefficient 
therefore also depends upon the vacancy concentration. 

The preceding paragraph has been couched in terms 
of a normal mode analysis and of harmonic forces. This 
is certain to be incorrect for the discussion of vibrations 
with amplitudes large enough to cause an exchange of 
lattice sites. However, the simplification introduced by 
considering the thermal motion to be harmonic is so 
extensive that we shall use it despite its obvious short- 
comings. In justification, it will be recalled that in the 
Debye model of a crystal the thermal expansion of the 
lattice is explained as follows. If the forces acting on the 
atoms were completely harmonic, there would be no 
thermal expansion and therefore the particles must 
move in nonlinear fields of force. At any fixed tempera- 
ture, however, it is a reasonable approximation to regard 
the thermal motion as harmonic with an origin and 
frequency which differs from that at another tempera- 
ture. That is, the thermal expansion is regarded as due 
to the shift in the mean position of an atom due to the 
asymmetry of the field, but the vibrations about the 
shifted mean position are always taken as harmonic. 
The procedure may be regarded as a perturbation treat- 
ment in which the perturbation is sufficiently small not 
to alter the character of the forces though it may 
slightly shift their origin. The physical picture presented 
in this paper does not require that the crystal be har- 
monic. The long-term average frequency with which the 
central atom achieves a critical amplitude may be 
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defined for anharmonic forces, but in these cases, the 
relation between the motions of the central atom and its 
neighbors is much more difficult to analyze. 

A second major approximation which will be made in 
this note is the treatment of the crystal dynamics only 
in the classical limit. This restricts the treatment to the 
temperature range T>2QOp, where Op is the Debye 
characteristic temperature. In this temperature region 
the deviation of the specific heat computed by the 
Debye model from the classical value 3R is a maximum 
of 15% at T=20p and smaller at larger T. The 
deviation of the energy from its classical value is much 
smaller. 

In the following, only the vacancy mechanism for self- 
diffusion is discussed. The formalism presented can 
easily be extended to other mechanisms and to more 
complicated diffusion problems, but for the present 
these extra complications are omitted to prevent 
obfuscation of the general principles. Some extensions 
will be considered along with the detailed effects of 
lattice imperfections in a subsequent note. 

The frequency with which an atom makes a jump of 
length AX in a specified direction may be written in the 
transparent form 


P= L pisP({5}), (4) 


where p;; is the pair distribution function in coordinate 
space, i.e., the probability of finding an atom at lattice 
site i and a vacancy at lattice site 7, and ®({6}) is the 
frequency of occurrence of a configuration in which the 
central atom has large amplitude of vibration properly 
oriented and there is an out-of-phase motion of the 
surrounding atoms, the symbol {6} referring to said 
configuration. The summation is to be taken over all the 
nearest neighbors of the atom since the vacant site can 
be located at any one of the positions of the first shell. 

The pair distribution function (referring only to 
lattice sites) is a function of the concentrations of atoms 
and vacancies. Since the vacancy concentration is very 
low, it is permissible to neglect the correlation between 
vacancies and atoms and express p;;° as 


NsL-—N 
(Ze 
L 


where the crystal contains L lattice sites and N atoms. 
Equation (5) is an expression of the approximation that 
the holes and atoms are randomly mixed. This ap- 
proximation is likely to be quite adequate at the tem- 
peratures ordinarily employed for self diffusion measure- 
ments. It should be borne in mind, however, that the 
attractive force acting between two holes in a lattice 
will cause them to coalesce and separate as a distinct 
phase at absolute zero.’ The incipient clustering pre- 
liminary to phase separation may occur in a measurable 
temperature range, provided that the thermodynamics 
of hole formation permits a sufficient concentration. To 
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proceed, since L~N>>L—N, Eq. (5) may be written in 
the abbreviated form 

pij = (L—N)/L=¢, (6) 
where ¢ is the site fraction of vacancies. In the usual 
manner, the site fraction of vacancies could be related to 
their free energy of formation. We shall postpone the 
introduction of this thermodynamic relationship for the 
present. 

To calculate the frequency with which a special 
configuration occurs requires a consideration of the 
lattice dynamics. In the next section it is shown that the 
factor ®({5}) is of the form 

#((8)) = ve TT OT TT ga, (7) 

j k>l 

where » is a weighted mean frequency, Uo is the energy 
required for the central atom to reach the critical 
vibrational amplitude along the line connecting the 
atom and vacancy lattice sites, the U; are the energies 
required to shift the shell atoms from their equilibrium 
positions, and the g,: are the pair correlation functions 
relating to the positions of atoms & and /. The product 
is to be taken over all shell atoms required to move 
before the diffusive displacement can occur, and the 
gi” include the correlations between all pairs of atoms, 
especially the migrating atom and all the displaced shell 
atoms. The weighting factors for the mean frequency 
will be seen to be just the squares of the contributions 
from the various normal coordinates. The substitution 
of Eq. (6) into Eq. (4) leads to the relation 


(8) 


D=4Zv(AX)*pe-Uol #? TT eV kT TT gy, 
? 


k>l 


with Z the number of nearest neighbors to an atom. 
Note that the energy Uo is not the energy of activation. 


III. ROLE OF LATTICE DYNAMICS 


Consider some one atom adjacent to a vacancy. The 
conditions which must be fulfilled for a diffusive motion 
to occur have been discussed in Sec. II. It is fairly 
evident, from physical considerations, that the motions 
which must be made by the shell atoms in order to 
permit a central atom to migrate are vibrations of much 
smaller amplitude than the particular very large ampli- 
tude vibration which affects the translation of the 
central atom from one site to the next. It is also physi- 
cally clear that the frequency with which any atom 
explores a given configuration decreases with decreasing 
probability of occurrence of the configuration. We may 
therefore safely conclude that the frequency with which 
shell motions of the proper amplitude occur is probably 
much greater than the frequency with which the 
central atom reaches the critical vibrational amplitude. 
These considerations permit us to make the foi!owing 
physical approximation. It will be assumed that the 
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frequency factor ®({5}) is equal to the frequency with 
which the central atom achieves the necessary critical 
amplitude multiplied by the multiparticle distribution 
function describing the configuration of all the atoms 
involved when in the critical spatial configuration. This 
specific assumption about the rate-determining step 
greatly simplifies the mathematical treatment. It is not 
necessary to make this approximation but the mathe- 
matical complications then completely obscure the me- 
chanical situation. Note that this approximation in- 
volves the assumption that the amplitude of the shell 
atom vibrations is sufficiently small that the product of 
a number of exponential factors, with negative expo- 
nents —U ;/kT, is still much larger than the one term 
involving in the Boltzmann factor the large energy Uo. 
This assumption appears accurate on the harmonic 
oscillator model for which the energy is proportional to 
the square of the amplitude. We first focus attention on 
the motion of the migrating atom. 

In the following paragraphs we shall make extensive 
use of Slater’s‘ results. We repeat many of them here 
since they are unfamiliar to most investigators inter- 
ested in solid-state physics. 

We assume that a normal mode analysis of the crystal 
has been made including the effects of lattice defects* 
and that therefore the normal coordinates Q; and fre- 
quencies v; are known. Consider some very large crystal 
with a low density of vacancies. About each vacancy 
site excise a volume element sufficiently large that the 
motion of an atom in the shell surrounding the vacancy 
in an arbitrary direction is essentially uncorrelated with 
the motions of atoms outside the volume. Under these 
circumstances the rest of the crystal serves as a heat 
bath for the subvolume under consideration. 

Let the displacement in the direction of the line be- 
tween the occupied and vacant sites be denoted by q:. 
Then g; may be represented as the superposition of 
normal coordinates with various weights, aj, 


n=DLind:, (9) 


O,;=e,' cos[2r(vt+6,) ], 


and 


(10) 


with v;, €;, and 6; the frequency, energy and phase of the 
ith normal coordinate. The {e,;} and {6;} change only 
through the interaction of the volume element with the 
surrounding heat bath. However, although the energy 
and phase of a single normal coordinate does not change 
except due to external interactions, the amplitude of a 
particular atomic motion does change due to the time 
dependence of the superposition of the normal co- 
ordinates. 

The atom is assumed to jump from one lattice point 
to another if and when the particular coordinate q, 
reaches a critical value go. For this to happen, the 
contributions to g; of the normal coordinates must 
satisfy the relation 


Lilari| €#> go. (11) 
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If there are m modes of vibration which contribute to the 
coordinate gi, then the total energy is easily seen to be 


U=)> 5-1" Ei, 


since there are no interactions between the normal 
coordinates. The number of contributing modes, m, may 
be very much smaller than the total number of modes of 
vibration. Symmetry effects prevent certain modes from 
contributing to g; and the establishment of a precision 
to within which q; is to be specified provides a cutoff for 
many others. From Eq. (11) it is readily found that the 
minimum energy satisfying the condition expressed in 
Eq. (11) is of the form 


Us= qo" >" Qi, 


(12) 


(13) 


where it must be emphasized that Uo is the minimum 
energy required for the atom to achieve the critical 
amplitude and is not the activation energy. We shall 
discuss the choice of go in Sec. IV. 

Due to the exchange of energy by the region of the 
crystal under examination with its surrounding heat 
bath, the subvolume fluctuates in energy. Let w be the 
frequency with which these fluctuations in energy occur. 
If the rate at which an atom jumps into a vacant lattice 
site is small relative to the frequency with which the 
energy of the subvolume (more particularly the n 
normal coordinates contributing to the coordinate q;) 
fluctuates, then the subvolume under consideration will 
be essentially in thermal equilibrium with the sur- 
rounding thermostat. Now, the combination of the 
condition expressed in Eq. (11) with the expansion of 
Eq. (9) leads to the following definition of the critical 
configuration which must be realized for diffusion to 
occur: 


gi—go= > ares cosL2x(vt+6;) ]—go=0. (14) 


i=l 


Consider an ensemble of subvolumes of the type de- 
scribed. The assumption that the frequency of fluctua- 
tions, w, is very much larger than the frequency with 
which gi—go passes through zero from the region 
gi— qo<0 permits us to replace an ensemble average by 
the long term time average behavior of the sum (14). 
Let M ({«,}) be the long term average frequency of zeros 
of Eq. (14) defined as 


M ({¢;})=frequency of zeros of } lim 


Too 


ln 
x|- z aie? cosC2u(d-+8,)]-ao] (15) 


T i=l 


where the factor one-half arises from the fact that we 
are interested only in the frequency of approach to zero 
from the region gi—qo<0. As indicated, the frequency 
of zeros is a function of the energies ¢;, the definition 
(15) implying constant total energy in the m normal 
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coordinates. The total rate at which an atom reaches the 
critical amplitude is then equal to the probability of 
finding the system with total energy given by Eq. (12) 
multiplied by the long term average frequency of zeros 
corresponding to that total energy, integrated over all 
values of the energy larger than a lower limit, U5, 


1 n de, 
n= f M exp( - —> «) - : 
U>Us kT i= kT kT 


The frequency of zeros of the trigonometric sum has 
been found by Kac to bet? 


1 = ££” cos(gox) 
4? =. —2 y ~- 


—JI (ai {es(x?+4ry*v?) }!)}dxdy, (17) 


with Jo(«) the Bessel function of zero order. Equation 
(17) automatically satisfies the condition that M ({«})=0 
when U’ < Uo, so that the range of integration in Eq. (16) 
can be over all values of the energy. Insertion of Eq. 
(17) into Eq. (16), followed by the indicated integra- 
tions, leads to the exact result 


P= ve Volk, (18) 


with the mean frequency v defined by the relation 


(19) 


n n 
Row . 2/ 2 
_ eae > ay Ve/ 2 ais, 
i=l i=l 


and where U, is given in Eq. (12). Note that the fre- 
quency lies between the greatest and smallest frequencies 
contributing to gi. The role of imperfections in de- 
termining the rate of diffusion is contained in the 
normal-mode analysis, presumed known. With this 
knowledge a calculation of v can be made from physical 
approximations to the normal-coordinate contributions 
to q1- 

To complete the specification of the frequency of 
atomic jumps now requires consideration of the multi- 
particle distribution function in configuration space. In 
general, the probability density for finding molecule one 
in the volume element dr; about g:--- and molecule h 
in volume element dr, about g, is given by*® 


P (gy,-- a= f- . + feetarags: . dry / 
f. é  fevnrdr, . -dty. (20) 


In a crystal, the many-body probability density may be 
expressed as the product of probability densities in pair 


7M. Kac, Am. J. Math. 65, 609 (1943). 
® See, for example, T. L. Hill, Statistical Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1956). 
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space. In contrast to the case of liquids, this superposi- 
tion principle is correct in the harmonic crystal. To 
illustrate, consider that only two shell atoms must move 
to provide a large enough hole for diffusion. The proba- 
bility density in triplet space may be decomposed as 
follows’: 
OO (Ginga) OM (41.99) (G20) 


P® (91,92,93) =— (21) 


wa (g1)P™ (q2)P™ (qs) 


It is convenient to define the pair correlation function 
gui by the relation 

P® (94,91) =P (qu)P (quger™, (22) 
thus enabling Eq. (21) to be rewritten as 
P® (91,92,93) =P (qr) P™ (G2) P (qs) g12 B13 B23, 


and from Eq. (20) gx‘ is seen to be 


mone f-- fe UIkT dr dry / 
foofe UIkTd 7, 


U,/kT 
, 


-dty, 


and 
vP) (91) =e 


WP (qo) =e Ul ET, 
where U,; and U,» are the energies required to place 
particles one and two at distances g; and g2 from their 
lattice points and v is the volume available to an atom, 
the volume of a cell. The pair correlation function de- 
fined herein is normalized differently than the one used 
in the theory of fluids.* The outstanding feature of a 
fluid is the constant singlet density, P® ~1/V, whereas 
crystals have a periodic structure. The existence of this 
periodic structure makes it convenient to define coordi- 
nates in terms of displacement from lattice points. The 
probability densities which we are using and the corre- 
sponding pair correlation functions all are taken to refer 
to displacements from lattice points and not to general 
points in space. 

Let the total potential energy of the crystal be 
written in the form 


= ,% 4:39 Qj, (26) 
i>; 

where, as before, the g; are displacements from the 

lattice positions and the a;; are coefficients. To compute 

the integral in the denominator of Eq. (24), we make a 

normal-mode analysis for all N atoms, which leads to 

the well-known result 


i(—]. 


u=l lamy,2 


(27) 


where the spectrum of frequencies is to be determined, 
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including lattice defects, from a more extended analysis 
and m is the mass of an atom. To reduce the integral in 
the numerator, we require a different normal-mode 
analysis in which the coordinates of particles one and 
two are omitted from the diagonalization of the 
quadratic form.® To do this, transform Eq. (26) to the 


equivalent form 


3N 3N 3N 


= YX aiqagit ¥ auggit DX 425929; 


>j=3 i>3 j>3 


+ 1191? +24129192+ 42292”. (28) 
Let the determinant of the matrix which diagonalizes 
the first term of Eq. (28) be denoted by A‘*~”. Then the 
potential energy U is transformed to the form 


> ma ?0?+} p22 


—— RiiQi 


+3419: +4129192+ 242292", (29) 
where, w; is the angular frequency associated with the 
ith normal coordinate Q; and R;; and R;;, are the 
normal eigenvectors corresponding to columns 7 and 7 
of the transformation matrix. The integration indicated 
in the numerator of Eq. (24) may now be performed by 
completing the square, the final result being” 


1 
£27 =v" exp| _ (angi'+ 2ougaet+onae) | 
2kT : 


Ls 
<I] (3N—6)/2 exp( - —— ) 
“ 4mw,2kT 


x{~] /t [=] 
mo,” mo, 4’ 


Ly=(1/V2)d0 (argu tae2ig2)Rin 


where 


By decompositions similar to that expressed in Eqs. 
(21) and (22), higher order distribution functions may 
also be decomposed. The final form of the diffusion 
coefficient is thus seen to be, collecting Eqs. (1), (4), 
(18), (20), (23), and (25), 


dy GP OMe #7 (Ax)? H 5(q;—950)dq; 


n.n. 


ae 1Zv(Ax)*e -Uo/kT II e-UilkT II ger” (92,90); (32) 
i k>l 


®T am indebted to Dr. R. M. Mazo for pointing out the possi- 
bility of this transformation. 


1 L. Van Hove, Phys. Rev. 95, 249 (1954). 
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with the gjo’s the required critical amplitudes of shell 
atoms, and where the factor e”°/*7 has been inserted in 
the first form to account for the fact that I, contains as 
a factor ® (go) which also appears in the probability 
density 0. 


IV. DISCUSSION 


It is of interest to transform Eq. (32) to a form similar 
to Eq. (3) and to determine the activation energy. As- 
suming that the details of the diffusive mechanism are 
known, i.e., the numbers of atoms involved and their 
directions of motion, etc., Eq. (32) may be rewritten in 
the form 


1 1 
D=ya'v ep(-— Urtw;) ep(-— 2 Wu) 
AT kT it 


1 
xexp| -—(a,~78,)], (33) 
kT 


where the constant y is composed of the number of 
nearest neighbors and the geometric parameters which 
convert the jump length AX to the lattice parameter a, 
the potential of mean force W,,; is defined by 


(34) 


and AH, and AS, are the enthalpy and entropy of 
formation of a hole. This latter factor is just the 
thermodynamic relation between the site fraction of 
holes and the energetics of formation. If the enthalpy of 
activation is now defined by 


— o—Wei/ 
gri =e kl al 


dilnD AHt 


= ' (35) 
0(1/T) k 
we readily find that 


AHt=Ust+d Uj+ ¥ ABi:+ AM, (36) 
] k>l 


where AH;,,; is the energetic contribution to the po- 
tential of mean force." In a similar manner, an entropy 
of activation may be defined as 


ASt=AS,+ ¥ ASu1, 


k>l 


W ..=AH,i— TAS ;.1, 


(37) 


(38) 


where the new symbols have obvious meanings. The 
total entropy of activation is composed of the entropy 
of formation of the lattice vacancies plus the entropic 
contributions to the potential of mean force. It is not 
immediately obvious that the entropic contributions 
AS; will be related to the temperature coefficient of the 
elastic moduli.” For, if this suggestion of Zener’s is 


1 AH, is defined by the relation @ Ingy:/d(1/T)= —AHxi/k 
with analogous formal definition of AS,:. 


As RACE 


carried to its logical conclusion, it is implied that the 
total entropy of activation is due to the temperature 
dependence of the elastic energy with the complete 
neglect of the entropic changes due to changes in 
vibrational amplitudes, etc. In a crude approximation, 
this amounts to neglecting terms of order of magnitude 
ASamp=R In(q0?/Z(q:?)) for the migrating atom. The 
mean square amplitude of vibration may be estimated 
for a Debye crystal for which 


3i?T i? 
4r?mk© p?* 2r/ 12mkT 


When 0p= 200°, T=300°, m=50 amu and go=a/2 
= 10~* cm, we obtain AS,mp=7.3 entropy units/mole. 
The estimate is probably not too accurate but does 
indicate that an appreciable error can be made by 
considering only the elastic contribution to AS". 

It is pertinent to point out that the energy Uo calcu- 
lated from Eq. (13) will be a very poor approximation to 
the energy required to reach go in a real crystal due to 
the neglect of anharmonic forces. This does not detract 
from the theoretical utility of Eq. (13) which expresses 
a relationship between the energetics of the motion and 
the contributions of the various normal modes. The 
critical distance go is not given by the theory. It must 
be assumed from some model of the lattice and the 
diffusive process or calculated in a manner to be dis- 
cussed below. If we choose go as half the distance be- 
tween sites, the simplest procedure to use would then be 
to calculate the gjo from the geometry and for hard 
spheres. In view of the steepness of the repulsive po- 
tential this is probably an adequate approximation. It 
is important to note that the gjo are fixed by the 
geometry and the choice of go. We have shown that an 
“activation energy” can be defined by the temperature 
derivative of the diffusion coefficient, and this activation 
energy contains U» additively. The remaining terms 
should be amenable to fairly accurate approximation on 
the harmonic potential model because they refer to 
displacements of much smaller magnitude. If then an 
experimental value of the activation energy (enthalpy) 
is given, we can in principle calculate Uo by difference 
with reasonable accuracy. From U» and the normal- 
mode analysis, go could be calculated. Owing to the 
inaccuracy of the harmonic potential it is probably 
preferable to calculate Up in the manner indicated 
rather than from Eq. (13). 

The necessity of choosing go from considerations ex- 
ternal to the formal theory is an expression of the 
unsatisfactory manner in which irreversibility has been 
introduced. In this theory, as in all other crystal diffu- 
sion theories, irreversibility is introduced by fiat. It is 
assumed that once the top of the col has been passed, 
or once a critical amplitude attained, the motion be- 
comes irreversible. That is, the Einstein relation, Eq. 
(1), is tacitly accepted and all that is computed by the 
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theory is the frequency factor. To the author’s knowl- 
edge, no general theory of irreversible processes has been 
constructed for the crystal. The arbitrary nature of the 
introduction of irreversibility is reflected in the necessity 
for a col, or for go. 

To proceed with the analysis presented herein, it is 
in principle possible to evaluate AH,y; and AS,; by 
taking suitable derivatives of Wy; as defined by Eqs. 
(30) and (34). This procedure is, unfortunately, alge- 
braically complicated. A crude approximation to the 
activation energy may be obtained by neglecting the 
terms AH;,, relative to the other contributions. In that 
case, if every displacement coordinate is represented as 
the sum of contributing normal coordinates, it is easily 
seen that 


U ;=9;0/ Dd a;?, (39) 


i=] 


and is determinable from the normal-mode analysis. No 
such approximation can be made for the entropy of 
activation where the dominant terms are likely to be 
just the AS;;. At present the best procedure would seem 
to be the use of the suitable derivative of Eq. (30). 
The dynamical analysis of diffusion presented in this 
note has been based on several implicit assumptions not 
mentioned in Sec. I. The first and most obvious of these 
is the tacit acceptance of the Einstein relation, Eq. (1). 
The analysis given is not a complete dynamical theory 
of the diffusion coefficient, but only of the frequency 
factor I’. In the process of evaluation of the frequency [ 
it was assumed that the incidence of fluctuations in 
energy of the subvolume considered is random. This 
leads to the conclusion that the incidence of the critical 
configuration is also random. So long as the frequency 
of the fluctuations is large relative to I’, it does not 
matter whether or not this is rigorously correct. It may 
be shown‘ that the frequency with which the central 
atom reaches the critical configuration is, in general, 
M (1—(e~**)) where the averaging is over the intervals 
between zeros of the sum (14). The mean frequency of 
zeros will be proportional to 7, and if w>7~', then 
wr>>1 and the frequency with which the central atom 
achieves the proper amplitude and position is just M 
independently of the actual distribution of fluctuations 
or zeros. It is extremely likely that the frequency of 
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energy fluctuations fulfills the condition w>I’. The 
model considered exchanges energy with the heat bath 
at every lattice point on the surface of the subvolume. 
The frequency with which the energy of a surface atom 
coupled to the heat bath exceeds the mean thermal 
energy is clearly larger than M, and since there are V3 
atoms on the surface, the condition w>T is likely to be 
satisfied. 

Turning to a consideration of the thermodynamic 
functions for vacancy formation, it should be noted that 
Vineyard” and Dienes have proposed that the entropy 
of formation of a vacancy is just RZ In(v’/v), where v’ 
and v are respectively the frequencies (on an Einstein 
crystal model) of the unperturbed atoms and the atoms 
neighboring a vacancy. This estimate neglects the very 
large perturbation which leads to the localized im- 
perfection mode discussed previously. Further, the use 
of an Einstein model would be valid if the spectrum of 
frequencies remained unaltered in the vicinity of the 
imperfection, but this is not the case. The formula 
proposed by Vineyard and Dienes is a very useful ap- 
proximation if the reservations mentioned are kept in 
mind. 

The dynamical theory presented herein is seen to 
provide unique definitions of all the fundamental 
parameters appearing in Eq. (3), as well as some 
physical interpretation of the relationship between the 
motion of a migrating atom and its surroundings. It is 
in principle now possible to compute every parameter of 
Eq. (3) from a microscopic model, though the calcula- 
tions will involve considerable labor and the energy Uo 
will be poor due to the harmonic potential. Further 
investigation of the details of the effects of lattice 
imperfections along with simplifications of the calcula- 
tions will be presented later. 
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A new method of computing the correlation energy of a de- 
generate electron gas is presented in which the interactions are 
studied by considering the self-energy of a lone particle impurity 
in the system. The self-energy results as in quantum electro- 
dynamics from the action of the proper field set up by the charged 
particle back on itself; the Feynman space-time formulation of 
quantum mechanics is employed in the self-energy calculation, 
which is carried out along lines already laid out by Lindhard. 
The Feynman propagator, which takes the particle from one point 
in space-time to another, is derived. A slight but essential change 
in the particle propagator is needed to allow for exchange effects 
when the particle impurity is an additional electron in the de- 
generate electron gas. This gives the electron gas a dual role: 
it acts as a dielectric medium which can be polarized and also as 
a vacuum from which electron-hole pairs can be created and 
undergo exchange with incident electrons. The polarization 
propagator for the effective potential set up by the impurity in 
the electron gas, considered as a dielectric medium, is derived 
heuristically in the text from Lindhard’s dynamic dielectric 
constant and more rigorously in an Appendix from the momentum- 
exciton model. The electron self-energy is a Feynman integral 
involving the particle and polarization propagators and defines 
an optical potential which is found to have both real and imaginary 


I. INTRODUCTION 


HE correlation energy of a degenerate electron 

gas has been computed by Wigner,' Macke,? 
Pines,’ Gell-Mann and Brueckner,‘ and many other 
investigators.® All of these investigations quite naturally 
concern themselves, from the outset, with all the 
myriad interactions which simultaneously take place 
between the infinitely many pairs of electrons in the 
gas. The present paper presents what is believed to be 
a somewhat simpler approach to the correlation prob- 
lem, in which one individual electron at the surface of 
the Fermi sea is singled out for close attention. The 
polarization of the gas around the electron is studied 
in detail. The action of the polarization cloud back on 
the electron, resulting in a self-energy, is computed. 
This self-energy is related, by Seitz’s® theorem, to the 


* Research supported in part by the Office of Naval Research. 

+ The work presented here forms a portion of the thesis of 
John J. Quinn, submitted to the faculty of the University of 
Maryland in partial fulfillment of the requirements for the Ph.D. 
degree in Physics. The results have been reported at the Wash- 
ington Meeting of the American Physical Society [J. J. Quinn 
and R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 3, 202 (1958) ]. 

1E. P. Wigner, Phys. Rev. 46, 1002 (1934). 

2 W. Macke, Z. Naturforsch. 5a, 192 (1950). 

3D. Pines, Phys. Rev. 92, 626 (1954); D. Pines in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, Inc., 
New York, 1955), Vol. 1, p. 367. 

4M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 (1957). 

5 See, for example J. Hubbard, Proc. Roy. Soc. (London) A240, 
539 (1957); A243, 336 (1958); E. W. Montroll and J. C. Ward, 
Phys. Fluids 1, 55 (1958); P. Noziéres and D. Pines, Phys. Rev. 
109, 1009 (1958). 

‘Ff, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 343. 


parts. For momenta less than the Fermi momentum, it is shown 
in a second Appendix that the optical potential is simply the 
negative of the self-energy of a hole in the Fermi sea. The imagi- 
nary part of the optical potential for an electron of momentum 
p is proportional to (p/po—1)? (where po is the Fermi momentum), 
and gives rise to damping. Thus the concept of a one-electron 
state is only valid for small excitation energies and breaks down 
when the electron is appreciably far removed from the Fermi 
surface. The mean free path for high electron density is given 
(in units of #/po) by 3.98r,-+ times the above function of mo- 
mentum. (r, is the unit-sphere radius in Bohr radii.) The deriva- 
tive of the real part of the optical potential with respect to 
momentum, evaluated at the Fermi surface, gives a correction to 
the specific heat in agreement with Gell-Mann. The value of the 
optical potential itself is related by Seitz’s theorem to the deriva- 
tive of the correlation energy with respect to density. Integration 
over density yields an expression for the ground state energy 
which agrees with the results of other investigators. Finally a 
brief discussion is given of Bethe’s theorem, which directly 
relates the optical potential to the ground state correlation 
energy per particle. Although Bethe’s theorem is not valid for 
the idealized electron gas with uniform positive background, it 
does apply to actual metals in equilibrium. 


derivative of the correlation energy with respect to 
density. An integration with respect to density then 
gives an expression for the correlation energy per 
electron in agreement with results of the above authors. 
The self-energy is calculated by means of perturbation 
theory, using Feynman’s’ time-dependent formulation 
of quantum mechanics. The propagator for the electron, 
both in “positive” and “negative” energy (relative to 
the Fermi energy) intermediate states, is exhibited in 
Sec. IT. 

The present work forms a continuation of an earlier 
investigation into the collective interactions in a 
degenerate electron gas by means of the “momentum- 
exciton model.’’® In this earlier work the strength of 
the transition matrix element between the ground state 
and the excited states of an interacting electron gas 
was studied by considering the inelastic scattering of a 
fast incident electron. This approach is used in Appendix 
I of the present paper to evaluate the Green’s function 
or “polarization propagator” of the electron gas. 
Section III contains an alternative derivation of the 
polarization propagator, in which use is made of 
Lindhard’s® frequency and wave-number dependent 
dielectric constant. The propagator describes the 
Coulomb field set up by the electron gas as a result of 
its being excited into the spectrum of higher energy 
states by an incident electron. The self-energy of the 


TR, P. Feynman, Phys. Rev. 76, 749; 769 (1949). 

®R. A. Ferrell and J. J. Quinn, Phys. "Rev. 108, 570 (1957). 

9J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 8 (1954). 
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incident electron is evaluated as a function of its 
momentum in Sec. IV, along lines already laid out by 
Lindhard.® Use is then made of the derivative of this 
result with respect to momentum in Sec. V to compute 
the correlation correction to the specific heat of the 
electron gas. The result is identical to that already 
obtained by Gell-Mann” in a somewhat different way. 

In Sec. VI it is noted that the self-energy contains a 
negative imaginary part, which leads to damping of the 
one-electron state for momentum vectors appreciably 
far removed from the Fermi sea. The mean free path 
is evaluated at the end of Sec. VI. So far as the present 
authors are aware, this is a new result, although the 
idea of damping by electron collisions is certainly not 
new and has been investigated quantitatively in various 
ways by Landsberg" (for the Auger broadening of 
x-ray band emission spectra), Lee-Whiting” (for the 
moderation of positrons), and many others." 

Section VII contains a discussion of the self-energy 
in terms of an optical potential, such as is familiar in 
nuclear physics. The properties of the optical potential 
are further discussed in Appendix ITI. The calculation 
of the correlation energy from the self-energy of an 
electron at the Fermi surface is also carried out in 
Sec. VII. It is further noted that if one is dealing with 
real metals at equilibrium then Bethe’s™ theorem 
applies, and the correlation energy is exactly equal to 
the self-energy at the Fermi surface, with no integration 
over density necessary. A short summary constitutes 
Sec. VIII. 

II. ELECTRON-HOLE THEORY 


In calculating the self-energy of a point charge 
moving through a degenerate electron gas, we can 
think of the quiescent unperturbed electron gas as a 
kind of vacuum. It is actually very similar to the 
vacuum state in quantum electrodynamics, in which all 
the negative energy states are filled, if the Fermi energy 
is considered as the zero level of energy. We can picture 
the self-energy as arising from the following process: 
the approach of the point charge followed by 
virtual excitation and subsequent de-excitation of the 
vacuum, that is by virtual creation and reabsorption of 
a quantum of excitation in the electron gas. The 
propagation of the disturbance in the electron gas, 


! M. Gell-Mann, Phys. Rev. 106, 369 (1957). 

uP, T. Landsberg, Proc. Phys. Soc. (London) A62, 806 (1949). 

12 G, E. Lee-Whiting, Phys. Rev. 97, 1557 (1955). 

'3See for example L. D. Landau, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 1058 (1956) [translation: Soviet Phys. JETP 3, 
920 (1957) ]. In this paper Landau shows how many of the prop- 
erties of a Fermi liquid depend only upon the behavior of the 
fermions in the immediate vicinity of the Fermi surface. Applied 
to the electron gas, his formulas give very simply the correlation 
corrections to both the specific heat and the paramagnetic spin 
susceptibility (details to be published). 

44H. Bethe, Phys. Rev. 103, 1353 (1956). This theorem is also 
discussed by V. F. Weisskopf (Nuclear Phys. 3, 423 (1957) ] and 
N. M. Hugenholtz and L. Van Hove [Physica 24, 363 (1958) ]. 
For papers on the general theory of an interacting Fermi gas see 
J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957), and 
N. M, Hugenholtz, Physica 23, 481 (1957); 23, 533 (1957), 


DEGENERATE 


ELECTRON GAS 813 


which can be treated as a dielectric medium with 
specific dynamical properties, is studied in Sec. III 
below. In the present section we concentrate on the 
propagation of the external point charge itself, from 
the time it excites the medium and recoils into some 
intermediate state to the time the medium acts back 
* on the point charge and gives up its excitation. For the 


calculation we will use time-dependent 
formulation of quantum mechanics. 

The propagator for the passage of a particle which 
can be distinguished from the electrons in the degenerate 
Fermi gas from the space-time point 1 to the space- 


time point 2 is 


kde i 
K(21)= f— eo ae!) 


(29r)* w—k?/2m+16 


Feynman’s’ 


where 6 is an infinitesimally small positive quantity. 
(Throughout this paper we use units in which #, the 
reduced Planck’s constant, equals unity.) There is a 
slight but essential change in this propagator if the 
point charge, of mass m, is not a distinguishable 
particle, but rather an additional electron. Because of 
the exclusion principle, no electron of energy less than 
the Fermi energy can propagate through the vacuum 
state of the electron gas. On the other hand, a vacancy 
in the Fermi sea can propagate through the gas as a 
positive energy hole. The modification in the propagator 
which is necessary to take this into account is analogous 
to that discussed by Feynman’ for the theory of the 
positron and yields 


@kdw i 
K,0,1)= f— 
(2m)* w— El k) ( 


where E(k)= (k?—p.*)/2m is the energy measured 
relative to the Fermi energy and takes on both positive 
and negative values. po is the Fermi momentum. 6 is 
again an infinitesimally small positive quantity, but 
now we have written it so that the product of E(k) 
times 6 replaces the 6 of Eq. (1). Thus the imaginary 
part of the denominator changes its sign when the 
energy itself does. This modification in the propagator 
has the important consequence that only positive 
frequencies are propagated forward in time and only 
negative frequencies backwards. The phase factor 
representing the change in the wave function of the 
system when it passes from an earlier time to a later 
time, regardless of the temporal sequence of points 1 
and 2, is consequently always of the form e~‘l#!!1!, 
This is required by quantum mechanics and by the fact 
that the vacuum is the lowest energy state of the 
system (taken for convenience here to have zero 
energy). Thus the intermediate state has always posi- 
tive energy and consists of an electron for ¢.;>0 and a 
hole for 42;<0,. These two cases are illustrated by the 
Feynman graphs of Figs. 1(a) and 1(b), respectively. 
The direction of time is taken as upwards, so that the 


eik-x21—iwter (2) 
1—16) 





QUINN AND R. A. 


Fic. 1. Feynman graphs for the self-energy process. In graphs 
of type (a) the particle in the intermediate state propagates 
forward in time. (Flow of time is upward.) Inclusion of graphs of 
type (b) when the particle considered is an additional electron 
and can propagate backward in time accounts for exchange 
effects. The process (b) represents the simultaneous creation at a 
space-time point 2 of a disturbance and an electron-hole pair. 
The hole propagates forward in time to 1 (represented by back- 
ward electron propagation) and annihilates with the incident 
electron absorbing the disturbance. 


intermediate state in Fig. 1(a) is an electron while in 
Fig. 1(b) it is a hole. The dashed lines represent the 
propagation of the polarization through the gas, and 
will be discussed further in the next section. 

The explicit form of K,(2,1) is quite simple, and is 
easily obtained by carrying out the integration over 
the frequency variable w in Eq. (2). As illustrated in 
Fig. 2, the contour is along the real axis in the complex 
w plane. For k such that E(k) is positive the integrand 
has a pole in the fourth quadrant, while for E(k) <0 
the pole is in the second quadrant [ Figs. 2(a) and 2(c), 
respectively ]. Let us first consider f2:>0, in which case 
the factor e~*: damps out in the direction of the 
negative imaginary axis. The contour can therefore be 
displaced downwards, according to Cauchy’s theorem, 
and will leave only the residue at the pole as shown in 
Fig. 2(b): 


e~ Wwtat = gt E(k) ta (3) 





1 dw 
er a 


This result holds only for both é#::; and E(k) positive. 
For ¢;>0 but E(k) <0 the downward displacement of 


ne aie | 
(a) (b) 

oe oe 
(c) (d) 


Fic. 2. Contours of integration in the complex w plane for the 
particle propagator K,(2,1). The propagator is defined as an 
integration along the real axis as shown in (a) and (c). For 
positive particle energy, E(k), the integrand has a pole in the 
fourth quadrant as indicated in (a), while for negative E(k) this 
pole occurs in the second quadrant as shown in (c). For f2:>0 the 
factor e~**‘2 in the propagator damps out in the direction of the 
negative imaginary axis, and the contour can be displaced in- 
definitely downward leaving only the residue from the pole 
indicated by (b). On the other hand, for fe:<0, the contour can 
be displaced upward leaving only the residue from the pole 
indicated by (d). Consequently only positive frequencies are 
propagated forward in time, negative frequencies backward. 
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the contour yields zero. On the other hand, for fs: <0, 
the integration is effected by displacing the contour 
upwards which yields zero for positive E(k), as seen 
from Fig. 2(a). For negative E(k), Fig. 2(c) is trans- 
formed into Fig. 2(d) and yields the residue 


1 dw 
{— —___—_—_—— 7 iwtei— — g— iF (k)ta (4) 
2rJ w— E(k) (1-168) 


The negative sign which appears in this case is required 
by the fact that the hole, which propagates in the 
intermediate state of the system, eventually annihilates 
with a different electron than was associated with its 
creation. Before the probability amplitude for this 
process can be added coherently to that for the processes 
involving intermediate states with E(k)>0, it is neces- 
sary to interchange the two electrons, resulting in the 
minus sign in Eq. (4). 

Substitution of the right-hand members of Eq. (3) 
and (4) into Eq. (2) gives 


K,(2,1)= f dh eik-t1-iB (Kin p.>0) 
(2r)*/k>po 
—1 
= ak etk 21-68 (ik) tai 
(2xr)* k<po 


t<O. (5) 


These expressions can be further reduced by carrying 
out the indicated integrations over momentum space, 
yielding 


—im\} pet\1 A mx 
K,(2,1)=—( ) em(—)-- exp(—) 
8x1 2m/ x dx 2t 
pot ; mx t 
o-oo fF) 
2m 2t 


-ave((2M4EZ)) 


(t)=1, t>0 
=0, 


where 


t<0, 


= to, x= |X21| ’ 
and 


C(v) = o/s f exp(—iu*)du= 7, bow) iS (v*) ]. 
0 v| 


The C and S functions are the well-known Fresnel 
integrals and the @ function is represented by the 
familiar Cornu spiral'® when the latter is interpreted 
as an Argand diagram. Because of the inversion sym- 
metry of the Cornu spiral, the second’and third terms 
in the bracket of Eq. (6) cancel one another in the 


16 E, Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1945), fourth edition, pp. 35-37, 
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limit of po—>0, and one obtains the familiar’ propagator 
for the single-particle Schrédinger equation : 


—im\! 
KQ)=(— ) exp (1mx2)" 2to;). 


2rlo 


This expression can, of course, be found directly by 
carrying out the integrations in the right-hand member 
of Eq. (1). These integrated, explicit expressions for the 
propagators have been presented only for the sake of 
definiteness. In actual application the integral forms 
given by Eqs. (1) and (2) are more useful, and no 
further use will be made in this paper of Eqs. (6) and 
(7). We now proceed in the next section to describe 
the propagation of the polarization disturbance through 
the electron gas, considered as a dielectric medium. 
The degenerate gas thus plays a dual role: (1) it serves 
as a sort of reference state, or vacuum, from which 
electron-hole pairs can be created; (2) in addition it 
has particular electrical properties which will be de- 
scribed by a dielectric constant dependent on frequency 
and wave number. 


III. POLARIZATION PROPAGATOR 


To find the self-energy corresponding to the Feynman 
diagrams shown in Fig. 1, we must know the effective 
potential acting on the electron at space-time point 2 
as a result of the disturbance in the medium which it 
causes at 1. This is a problem which has been studied 
thoroughly by Lindhard.® Considering the electron at 
1 as setting up the external source function p(Xx;,1), 
and designating the electric scalar potential at 2 by 
¢(X2,f2), we have the following simple relationship 
between the Fourier transfofms: 


4ar p(k,w) 

¢(k,w) =— ——. (8) 
Rk? (kw) 

This equation can be considered a definition of the 
dielectric constant!’ ¢(k,w) as a function of the wave 
number k and the frequency w. This function was 
computed by Lindhard® for a degenerate electron gas 
and found to be represented by 


3 1 (u—s)*—-1 u—1—z 
ae n( -*) 
647*s" 2s u+i1—z 


(u+s)?—1 ut+i+s 
+— in) -2] (9) 
22 u—1+z 


where u=w/kvp and s=k/2po. vo= po/m is the Fermi 
velocity and y=)"/2mw, is the ratio of the Fermi 
16W. Pauli, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, Part 1, Chap. 2, p. 104. 
7 For a recent discussion of the general theory of the dielectric 
constant see P. Nozitres and D. Pines, Phys. Rev. 109, 762 
(1958). 
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energy to the classical plasma frequency. In terms of 
r,, the unit-sphere radius in units of the Bohr radius 


of the hydrogen atom, y is given by 


y= 1.061r,-. (10) 


The medium is thus characterized by the single param- 
eter y, which is a measure of the density of the gas. 
In the limit of infinite density (y— ) the gas becomes 
rigid or unpolarizable, and e—1. Returning now to 
Eq. (8) and re-expressing it in. terms of the space-time 
functions gives 


elt) = f Pxdt G(2,1)p(x:,4:), 


(11) 


where the polarization propagator, or Green’s function, 


1S 


@Pkdw 4r 


(2m)* ke(k,w) 


G(2,1)= eik-x21—iwtar, (12) 


There are some interesting properties of the propa- 
gator which it will be worthwhile to exhibit. First of 
all, in the limit of infinite density, or alternatively, in 
the complete absence of a dielectric medium, e—1 and 
the integration can be carried out explicitly, giving 


G(2,1) = x21715 (t21), (13) 


where 6 is the Dirac delta function. This is just the 
instantaneous Coulomb interaction. Another simple 
limiting case is that of long wavelengths, for which the 
dielectric constant reduces to 


(14) 


9 9 
e= 1—w,”/a”, 


where w, is the classical plasma frequency. This 
expression vanishes at w= -tw,, leading to poles in the 
denominator. The Green’s function is consequently an 
improper integral and is not completely defined without 
a prescription for dealing with the poles. This question 
is discussed further below. For the moment, the 
following rule suffices: € is considered to have an 
infinitesimally small imaginary part, of the same sign 
as w itself. The integration then yields 


G(2,1 )= vor [5 (tor ) —O(to1)w» sinw yo, |, ( 15) 


where the @ function has already been defined in Sec. 
II. The first term in the brackets represents, again, the 
instantaneous Coulomb interaction while the second 
expresses the dynamic screening of the medium. The 
inertial nature of the gas is clearly portrayed by the 
behavior of this term, which represents a lagging 
response to the external forcing charge density. If p(1) 
is applied as a pulse, the resulting ¢(2) contains in 
addition to the instantaneous direct interaction, a 
term proportional to sinw,f2:, which attains an appreci- 
able magnitude only after enough time has elapsed for 
the electron gas to respond. On the other hand, when 
p(1) is very slow and does not vary appreciably over a 
time w,~', we can set the second term in brackets also 
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equal to 5(é2:), since 
fone, Sinw ptoidto; = 1. 


Then G(2,1)~0, corresponding to complete screening. 
This result holds only for functions p(1) which also do 
not vary appreciably over distances equal to the 
screening length, since Eq. (14) is valid only in the 
long-wave length approximation. 

A further feature of Eq. (14) appears if p(1) oscillates 
at the frequency w,. This is the case of resonance, and 
the integral 


o(2)= f @ndt G(2,1)p(1) 


diverges as the integration is carried out over the time. 
The amplitude of the scalar potential field produced in 
the medium builds up to larger and larger values as 
the external charge density continues to act. This is, 
of course, just the condition for a natural oscillation 
of the medium itself, and showed up already in the 
fact that the integrand in Eq. (12) had a pole at this 
frequency. In general, for any wavelength, the condition 


e(k,w)=0 (16) 


yields the Bohm-Pines dispersion relation'® and deter- 
mines the frequency of plasma oscillation as a function 
of the wave number. In this manner, furthermore, one 
can also fix the cutoff, or minimum-wavelength oscil- 
lation which can be sustained by the gas." 

By means of Eq. (16) it is now possible to give a 
more complete discussion of the poles in the integrand 
of the Green’s function. The normal modes of oscillation 
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—— 


(c) (d) 








Fic. 3. Contours of integration in the complex w plane for the 
polarization propagator. The propagator G(2,1) is defined as an 
integration along the upper side of the real axis as shown in (a). 
The cut along the real axis is required by the logarithmic nature 
of the dielectric constant and corresponds to the continuum of 
single-electron excitations, For ¢::<0 the factor e*#'a in the 
propagator damps out in the direction of the positive imaginary 
axis, and the contour can be displaced indefinitely upward to 
give G(2,1)=0. For f2:>0 the contour can be displaced downward 
leaving the residues and the loop around the cut shown in (b). 
Consequently G(2,1) does not satisfy the quantum mechanical 
requirement that only positive frequencies propagate forward in 
time. The contour for the true quantum-mechanical Green’s 
function G,(2,1), is given by the modification shown in (c) for 
the case t2:>0. The contour (d) is equivalent to (c) for fe:>0 
and in addition correctly describes the case f2; <0. 


18 PD, Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
 R. A. Ferrell, Phys. Rev. 107, 450 (1957). 
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to which they correspond must eventually be damped. 
Let the mean life be designated by A~'. Then the 
electric potential must contain terms with the time 
dependences e~‘(+*r~"/2)" where w, is a real number, 
and +w,—id/2 are the roots of Eq. (16). Thus the 
poles are shifted below the real axis in the complex 
w plane, which is easily seen to be equivalent to the 
prescription which led to Eq. (14). In the ideal limiting 
case of infinitely long lifetime the poles can be regarded 
as lying on the real axis and the prescription can 
alternatively be taken to consist of a path of integration 
parallel to the real axis but displaced an infinitesimal 
amount upward. The situation is illustrated in Fig. 
3(a), where it will be noted that a cut along the real 
axis has also been introduced. This is required by the 
logarithmic nature of e(k,w). The branch points occur 
at w=+(kvp+k?/2m). The quantity in parenthesis is 
the maximum energy which can be absorbed by the 
electron gas when a single electron is given the addi- 
tional momentum Kk. For real values of w of magnitude 
smaller than this limit, e(k,w) contains an imaginary 
part, representing the absorptive behavior of the 
medium. It is easily seen that Ime changes sign if one 
(a) crosses the cut, or (b) stays on the same side of the 
cut but passes the origin (i.e., if one changes the sign 
of the real variable w). Thus, as established by Lind- 
hard, the dielectric constant satisfies the reality 
condition 

e* (k,w) = e(—k, —w) = e(k, —w), (17) 
where the asterisk signifies the complex conjugate. The 
last result follows from the isotropy of the gas. 

Just as with the poles, there is clearly some additional 
ambiguity in the definition of the Green’s function, 
depending upon which side of the cut the path of 
integration passes. This was already settled by Lind- 
hard, however, who specified that Eq. (9) correctly 
yields the imaginary part of ¢, with the right sign, if w 
is considered to have an infinitesimally small positive 
imaginary part. Thus, as with the poles, the path of 
integration should be taken along the upper side of 
the cut [Fig. 3(a) ]. It may further be noted that this 
choice is consistent with the requirement of causality. 
Returning to Eq. (12), we see that for ¢a:<0 the factor 
e~‘'t damps out the integrand for large positive 
imaginary values of w. Therefore the contour of Fig. 3(a) 
can be displaced indefinitely upward, giving G(2,1)=0 
for the case of 2 preceding 1. Thus the Green’s function 
is causal, and does not give any disturbance in the 
medium until after the external charge density has 
been applied. For the case of positive é2:, on the other 
hand, the contour can be closed below and yields the 
residues and the integral around the cut shown in Fig. 
3(b). Since the left-hand half of this diagram represents 
negative values for the real part of w, it is clear that 
the Green’s function G(2,1) does not satisfy the require- 
ment discussed in Sec. II in relation to the electron-hole 
propagator, viz., that only positive frequencies should 
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propagate forward in time. G(2,1) is thus not the 
actual quantum-mechanical propagator for polarization 
in the electron gas, but bears a close relationship to it 
as can be seen as follows: The electron gas is excited 
out of its ground, or “vacuum,” state Wo by the dis- 
turbance at 1 and into the state Wo+W’, where WV’ 
represents the small perturbation. This perturbed part 
of the wave function disappears at 2 by virtue of the 
interaction of the electrons of the gas with the addi- 
tional single electron. If this total interaction is desig- 
nated by the Hermitian operator H;, the true quantum- 
mechanical propagator, which we denote by G,, is 
proportional to (Wo,/7;¥’). On the other hand, the G 
function determined above refers to a measurement of 
the scalar potential, and is hence proportional to the 
expectation value 


(Hy) =((WotW’), Hr (Wot) 


(WoH’)+c.c., (18) 
where the complex conjugated term results from the 
Hermiticity of Hy. (The vacuum expectation value of 
H is zero.) Thus for f;>0, we can write 


G(2,1)=G, (2,1) +G,*(2,1), (19) 


where, as previously, the asterisk signifies the complex 
conjugate. Because of the conjugated term, G contains 
both positive and negative frequencies, even though 
G, has only positive frequencies. We can solve for G, 
simply by selecting the positive frequency part of G. 
This is accomplished as shown in Fig. 3(c) by choosing 
a loop along the positive real axis which passes through 
the cut at the origin. For ¢:;>0 an equivalent contour, 
designated henceforth as C, is that shown in Fig. 3(d), 
where the path follows the lower side of the real axis 
for negative frequency and the upper side for positive 
frequency. An advantage of C over the path of Fig. 3(c) 
is that it also correctly reproduces the behavior of 
G,(2,1) for the reversed time sequence #2;<0. Here we 
are now including the additional effect, previously not 
considered, of the disturbance originating at 2 and 
being received at the later time 1. Thus, rather than 
requiring G,(2,1) to vanish in this case, we impose the 
condition 

(20) 


G,.(2,1)=G,(1,2), 


which is clearly satisfied by the integral 


@Pkdw 4n 
G,(2,1)= : —— 
(2m) ke(k ™ 


—eik- x21- tw ter 


(21) 


It should further be noted that, with the present 
convention that —w is on the opposite side of the cut 
as +w, the relation 


e(k, —w)=e(kw) (22) 


replaces the previous reality condition [Eq. (17) ], 
which required ¢*(kjw) as the right-hand member. 
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Thus, by changing to the contour C we have effectively 
changed functions. Lindhard has, as a matter of fact, 
distinguished this new function by a special subscript, 
and in the Appendix of his paper® has given what is 
essentially a derivation of Eq. (21)—in, however, a 
quite different way. An alternative derivation of the 
polarization propagator G, can be constructed from the 
momentum-exciton model’ and is presented in Appendix 
I. This method simply involves computing the excita- 
tion matrix elements for the positive energy continuum 
states encircled by the loop in Fig. 3(c). It may have 
some advantage since it avoids the restriction inherent 
in the concept of the dielectric constant and what has 
been called the ‘“‘strong random phase approximation.’’® 
It is for example, quite straightforward to compute the 
exchange correction to the Bohm-Pines dispersion 
relation in the exciton-model,”® while the dielectric 
constant approach does not lend itself very well to this 
problem. We are also aware that the polarization 
propagator can be derived”! in the manner of Gell-Mann 
and Brueckner* by summing graphs in perturbation 
theory. Although this method is, of course, quite 
effective, we feel that it is not as satisfactory as the 
others discussed here because the which is 
summed is actually divergent for some values of the 
variables.” 


series 


IV. SELF-ENERGY 


From the work Feynman’ it is easily seen that 
the self-energy corresponding to Fig. 1 for an electron 
of momentum p and zero-order energy E(p) is 


S.E.(p) ef dxdt, e~*P *2+1 4 (p) te 


X Ky(2,1)G,(2,1)e'? 2 (P4, (23) 


Substituting from Eqs. (2) and (21) and carrying out 
the space-time integration reduces Eq. (23) to 


@kdw Ar 

F i) vis: ison 
c (2r)! Re( Kw) 
1 


E(p)—w—E(p—k)(1—78) 


S.E.(p)= 


(24) 


On the other hand, the self-energy of the electron when 
it is moving in a true physical vacuum, in the complete 
*R. A. Ferrell (to be published). The result agrees with the 
time-dependent Hartree-Fock treatment of reference 19 when the 
latter has been corrected for an error of omission. Terms which 
were inadvertently omitted considerably reduce the magnitude of 
the effect of exchange. H. Kanazawa and S. Tani [ Progr. Theoret. 
Phys. Japan 19, 153 (1958)], seem also not to have included all 
of the important terms. 

21D. Dubois and M. Gell-Mann (private communication). 

® For an alternative approach which is free of this difficulty 
see K. Sawada, Phys. Rev. 106, 372 (1957); Sawada, Brueckner, 
Fukuda, and Brout, Phys. Rev. 108, 507 (1957); and G. Wentzel, 
Phys. Rev. 108, 1593 (1957). This approach i is, however, inherently 
restricted to the strong random phase approximation and, conse- 
quently, seems not to lend itself to further refinement of the theory 
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Fic. 4. Contours of integration in the complex w plane for the 
self-energy. The self-energies of an electron in vacuum and in the 
electron gas are given by the path integrals illustrated in (a) 
and (b), respectively. The difference which exists in the contours 
for negative-energy intermediate states is removed by shifting 
the path as shown in (c). The resulting residue, summed over the 
intermediate states, constitutes the exchange energy. On the 
other hand, for positive-energy intermediate states the pole of 
the electron propagator falls above the real axis and the contours 
for the self-energies in the gas [mow illustrated by (d)] and in 
vacuum agree without further modification. 


absence of any dielectric medium, is 
@kdw 4x 


sE(le=e f Oe 


i 


Xx -. (25) 
E(p)—w— E(p—k) +16 





This result has been obtained by replacing Ky in Eq. 
(23) by K [from Eq. (1) ] and by setting e=1 in G,. 
What we are actually interested in here is the difference 
in these self-energies, or the change 


AE(p)=S.E.(k)—[S.E. (k) Jo (26) 
in the energy of the electron when it is “transplanted” 
from the actual vacuum into the electron gas. The 
subtraction indicated in Eq. (26) corresponds to the 
“mass renormalization” of quantum electrodynamics 
and is most easily carried out by taking the difference 
within the integral sign. Before doing this, however, 
it is desirable to make the integrands as nearly alike as 
possible by shifting the pole at w= E(p)— E(p—k)+76 
in the vacuum self-energy so that it agrees with the 
position w= E(p)— E(p—k)(1—16) of the pele in S.E. 
An equivalent procedure is to shift the path of inte- 
gration in Eq. (25) up from the real axis past the pole 
so as to leave the pole below the new contour. This is 
necessary only for values of k such that E(p—k) is 
negative. Figures 4(a) and 4(b) compare the path of 
integration in Eq. (25) with that in Eq. (24), while 
Fig. 4(c) shows the residue which results when the 
contour of Fig. 4(a) is deformed in the desired way. 
Figure 4(d), on the other hand, shows the S.E. inte- 
gration for a typical positive value of E(p—k). Here 
the pole occurs above the contour, as in Fig. 4(a), and 
the electron-propagation factors in the integrands of 
Eqs. (24) and (25) agree without any modification. 
The contribution of the residue illustrated in Fig. 
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4(c) to the integral over frequency in Eq. (25) is 


dw i 
g; -—— (27) 
2r E ERG E(p— -k)+i5 
As is clear from the discussion of Sec. II, the residues 
can be attributed to the exchange of the additional 
electron with the indistinguishable electrons of the 
medium. Their total contribution to the energy shift 
will therefore be denoted by the subscript “ex,” and 
amounts to 


ak 4r 
Exx(P)= -¢f—— 
(2n)* ke 


Ip—Ki<p dp’ dy 
--ef enn 
Ip'i<pe (2m)* |p—p’|? 


where we have put p’=p—k. Equation (28) is the 
familiar equation for the exchange correction to the 
single electron energy. The integration is quite straight- 
forward” and yields 


E.x(p)= = 
ar 


as (aa pe’ nf po 
- +2), (29) 
Ppo p+ pol 


an expression whose logarithmically singular behavior 
at the Fermi surface has received a great deal of 
attention. It is of course, precisely because of the 
infinite slope of this function at p= po that the effect 
of correlation is so essential in computing the specific 
heat. Without the correlation correction the density of 
states at the Fermi surface is drastically reduced, 
resulting in a specific heat very much smaller than the 
Sommerfeld value, and with a temperature dependence 
quite different from the experimentally observed simple 
linear behavior of the latter. The contribution of 
correlation, which will be designated by the subscript 
“corr,”’ is defined by the equation 


AE(p)= Ecx(p) + Ecorr(P) (30) 


as the part of the energy shift which is left over after 
the exchange contribution is separated out. According 
to Eqs. (24), (25), and (26), 


@kdw 4r 
Eeorr( Pp) = -ef — 
o (2) 








1 ] 1 
x| —1 , 
e(kw)  ko—(E—E’+iE'8) 


where we have introduced the abbreviations E= F(p) 
and £’= E(p—k). Equation (31) exhibits the inherent 
dependence of the correlation correction on the polar- 


% See, for example, F. Seitz, reference 6, p. 340 or the appendix 
of Pines’ paper (reference 3). 
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izability of the gas since, if € is replaced by unity 
(nonpolarizable medium), /.rr vanishes identically. 
Before proceding to carry out the integration in the 
right-hand member of Eq. (31) it is well to note that 
the electron propagator has a pole at w= E— E’+1EF'6. 
This pole occurs in the second and fourth quadrants 
except for special values of £’ falling in the interval 
0< E’<E (except in Sec. VII we deal only with positive 
E). This complication can be eliminated by again 
pushing the contour up, or, alternatively, by bringing 
the pole down to the position (A—£’)(1—16). In either 
case, a further residue contribution results of the form 


é f 
O< E’<E 


where E’=E(p—k) and 6 is a positive infinitesimal. 
The restriction on the integration is equivalent to 
po<|p—k|<p. The second term in brackets is most 
easily handled by combining it with the integrand of 
Eq. (28). This yields 


d*p’ 4a ep 
E.x'(p)= ef SF — ‘ | eetiaie. 
»’< (2m)® |p—p’|? 7 


The remainder can be split up into the imaginary part 


d®k al 1 
— —| — ——1], 
(2r)* k®Le(k, E— E’+78) 


(32) 


ak Ar 1 
Esorr'™ (p) -ef Im -, (33) 
o<k’<E (2r)> Rk — e(k, E—E’+8) 


and the real part 


Faon™(p)=e f cseup eA eens (34) 
po< |p—k| <p (2m)® R® e(k,0) 


Since the imaginary part of e vanishes for zero frequency 
we have inserted into Eq. (34) the static dielectric 
constant. This approximation is valid for small excita- 
tion energies £. In the remaining line integral, which 
we designate by E,orr''"*(p), we may now set 6=0 since 
the path of integration is already completely prescribed 
by the contour C. Thus £,.;r''"°(p) is identical to the 
right hand member of Eq. (31), except for the absence 
of the i#’6 term in the electron propagator. A further 
simplification in this line integral is suggested by the 
work of Gell-Mann and Brueckner.‘ The contour C can 


ae © 
(a) (b) 


Fic. 5. Contours of integration in the complex w plane for the 
self-energy of an electron outside the Fermi sea. For special 
intermediate-state energies the pole in the integrand occurs in 
the first quadrant as shown in (a). (b) illustrates the deformation 
of the contour into a line integral along the imaginary axis. The 
line integral has simple analytic properties, while the residue 
arising from the change in the contour has a singularity in its 
slope at the Fermi surface which cancels the undesirable singu- 
larity in the exchange energy. 
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be deformed into the imaginary axis of the w plane by 
the substitution w=iw, where w is a real number. This 
transformation is illustrated by Fig. 5(b), which also 
shows the residue. Figure 5(a) shows the original con- 
tour integral with the pole above the positive real axis. 
Because ¢(k,iw)*=e(k, —iw)=e(k,iw), [see Eq. (22) ], 
it is clear that the line integral is real and is given by 


akdw 
Egorr'i™*(p) = — 4re* 
J k? (27)! 


E— E’ 


1 
x| -1] - ——, (35) 
e(k,iw) w+ (E—E’)? 
where the w-integration runs from —<« to +. 
Collecting terms, we find that the sole contributor 
to the imaginary part of the correlation energy is 
Eeorr'™ (kK), while the total real part is 


ReEcorr= (Lex — Eex) + Ecorr™'+Eecorr!'®®. (36) 


It should be noted that the term F,,’— E.x has, except 
for sign, the same singular behavior as £,x. But adding 
E.x to the correlation energy gives the smoothly varying 
function Fx’. Thus the customary break-up of the 
total energy into exchange and correlation energy is 
quite artificial. The total energy has no pathological 
behavior as a function of the electron momentum. It is 
also of interest that in the present method of treating 
the interaction of the electrons the exchange energy is 
automatically included in a very natural way, and does 
not have to be included “as an afterthought,’ as in 
the calculation of Gell-Mann and Brueckner. 


V. SPECIFIC HEAT 


The low-temperature specific heat of a degenerate 
Fermi gas is proportional to the density of single- 
particle excited states per unit energy interval. Conse- 
quently if the zero-order energy E is shifted by AE as 
a result of the interaction the specific heat per electron 
cy is changed from the Sommerfeld value for non- 
interacting fermions™ 

wKT 
Cs=——K (37) 
by the factor 


dAE 
cy/¢Cs= (14— : 
dE \z % dp |p=p0 


1 dAE 


Dede eemane 


(38) 


K is the Boltzmann constant and T the temperature. 
The right-hand member of Eq. (38) can either be 
greater than unity, representing an enhancement of the 
specific heat, or less than unity, corresponding to an 
inhibition. These cases arise when the slope of the 
* This feature of the Gell-Mann-Brueckner calculation has 
been remarked by L. Onsager [Bull. Am. Phys. Soc. Ser. II, 3, 
146 (1958) ]. 
* See, for example, F. Seitz, reference 6, p. 150. 
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curve AE(p) vs p is negative or positive, respectively. 
As seen below, the contribution to the slope arising 
from the Coulomb interactions of the electrons is 
positive, at least at high density. But since contributions 
to the self-energy are additive, a further term must be 
included for real metals because of the motion of the 
ions and their response to the polarizing field of the 
electron. This electron-phonon self-energy has gener- 
ally a stronger slope than that resulting from the 
electron-electron interactions. It has been computed for 
sodium and found to give about a 20% enhancement to 
the electron specific heat.* Since it is planned to 
publish separately the details of the electron-phonon 
calculation, we shall limit the present discussion to the 
electron-electron interactions. Although the result of 
this work is identical to that of Gell-Mann," it is 
presented as an example of the method of the self- 
energy. Because of the considerable simplicity of this 
method it should be possible to improve the accuracy 
of the result with a reasonable expenditure of additional 
labor. 

In Sec. VI it will be shown that the derivative of the 
imaginary part of AE vanishes at the surface of the 
Fermi sea. Therefore for AE in Eq. (38) we can substi- 
tute E.x+ReEcorr, where the second term is given by 
Eq. (36). If we neglect correlation and keep only the 
E.x term, we find an infinite slope for dE,x/dp| p=n0 
and, as already mentioned, the specific heat is reduced 
to zero. But already including the correction term 
E.x'— Ecx gives the finite slope [see Eq. (32) ] dE.x'/dp 
=—e’/x. Of the other correction terms, it will be 
shown in Sec. VII that the line integral contributes a 
slope of higher order in the density parameter r,. With 
the customary simplification of restricting the calcu- 
lation to high density, this contribution can be neg- 
lected. The only remaining term in Eq. (36) is 


ie 200 dk 
Exons" = (P= pa) J wre 
"Jy ke(k,0) 


Here we have already integrated normal to the Fermi 
surface over a spherical shell of thickness (p— po) and 
have also performed the angular integration about the 
direction of p. From Eq. (9) 


(39) 


3 
——F(s), (40) 


oy*2" 
1 1-2 |1+2/| 


F(z)=-+—— In|]. (41) 
2 4 Ing 


e(k,0) =1+- 
1 


where 


For small values of z, F(z)~1 and e~1+3/167’2?=1 
+@°/k, where g= (4ko/mao)'=0.815(r,)*ko is the re- 
ciprocal of the screening length. This expression can be 
derived from the Fermi-Thomas statistical model and 
yields a Yukawa-type potential for the screened 
“3 R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 1, 217 (1956); 
3, 203 (1958). 
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Coulomb field about a fixed point charge impurity. 
Setting F(z) equal to unity is not permitted when large 
momentum transfers, or short wavelengths, are im- 
portant.*” This is not the case here, however, and the 
approximation is justified. Substituting into the integral 
of Eq. (39) and'using Eq. (10) gives 


é ods 5 sl 
—_————_-=-- In ——______—— 
J 243/167? 2 ( 3/1672 


= —4Inr,+0.898, (42) 


where consistent with the high-density approximation, 
the term of order r, has been dropped. Thus we have 


e 
Fors’ = — (p— fo)—(Inr.— 1.97), 
D 


Tv 


, (43) 


giving 
dAE| é 
a = ——(Inr,+0.203), 


— (44) 
dp |P=po 2x 


and a specific heat inhibition of 


cy /¢s=1+0.083r, (Inr,+0.203), (45) 


in complete agreement with Gell-Mann.” Although 
this expression gives a reduction for small values of r,, 
the correlation correction vanishes for r,=0.816 and 
changes to an enhancement for values larger than this. 
Since terms of higher order in r, must also be included, 
it is clear that not even the sign of the effect can 
presently be predicted for the electron densities actually 
occurring in metals (r,22). Equation (45) is thus of 
no practical value without the higher order corrections. 
Its interest is mainly theoretical, in connection with 
the limit r,—0. This limit can be effected either by 
increasing the density to infinity or by keeping the 
density fixed and reducing the electron charge to zero. 
Thus, by including correlation, one has a theory which 
continuously approaches the Sommerfeld theory of free 
electrons as the interaction is turned off. This is not 
the case when only the effect of the interaction through 
exchange is included and correlation is neglected. 


VI. DAMPING OF ONE-ELECTRON STATES 


It has been noted in Sec. IV that the self-energy of 
an electron of momentum greater than the Fermi 
momentum has an imaginary part as well as a real part. 
In addition to an energy shift there is consequently an 
attenuation of the one-electron state, with a mean life 
of minus one-half of the reciprocal of the imaginary 
part of the self-energy. After this time the one-electron 
state will have passed most of its original excitation 
energy to the electron gas. This damping is a conse- 
quence of the fact that a single-electron excitation is 
not a stationary state of the combined system of 


27 J. J. Quinn and R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 
3, 53 (1958). 
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electron and degenerate gas, and results from inelastic 
collisions of the original electron with the electrons of 
the gas. The damping is, however, greatly retarded by 
the collective screening of the Coulomb field of the 
electron by the gas, acting as a dielectric medium. 
Without the screening the effect of the collisions would 
be so drastic that the mean life would be vanishingly 
small, and the concept of the single-electron excitations, 
which is at the basis of the specific heat calculation of 
the preceding section, would have no validity. 

The imaginary part of the self-energy is to be calcu- 
lated by substituting into Eq. (33). For the sake of 
simplicity we shall consider only small excitation 
energies E. Consequently we are near the static limit 
for the dielectric constant, where the imaginary part 
vanishes, and can make the approximation 


Ime(k, E— E’+ 16)" 
= — €(k,0)~? Ime(k, E—E’+18). (46) 
From Eq. (9), for 0<u< <1—z we have 


3ru 3mw 
Ime(k, w +75) = =——__—, (47) 
32y*2?_ 128 Egy’*s* 


where Eo= po’/2m is the Fermi energy. Substituting 
into Eq. (33) and carrying out the integration normal 
to the Fermi sphere gives 


FE tr / p $ 
f dk, (E—E’)=—=2— “-1), (48) 
0< R’'<E 209 ~% \po 


which leads to 


3poe? ( p 7 és 
EGE aN finn: eo 

128y2\ po » ste(k,0)2 
Without the screening represented by the dielectric 
constant the integral would be severely divergent and 
result in an infinite damping rate, as mentioned above. 
But with «(k,0) ~1+3/(16y*s*), [Eq. (40) ], the integral 
takes on the finite value 16m y*/3v3, so that 


(: 1) 
8v3 \po , 


Multiplying by —2 and taking the reciprocal gives the 
mean life. Including an additional factor of the Fermi 
velocity gives the mean free path \. In units of the 
reduced de Broglie wavelength po"! (essentially the 
interelectron spacing), we have 


(50) 


E im— 
4eorr 


Apo= 43a 'y—aopo(p, po- 1) 


=3.987,-1(p/po—1)*. (51) 


As pointed out in the preceding section on the specific 
heat, by including correlation the present theory passes 
continuously to the Sommerfeld case of no interaction 
as the interaction is turned off. This behavior is ex- 
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Fic. 6. Optical potential of an electron of momentum p moving 
through a degenerate electron gas of Fermi momentum fo. The 
real part is represented by the curve labeled RE and has a finite 
value and slope at the Fermi surface. The curve labeled —IM is 
the negative of the imaginary part and gives rise to a damping 
of single-electron states. It has zero value and slope at the Fermi 
surface. The optical potential for p< po is defined as the negative 
of the self-energy of a hole. 


hibited also by Eq. (51), which yields an infinite mean 
free path (in units of the deBroglie wavelength) in the 
limit 7,0. The mean free path also becomes infinite 
as the excitation energy is reduced and po. The 
damping approaches zero sufficiently rapidly that 
dE gorr'™/dE| g.0=0. This would seem to be an a priori 
requirement on any reasonable theory of the self- 
energy, since without it the specific heat correction of 
Eq. (38) has no meaning. 


VII. OPTICAL POTENTIAL AND GROUND-STATE 
CORRELATION ENERGY 


Figure 6 is a plot of both the real part and the 
negative of the imaginary part of the renormalized 
self-energy of an electron in a degenerate electron gas, 
AE(p), as a function of the electron momentum p. 
This self-energy constitutes an effective potential 
similar to the optical potentials used in nuclear physics, 
where the real part gives rise to elastic scattering and 
the imaginary part to absorption. As emphasized above, 
the electron gas has a dual role: it acts as a dielectric 
medium which can be polarized and also as a vacuum 
from which electron-hole pairs can be created and 
undergo exchange with incident electrons. 

In Sec. VI the imaginary part of the self-energy of an 
electron whose momentum is slightly greater than the 
Fermi momentum was determined and interpreted in 
terms of a damping of single-electron states. The curve 
labeled —IM appearing in Fig. 6 demonstrates the 
behavior of the negative of the imaginary part of the 
optical potential, which we designate by the function 
IM (p— po)=ImAE(p). So far we have discussed only 
the self-energy associated with momenta p> po, corre- 
sponding to a particle outside the Fermi sea. As shown 
in Fig. 6, the optical potential can be extended to 
momenta p< po, inside the Fermi sea. Since the state 
of momentum p is normally occupied when | p| < po the 
optical potential in this case is defined as the negative 
of the self-energy of a hole of momentum —p. In 
Appendix II it is proved that the renormalized hole 
self-energy is indeed correctly represented by the 
negative of the function AZ(p) and furthermore that 
the imaginary part of this function has the following 
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property for small values of p— po: 


IM(— | p— po| )}= —IM(| p— po}). 


This change of sign at the Fermi surface is illustrated 
by the upper curve in Fig. 6 and has the consequence 
that holes inside the Fermi sea damp out in the same 
way as electrons outside. The mean free path of holes 
is thus also given by Eq. (51). 

The extension of the real part of the optical potential, 
RE(p— po)=ReAE(p) for momenta p< fp is given by 
the curve labeled RE in Fig. 6. It is established in 
Appendix II that RE(p—o) is continuous and has 
continuous slope at the Fermi surface. Therefore, for 
small values of p— po, 


(52a) 


RE(— | p— po| )— RE(0) 


=~—[RE(|p—po|)—RE(0)]. (52b) 


Since the real part of the self-energy of a hole of 
momentum p is the negative of RE(p— fo), it follows 
from Eq. (52) that the correlation correction to the 
density of states for holes is the same as for electrons. 
This was tacitly assumed when writing down Eq. (38) 
of Sec. V since holes and electrons contribute equally 
to the specific heat. 

The sum of the real part of the potential at the 
Fermi surface together with the kinetic energy Eo 
= po?/2m, represents the amount of energy needed to 
introduce into the system one additional electron of 
momentum fo while keeping the volume constant. The 
negative of this quantity, which is just the energy 
required to remove a particle of momentum fo, is often 
used in nuclear physics and is called the separation 
energy. The value of the separation energy, which we 
designate by — Es, is given by 


Es= (po?/2m)+ Eex(po)+ Eecorr''™*( po). (53) 
From Eq. (29), Eex(po)= —e*po/w. The residue contri- 
butions have been omitted; they vanish at the Fermi 
surface. Only Egorr'i™®(po) remains to be evaluated. 
Introducing »=w/(2kovpz) and P= p/po into Eq. (35) 
and simplifying gives 


| ep? pp? sl 
Becee™™(p) = —f dv dz{ -—1 
r -_ 0 € 


, n 
7 ee 
~1 (P —z)?+? 


Performing the integrations over u and z exactly gives 
an expression of the form F Inr,+G, where the functions 
F and G may be expanded as power series in r, with 
coefficients which depend only on » and P. Integrating 
over z exactly is lengthy, but to obtain only the leading 
term in the expansion simplifying approximations can 
be made. Since the main contribution to the z integra- 
tion arises from very small values of z, the z integration 


(54) 
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may be cut off at an upper limit of unity and the 
expression obtained from the yw integration may be 
expanded in powers of z, with only the lowest order 
terms retained. To terms of order less than 3°, the 
result of the integration over u is given by 


1 Pu-z 22 
du -=— : 
1 (Pu-2)*+r P+ 


(55) 





Before performing the integration over z, the expression 
for the dielectric constant can be simplified by expand- 
ing in powers of z and keeping only the lowest order 
terms. In terms of the parameters z and 2, this approxi- 
mate expression for the dielectric constant may be 
written 
3 
e=1+——(1—v tans’). (56) 
16772? 


Substituting Eq. (55) and Eq. (56) into Eq. (54), 
integrating over z from zero to unity, and keeping 
only the leading term gives 


(57) 


4Inr, 7? 1—v tan yt 
Eors!!™*(p) =ry 
0 


——_—_—_——d). 
ce P+ 
Differentiating Eq. (57) with respect to P and evalu- 
ating at the Fermi surface gives 


8lInr, 7* 1—»v tan"! 
=—ry f ——_————dy 
0 (1+) 


OE cce,"™ 


dP Pel 


=—ryr Inr,, (58) 
which (as stated in Sec. V), is of higher order in r, 
than the terms included in the specific heat. 

Evaluating the right-hand member of Eq. (57) at 
p= poor P=1 gives Egorr!'®*(po) = 2x? ry (1—In2) Inr,. 
This is only the leading term in r, of an expression for 
Es—Eo—Ecx(po) of the form (Ao+Air,4+---) Ins, 
+ (Bot Bir,+---). Thus 


Ao=2xr7(1—I1n2) ry. (59) 


To determine the higher order terms the following 
corrections to Egorr'"*(po) must be taken into account: 
(1) the z integration in Egor,''"*(po) must be performed 
more accurately, (2) contributions of higher order self- 
energy graphs must be included, and (3) the dielectric 
constant must be evaluated to higher order in the 
expansion parameter e*. Although the first item involves 
no essential difficulty the second and third steps 
introduce greater complications, depending on the 
accuracy desired, and have not yet been carried out. 
Consequently we do not attempt to go beyond the 
lowest order term here, although, as explained below, 
computation of the constant By term would be equiva- 
lent to the calculation of Gell-Mann and Brueckner 
and should not be too difficult. By carrying it along we 
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will be able to determine it from comparison with their 
results. Collecting terms, our expression. for the negative 
of the separation energy is 


1 2 2 
Es(r,) ry} —-———+—(1-—In2) Inr,+ bol (60) 


9. 9 9 
GT. Ws. 


where, following the above authors, we denote the 
number (4/92)! by a. 

A theorem of Seitz’® relates the correlation energy 
of a particle at the top of the Fermi sea to the average 
correlation energy per particle. We shall determine the 
total ground state energy per particle in the same way, 
that is by relating it to the total energy of a particle 
at the Fermi surface, or the negative of the separation 
energy. The average energy per particle of a degenerate 
Fermi gas consisting of .V particles enclosed in a volume 
V, depends only on the density and can be expressed 
as some function g(r,). The total energy of the system 
is therefore Vg(r,). Both NV and V are essentially infinite. 
Introducing one additional particle of momentum po 
into the system while holding the volume constant 
changes the density and consequently the average 
energy per particle by an infinitesimal amount. Let r,’ 
describe the density of the system of V+1 particles in 
the volume V; then r,’ is related to r, by the equation 


(61) 


r, =7,—7,/3N. 


The average energy per particle for the system of V+1 
particles is g(r,’) and is related to g(r,) by the equation 


's 


g(r) = B(re) 8 (re), (62) 


where the prime on g(r,) signifies differentiation with 
respect to r,. The total energy of the system of V+1 
particles is (V+1)[g(r.)—43.V~'r.g' (r,) ]. The change in 
the energy of the system caused by introducing the 
additional particle is the difference between this 
quantity and Ng(r,), and must equal Es: 


g(r.)—4reg’ (r.)=Es(r,). (63) 


By means of the integrating factor r,~* the left-hand 
member of Eq. (63) can be written as — }7,‘d[r,*g(r,) ] 

dr,. Solving for the ground state energy per particle 
gives in general 


g(r.) = —3r8 f Es(r,’)r,’~*dr,’. (64) 


A shortcoming of the self-energy method appears at 
this point: because of the constant of integration in 
Eq. (64) the coefficient of r,’ in the expansion for g(r.) 
remains undetermined. This will not, however, consti- 
tute any practical disadvantage until all the lower order 


28 See reference 6, p. 343. 
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terms have been evaluated. In principle the constant 
of integration is fixed by replacing the indefinite 
integral — f°” by the definite integral /;,”, since g(r,) 
must vanish in the limit r,>2. It does not appear 
feasible to use this prescription, however, because of 
the difficulty of computing the separation energy in the 
low density (strong interaction) range. In connection 
with the integration over the series expansion of the 
separation energy, a peculiar feature of Eq. (64) may 
be noted. When one carries out the integration, the 
term.A ;r," Inr,’ in Es(r,’) leads to a term — (3/2)A3r,3 
X (Inr,)? in g(r,). The appearance of such a term in 
the expansion for the ground-state energy does not 
seem to have been allowed for by Gell-Mann and 
Brueckner.‘ Its absence would require A;=0. For the 
special case of the electron gas, substituting from Eq. 
(60), integrating, and neglecting higher terms, we obtain 


3 1 3 
g(r.) =ry —-———- 
Sa’r, 2mrar, 


2 
-—le n2)(Inr+4)+ Bo (65) 


a 


The r,~* and r,“' terms represent the average kinetic 
and exchange energies, respectively, while the Inr, term 
in the correlation energy is in agreement with well- 
known results of other investigators. By identifying 
the constant term with that computed by Gell-Mann 
and Brueckner, we obtain Bp= —0.117. Alternatively, 
it is clear that a computation of By by means of the 
self-energy method presented here would be equivalent 
to the work of these authors. 

The significance of the second term in the left-hand 
member of Eq. (63) is easily seen by considering the 
pressure, which is the negative of the derivative of the 
total energy with respect to the volume: 


dL Ng(r.) |} I 
P(r,)=—-— =—n—g'(r,), 
dV 3 


(66) 


where n=N/V is the average particle density. Thus 
Eq. (63) can be written in the form 

Es(r.)=g(r.)+n"'P(r,). (67) 
An alternative derivation of Eq. (67) is provided by 
keeping the density instead of the volume constant. 
Then the additional term represents just the work re- 
quired to expand the system against the external pres- 
sure in order to make room for the added particle. 
If, instead of the electron gas with a uniform back- 
ground of positive charge, we consider actual metals at 
equilibrium, then the pressure is zero and Eq. (67) 
reduces to 


Es(r.)=g (rs), (68) 
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where r, corresponds to the equilibrium density. This 
equality between the negative separation energy and 
the energy per particle is simply Bethe’s theorem.'4 By 
means of it the separation energy gives the ground state 
energy directly, without an integration over density. 
Of course, for real metals the effect of the lattice on Es 
must be included, perhaps for monovalent metals by 
the Wigner-Seitz cellular method.”® The integration 
over density is required only for the determination of 
the equilibrium value of r,. Once this is fixed, either by 
minimizing the function g(r,) defined by Eq. (64) or 
by referring to the empirical density, the correlation 
energy is given by Eq. (68). Furthermore, differenti- 
ating Eq. (63) shows that at equilibrium all higher 
derivatives of g(r,) can be expressed in terms of deriva- 
tives of the separation energy. For example, the 
compressibility depends upon the first derivative : 


3 
g(r.) = ——Es'(r,). 


1. 


VIII. SUMMARY 


The correlation energy of a degenerate electron gas 
at high density has been evaluated by a new simplified 
method in which attention is focused on a single 
electron at the surface of the Fermi sea. The self-energy 
of such an electron was evaluated by making use of 
Lindhard’s frequency and wave-number dependent 
dielectric constant. In the less ideal case of a real metal 
it might be possible to substitute an empirically deter- 
mined function, or perhaps a simplified approximate 
one which would make the integrations easier. The 
self-energy led to the high-density expression for the 
correlation energy, while the derivative of the self- 
energy with respect to momentum yielded the corre- 
lation correction to the specific heat. Although these 
results were already known, an interesting by-product 
of the calculation was the optical potential, in analogy 
to the similar momentum dependent quantity in nuclear 
physics. The imaginary part of the optical potential 
gave a mean free path inversely proportional to the 
square of the distance (in momentum space) of the 
electron or hole from the Fermi surface. Thus the 
concept of a single-particle excitation of the electron 
gas is valid for small values of the excitation energy 
but breaks down for larger values. Although the 
calculations have been carried through only for lowest 
order in the density parameter r,, the relatively simple 
and intuitive nature of the self-energy approach should 
make it feasible to carry the calculations to higher 
order, corresponding to lower density. 

In conclusion, one of us (RAF) wishes to acknowledge 
several valuable and stimulating discussions with D. F. 
Dubois during initial states of this investigation. 

®E. P. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 
509 (1934). 
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APPENDIX I. MOMENTUM-EXCITON AS PROPAGATOR 
OF THE POLARIZATION 


The external charge distribution p(x;,¢;) discussed in 
Sec. III sets up an electrostatic potential 


wn (kf, )e*"™!, 


The Fourier transform (k,é;) is related to the charge 
distribution by the equation 


(70) 


dr 
H(k)=— fe tk 19 (x; ,t;)d*x). 
RV 

The interaction Hamiltonian representing the pertur- 
bation on the electron gas caused by this electrostatic 
potential is 

H’=—e> >» ®(k,t,)>; e** a (71) 
where the sum over the index 7 is over all electrons in 
the gas. The action of H’ on the electron gas can cause 
a transition from the ground state Wo to an excited 
state V,. According to the momentum-exciton model® 
the excited state wave function V, is a linear super- 
position of one-electron excited states ®;: 


Vn=Dj A in(k),. (72) 


The matrix element H,9’ is given by 


Hao = — eb(k,t,)C,.*(k), (73) 
where 


Cr(k) =>; Ain(k). (74) 


Although Eq. (72) holds only when the backward- 
going graphs are neglected, Eqs. (73) and (74) are 
independent of this approximation. A;,(k) of Eq. (74) 
is the sum of the forward and, backward propagating 
amplitudes A ;,*(k). The amplitude of the intermediate 
state m at time # is given by 


te 
@n(Kk,ts) =— if He “tEntaidt (75) 


—o 


Substitution from Eqs. (73) and (70) gives 


4rre x 
talks) =i— fdr f dt; —¢e~tk-x1-iEnta 
V -- -# 


XCr*(K)p(x1,41). (76) 


The effective electrostatic potential at point 2 in 
space-time can be determined from the scattering of a 
test charge. The gas is in some excited state V, with 
amplitude @,(k,t.). The test charge can cause a 
transition back to the ground state Wo in the scattering 
process. The effective electrostatic potential acting on 
the test charge is given by 


Vo, Sm 


“ alk) (77) 


7 |Xe—X; 


¢(Xe,l2)= > 
n,k 
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By means of Eqs. (72) and (76), ¢(X2,t2) can be written 


te dr 2 
elxsin)= fan f in| -i(~) e 
= V 


1 
x I —eiten ta C4(h)|* tau) (78) 
k,n 4 


The quantity in the brackets appearing in the integrand 
of Eq. (78) is by definition the propagator G, (2,1): 


Pk 4x 
G,(2,1)=—i [ ae i 
J (2r)* R 
KEICud Pe, 79) 


n 


where the sum over k has been replaced by an integral 
and M (k)=4e?/k?V [ Eq. (4) of reference 8 ]. 

Let us now concentrate on the continuum contri- 
bution, set £,=, and replace the sum over m by an 
integral. This gives 


4 
Gysom(2,t)=—i f C,.(k) ’ 


@kdw 
X 2arp(w)M (k)e**: 221 te 21__. 
(2r)4 


(80) 


where p(w) is the density of states. The quantity 
C,.(k)|? can be determined [from the fmomentum- 
exciton model. The coefficients A;,(k) are defined by 
Aint +Ajn7 and 

M (k)C,,(k) 


A in*(k) , 
+ F,—T,A 


the equations A ;,= 
(81a) 


where 7;+= E(k; Ak)—E(k,) [Eqs. (17) and (18) of 
reference 8 |. Although the wave function ¥, is normal- 
ized according to 


Dd df | Aint (k) staal mn (k) |? ]=1 


[Eq. (20) of reference 8], it is easily seen that the 
backward propagating amplitudes do not contribute to 
the normalization for the continuum states, Conse- 


quently |C,(k)|? is given by 
1 1 
1Ca(k) |2= M (k)-41 5 (82) 
i (E,-—T;*)? 


(81b) 


By performing a summation over 7 on both sides of 
Eq. (81a), one arrives at the relation 


(83) 


1 I 
| _ |e ky 
E.—T# = EgtT7 


Since the propagator can be expected to be independent 
of the detailed spectrum of the 7+, we may assume for 
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convenience that they are uniformly spaced® in the 
vicinity of E, corresponding to the density of states 
p(E,,). The deviation of the spectrum from this constant 
state density is expressed by a Cauchy principle value 
integral : 


1 1 
a 
ilLzE,—T; E,+T; 


V 1 1 
+ —P f ee] ys ate | (84) 
(2m)8 E.=-T? BetTr 


where \= (£,,— EL’) /AE, T;= E’+mAE, m is an integer, 
AE=p(E,)~ is the spacing between consecutive energy 
levels, and E’ is one of the 7; in the vicinity of &,. 
Solving Eqs. (84) and (83) for the sum over m gives 


2 1 MV 
+ —=-- {1- Pf wk, 
m=—« m—) Mp (2x)8 


1 1 | 
fete ice 
E,-T* EntT-J! 


where the quantity in curly braces has been identified 
as Lindhard’s expression for the real part of the dielec- 
tric constant. Now a well-known expression for the 
above sum as a function of the variable X is 


€:(K,w) 
M (k)p(w) 


(85) 


x 1 
> - = —e cotmi, 
m=—0 m—X 


(86) 


which by substitution into Eq. (85) fixes the eigenvalues 
\ precisely. Differentiation of Eq. (86) followed by 
substitution from Eq. (85) leads to the useful result 

1 €? 


=m csC*rA = 2? + 


M*p* 


<< 


m=—«0 (m—))?* 


(87) 


The sum in the right-hand member of Eq. (82) can 
consequently be expressed as 
G 1 
C(E.—T#t=0 ¥ 
i m=—o (m—)? 


= M~[(rMp)?+«:7 ] 


(88) 


where we have substituted from Eq. (87) and have 
used the equality 


€2=m7Mp. (89) 


€. is the imaginary part of ¢, the complex dielectric 

constant. Inserting this result into Eq. (82) gives 
Cn(k) |?= | e(k,w) |. 

*® This treatment is suggested by a simplified model of radiation 


damping which is worked out in the paper of V. Weisskopf and 
E. P. Wigner [Z. Physik 63, 54 (1930). 


(90) 
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Returning now to the Green’s function, we substitute 
from Eqs. (89) and (90) to obtain 


@kdw 49 


—_—_—_——¢ik - x21—iwta1 


t (2r)* Re(k,w) 


G,°"(2,1)= (91) 


The subscript Z on the integral sign signifies that the 
w integration is to be carried out over the part of the 
loop shown in Fig. 3(c) which encircles the cut. In 
arriving at Eq. (91), we have used the fact that € 
changes sign across the cut while ¢; remains unchanged. 
For those values of k for which plasma oscillations 
exist there is an additional discrete contribution to 
G,(2,1) corresponding to plasmon excitation, whose 
energy we denote by £;. According to Eqs. (79), 
(81a), and (81b), the magnitude of this contribution to 
the propagator is determined by 


IC1(k) |2=M (kD (Ai—T4)2- (EATS), (92) 


which differs from Eq. (82) in that the effect on the 
normalization of the backward propagating amplitudes 
in the excited state of the gas can no longer be neg- 
lected. The sum in Eq. (92) must be evaluated some- 
what differently from that in Eq. (82). Again we 
consider the real part of Lindhard’s expression for the 
dielectric constant : 





1 1 
a(kws)= 1-0)? E( ~ ), (93) 
wT wtTS 


i 


but now for w in the vicinity of £; we are clear of the 
continuum and can drop the P which indicates the 
principal value sum. Designating the partial derivative 
with respect to w by a prime, we then have 


ey (kw) = M(k)> f (o— T;*+)?- (w+ Tc-yY*), (94) 


1 


IC) p= -—————. 
Me'(k,E;) 


(95) 


Substitution into Eq. (79) gives for the plasmon 
contribution to the Green’s function 


ak 4a 
(2x)* k*e;'(k,E;) 
@kdw 44 


= i(k-x21—wt: 
——_—____— gi (K -2at wt) 


Be ew (2m)! Re(kw) 


et (k-x21— £1t21) 


G,Pissm (2,1) = < if 
(96) 


where the integration is clockwise (cw) on a small 
circle about the root of the dielectric constant and is 
illustrated by the right-hand portion of Fig. 3(b). 
Addition of the continuum and plasmon contributions 
yields a contour of integration equivalent to that shown 
in Fig. 3(c) and consequently leads to Eq. (21) for the 
polarization propagator. 
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APPENDIX II. PROPERTIES OF THE 
OPTICAL POTENTIAL 


In Sec. VII the optical potential, which we write as 
RE(p— po) +i IM(p— po) was defined for p< po as the 
negative of the self-energy of a hole. The latter quantity 
is represented by the Feynman graphs which result 
from reversal of the directions of the arrows in Fig. 1. 
Consider specifically the process which is represented 
by reversing the direction of the arrows in Fig. 1(a). 
Let the initial and final states consist of a hole of 
momentum — p and the intermediate state of a hole of 
momentum —p’ and in addition the disturbance in 
the electron gas of momentum p’—p. Also interchange 
the labels “1” and “2” on the space-time points of 
interaction. What actually happens at time # is that 
an electron of momentum +p’ makes a jump into the 
vacancy in momentum state +p while at the same 
time giving rise to a disturbance in the electron gas. 
At time 4, the electron jumps back into the state of 
momentum +p’ and absorbs the disturbance. The 
factor in the matrix element for the entire process due 
to these jumps is 


> [eiP 2 1E(p)ta ]*eip’ ai 8 (p’ dts 
p’<Po 

X [etp’ 1-68 Cp!) 41 tei a ‘B(p)t (97) 
where we have summed over the intermediate states. 
Consequently the self-energy of a hole of momentum 
—p, distinguished from the corresponding quantity 
for an electron by a prime, is given by 


S.E.’(— p) =e f and en iv artiE (p)te 


KE XS ete’ ser i8 (p41 1G, (2,1) 
p’<Po0 

Keip--ik(p)ot... (98) 
where the dots indicate a similar integral in which the 
sum is over positive energy intermediate states. The 
quantity in brackets in Eq. (98) can be identified with 
the negative-energy portion of —K,(2,1), the negative 
of the electron propagator. With a similar identification 
of the positive-energy terms, Eq. (98) becomes 


S.E.’(— p)= —¢ fend, e- ip txt ik (p)te 


«* K4.(2,1)G,(2,1)e'? 2 (P)4, (99) 
The right-hand side of Eq. (99) is simply the negative 
of the function S.E.(p), which has been found [Eq. 
(23)] to represent the self-energy of an electron of 
momentum +p for the case p> po. This function can 
be extended into the interval p< po, and Eq. (99) can 
be written 


S.E.’(— p)= —S.E.(p). (100) 
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This must be compared with the negative of the 
vacuum self-energy of an electron of momentum p, 
which we can term purely for convenience the “vacuum 
self-energy of a hole,” and which we define formally by 
the equation 

[S.E.’(-— P) jo= —- S.E.(p)o. 
he difference represents the observable self-energy of 
a hole of momentum — p: 


S.E.’(— p)—[S.E.’(— p) Jo= — {S.E.(p)—[S.E.(p) Jo} 
-—AE(p), (102) 


(101) 


where the renormalized self-energy function AZ (p) has 
already been studied for p> po in Secs. IV-VII. Because 
of the minus sign in the definition of the optical po- 
tential for p< po, we have the equality 


RE(p— po) +t IM (p— po) = AE(p) 


for all values of p. The real and negative imaginary 
parts of Eq. (103) are the quantities plotted as functions 
of p in Fig. 6. 

The function RE(p— po) is, according to Eqs. (103) 
and (36), given by 
RE(p— po) = Ecorr!'"*(p) + Eex’ (p) + Ecorr™*(p). 
As shown in Sec. VII the slope of Egorr!i™*(p) at the 
Fermi surface is negligible in the high density limit. 
Therefore, for momenta p for which p— fo is small, 
Eorr''®*(p) can be set equal to its value at the Fermi 


(103) 


(104) 
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surface. The second term is given by Eq. (32) and 
clearly exhibits the continuity at the Fermi surface 
required of RE and its derivative. For p> po, Ecorr™®*(p) 
is defined by Eq. (34) but for p<po, the pole which 
gives rise to Egorr™®*(p) is in the third quadrant and 
deforming the contour encircles this pole in a clockwise 
direction. This contributes an additional minus sign to 
the integral which is otherwise a function only of the 
absolute value | E| =| p— po|. Consequently Eq. (39) 
holds in general for all momentum vectors near the 
Fermi surface, inside as well as outside, and all the 
terms in RE(p— fo) have the required continuity of 
value and slope expressed by Eq. (52b). 

The imaginary part of the optical potential for p< po 
is given by 


IM | oan po) -_ Evou' ™(p) 


_— f 
E< 


where as explained in the preceding paragraph, the 
additional minus sign relative to Eq. (34) results from 
encircling the pole in the opposite direction. By means 
of Eq. (22) it is readily seen that the integrals in Eqs. 
(105) and (34) are the same function of the absolute 
value | £|=v9|p—po| and consequently that near the 
Fermi surface IM is an odd function of p—po, as 
expressed by Eq. (52a). 


ak 4 1 
- Im——— - 


e(k, E—E’—i8)' 


(105) 
E’<o (2m)* 
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Magnetoresistance in PbS, PbSe, and PbTe at 295°, 77.4°, and 4.2°K* 
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(Received June 4, 1958) 


Magnetoresistance measurements made on 14 single crystals of PbS, PbSe, and PbTe at 77.4°K con 
formed to the general phenomenological weak-field theory; i.e., the magnetoresistance was proportional 
to H?, and varied sinusoidally with the angle between the sample current and magnetic field. Because of the 
extremely high mobilities in the samples at 4.2°K, weak-field theory was generally not applicable, and satura 
tion effects and striking deviations from the sinusoidal behavior were observed at this temperature. The 
longitudinal magnetoresistance was generally larger (in some cases, 4 or 5 times larger) than the transverse 
at both 77.4° and 4.2°K. The results did not appear to be significantly different for n- and p-type material 
The data generally favor a model with considerable mass anisotropy; in particular, the many-valley model 
having ellipsoids of revolution along the (111) directions, with a ratio of longitudinal to transverse effective 
mass of between 4 and 6, seems most appropriate for PbTe. 


INTRODUCTION 


AGNETORESISTANCE measurements have 
been made on 14 single crystals of PbS, PbSe, 
and PbTe at 295°, 77.4°, and 4.2°K. The crystals were 
from a group on which Hall and resistivity measure- 
ments were reported earlier,'! and were synthetic with 
the exception of one natural PbS sample. They had low 
resistivities, constant extrinsic carrier concentrations 
of the order of 10'* per cm*, and room temperature 
mobilities in the range 500-1700 cm?/v-sec. The mo- 
bilities increased rapidly with decreasing temperature, 
reaching values as high as 800 000 cm?/v-sec at 4.2°K. 
The lead salts crystallize in the cubic NaCl structure, 
and samples generally cleave along the planes formed 
by the cubic axes. All of the crystals measured were 
cleaved, and thus the sample current was invariably 
parallel to a cubic axis. The directions of the applied 
magnetic field were confined to the plane determined 
by the current axis and one of the other cubic axes. 
The sample dimensions were usually about 1X 1X3 or 
4mm. 

The simple dc apparatus used for these measure- 
ments and details of the experimental procedure have 
been described elsewhere.2 The data at 77.4° and 4.2°K 
were obtained by directly immersing the sample in 
liquid nitrogen and liquid helium. The sample currents 
used were generally about 5 or 10 ma, and the magnetic 
field strengths ranged from 360 to 4300 gauss. 

The experimental configuration used permitted the 
evaluation of the longitudinal magnetoresistance co- 
efficient Mjo9 and the transverse coefficient M joo (the 
subscripts and superscripts are the current and magnetic 
field directions, respectively). We define these co- 


* This paper is a portion of a thesis submitted to the University 
of Maryland in partial fulfillment of the requirements for the 
Doctor of Philosophy degree in physics. Copies of the complete 
thesis are available from the U. S. Naval Ordnance Laboratory. 

1R. S. Allgaier and W. W. Scanion, Phys. Rev. 111, 1029 
(1958). For further details, see reference 2. 

2 R. S. Allgaier, Naval Ordnance Laboratory Report NAVORD- 
6037, 1958 (unpublished). 


efficients by the equation 


Ap 
—= M ane?! py? H?/c’?, 
Po 


(1) 


where Ap/po is the fractional change in the zero-field 
resistivity, uy is the Hall mobility, H is the magnetic 
field strength, and the factor c’ depends on the system 
of units used. We shall employ the usual mixed system 
in which H is in gauss and uy in cm*/v-sec. In this case, 
c’ = 105. 

It has been shown’ that for any cubic crystal and for 
pn H<K108, 


(2) 


3 3 
Ap/po= Lo+e(% uni)’ +d > un? JH’, 
j=1 7=1 


where b, c, and d are constants, and the «’s and n’s are 
the direction cosines of the current and magnetic field 
with respect to the crystal axes. Equation (2) reduces to 

Ap/po=[b+ (c+d) cos*@ |” (3) 
for our experimental configuration, where @ is the angle 
between current and magnetic field. 

The galvanomagnetic properties of three cubically 
symmetric many-valley models have been derived for 
classical statistics and weak magnetic fields by Abeles 
and Meiboom‘ and Shibuya.’ These models assume 
constant energy surfaces which are ellipsoids of revolu- 
tion in k space oriented along the (100), (110), or (111) 
directions. Simple relations which do not depend on 
the degree of degeneracy exist between the constants 
of Eq. (2) or Eq. (3) for these models.* They are as 


3G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

4B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

5M. Shibuya, Phys. Rev. 95, 1385 (1954). 

®See reference 5 in which relations are given between the 
magnetoconductivity constants 8, y, and 6. It is easily shown that 
the same relations hold between the magnetoresistivity con 
stants 6, c, and d. 
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Fic. 1. Transverse and longitudinal magnetoresistance in PbS as a function of the mobility-magnetic field strength product. 


follows: 
Relation 


6+c+d=0 
b6+c—d=0 
b+c =() 


These theoretical relations may be used to select an 
appropriate cubic model by comparison with the ex- 
perimentally evaluated constants. 

The ellipsoids of the cubic models are characterized 
by a parameter K, the ratio of the longitudinal to trans- 
verse effective mass. For K=1, the cubic models all 


Model 


(100) 
(110) 
(111) 


1,0) 


1 


44H 


10710" 


(a) n-type, Sample 27 


4x80" 108 


(b) n-type, Sample 38 


reduce to the simple isotropic band model for which, 
for lattice scattering and classical statistics, M00! 
=0.27 and Mjo=0. The longitudinal coefficient M100 
=( for the (100) cubic model also. 


PREVIOUS MAGNETORESISTANCE MEASUREMENTS 
ON THE LEAD SALTS 


We have found only a few ‘papers on magnetore- 
sistance in the lead salts. Putley’ published transverse 
magnetoresistance data for three synthetic PbSe speci- 
mens at 77.4°K, and transverse and longitudinal data 
on a single synthetic PbTe sample at 290°, 195°, 170°, 


> TRANSVERSE, 77.4°K _| 
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LONGITUDINAL , 4,2°K 
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(c) p-type, Sample 24 (d) p-type, Sample 37 


Fic. 2. Transverse and longitudinal magnetoresistance in PbSe as a function of the mobility-magnetic field strength product. 


7E. H. Putley, Proc. Phys. Soc. (London) B68, 22 (1955). 
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Fic. 3. Transverse and longitudinal magnetoresistance in PbTe as a function of the mobility-magnetic field strength product. 


77.4°, and 20°K, using fields up to 10 000 gauss. As in 
the present work, the sample current was parallel to a 
cubic axis. Putley found that at temperatures down to 
170°K, Ap/po was proportional to H?, but at lower 
temperatures the increase was less rapid at the higher 
field strengths. The coefficients Mjo0 and M jo! were 
roughly the same size, and were within a factor of 2 
or 3 of the simple band transverse coefficient value of 
0.27. 

Irie’ published magnetoresistance data at 93° and 
200°K as a function of the angle between sample cur- 
rent and magnetic field for four specimens of natural 
PbS. Two samples having the sample current in the 
[110] direction showed only a slight variation in the 


* T. Irie, J. Phys. Soc. Japan 11, 840 (1956). 


magnetoresistance as a function of angle. The trans- 
verse coefficient in the two crystals measured with the 
current along a cubic axis was much larger than the 
longitudinal, and Irie concluded that the simple band 
or the (100) cubic model was appropriate for natural 
PbS. The values of the transverse coefficient M 100 in 
Irie’s data were as high as 7. 

Shogenji and Uchiyama’ recently published magneto- 
resistance data as a function of the angle between 
sample current and magnetic field on two crystals of 
PbTe at 90°K. The current was parallel to a cubic axis 
in one case and to a [110] direction in the other. They 
found that b+¢ was much closer to zero than 6+c+d, 
and hence concluded that the (111) model was appro- 


*K. Shogenji and S. Uchiyama, J. Phys. Soc. Japan 12, 1164 
(1957). 
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priate. We calculate from their data that Myo0°=0.11 
and M00=0.235. 

This review reveals that the total number of samples 
previously investigated was quite small, that no longi- 
tudinal data were obtained on PbSe, and that no data 
at all were obtained on synthetic PbS. In addition, 
magnetoresistance studied as a function of the angle 
between the sample current and magnetic field was 
limited to natural PbS and synthetic PbTe. Finally, 
with the exception of Putley’s data at 20°K, the previ- 
ous measurements were confined to temperatures at or 


above 77.4°K. 


RESULTS 


The transverse and longitudinal magnetoresistance 
for four PbS, four PbSe, and six PbTe samples as a 
function of the mobility-magnetic field strength product 
are shown in Figs. 1, 2, and 3. Both Ap/po and w#H are 
plotted on logarithmic scales. The Hall mobilities of 
the samples at 77.4° and 4.2°K are listed in Table I. 
Because the mobilities were generally much higher at 
4.2° than at 77.4°K, the uwH ranges covered by the 
data at the higher temperature were for the most part 
less than 108, while at the lower temperature they 
usually exceeded 10°. The average values of the slopes 
of the transverse and longitudinal data, together with 
a rough average of the ugH range over which the slopes 
were measured, are listed in Table II. 

The magnetoresistance at fixed magnetic field strength 
as a function of the angle between the sample current 
and magnetic field directions for two PbSe and five 
PbTe samples at 77.4°K and for one PbSe and two 
PbTe samples at 4.2°K is shown in Figs. 4 and 5. For 
the sake of brevity, this type of data will henceforth 
be referred to as “constant-field magnetoresistance 
data.” The quantity plotted against angle is (Ap/po) 
X 10!*/u,?H*, which equals M100! and M00 when the 
current and field are perpendicular and parallel, respec- 


Hall mobility (cm*/v-sec) 
77.4°K 4.2°K 
14 400 
68 500 
40 200 


Sample 
number 


3 6040 
n PbS 17 11 000 
26 8750 


Material 
and type 


PbS 35 15 000 80 000 
139 000 


38 200 


44 100 
57 900 


800 000 
66 500 
450 000 


27 16 500 
PbSe 38 12 700 


) 24 12 800 
PbSe 13 700 
31 600 
10 700 
27 700 


PbTe 


16 200 256 000 
16 200 


14 600 


192 000 
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TABLE II. Slopes of the transverse and longitudinal magneto- 
resistance data as a function of the mobility-magnetic field 


strength product. 


Long. 
Sample or 
number trans. 


Average 

Slope MH 
0.02 108 
0.02 
0.15 
0.20 
0.25 
0.30 
0.30 
0.30 
0.34 
0.34 
0.35 
0.35 
0.40 
0.60 
0.60 
0.80 
0.90 
1.00 
1.00 
1.00 
1.00 
1.00 


Material 
and type 


PbTe 12 
PbTe 12 
PbS 3 
PbTe 30 
PbTe 30 
PbTe 
PbTe 
PbTe 
PbSe 
PbSe 
PbSe 
PbSe 
PbTe 
PbTe 
PbTe 
PbSe 
PbTe 
PbSe 
PbSe 
PbS 

PbS 

PbSe 
PbSe 
PbSe 
PbTe 
PbS 

PbTe 
PbS 

PbS 
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PbSe 
PbTe 
PbTe 
PbTe 
PbTe 
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295 1.8 
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tively. The uzH value at which each constant-field 
magnetoresistance curve was obtained is also indicated 
in Figs. 4 and 5. 

Table III lists values of the ratio of longitudinal to 
transverse magnetoresistance for the various samples, 
calculated from the constant-field and from the longi- 
tudinal and transverse data. In the latter case, ranges of 
ratio values are shown, since the ratio generally varied 
with ua. 


DISCUSSION 
Comparison with General Weak-Field Theory 


The data at room temperature and at 77.4°K agreed 
quite well with the general weak-field theory. Equation 
(3) predicts that the transverse and longitudinal 
magnetoresistance should be proportional to H?; Table 
II lists slope values for the log(Ap/po)—loguyH data 
between 1.7 and 2.0 in 13 of 15 cases for which the 
average of the measured u,H range was 6X 10’ or less. 
The constant-field data for the five PbTe samples at 
77.4°K formed rather precise sine curves with extrema 
at the parallel and perpendicular configurations, as is 
also predicted by Eq. (3). The constant-field data for 
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Fic. 4. Magnetoresistance at 77.4°K as a function of the angle @ between the sample current and magnetic field. 


the two PbSe samples at 77.4°K were less precisely 
sinusoidal. 

Saturation effects in the longitudinal and transverse 
magnetoresistance data at higher 47H values are quite 
evident in Figs. 1, 2, and 3, in the portions of the data 
obtained at 4.2°K. Table II shows that for u7H > 10°, 
the slopes generally decreased with increasing uxH, 
reaching values as low as 0.3. However, there was a 
relative lack of saturation in some samples in the large- 


field region which may have been caused by inhomo- 
geneities..° Despite the saturation effects and the 
moderate magnetic field strengths used, changes in 
the resistivity as large as 5.6 times the zero-field 
resistivity were measured at 4.2°K. 

Deviations from the sinusoidal behavior predicted by 
weak-field theory occurred in the constant-field mag- 
netoresistance data obtained at 4.2°K. This was not 


© C. Herring (private communication). 
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surprising, since the measurements were made at uyH 
values exceeding 108. Samples 27 and 29 had extremely 
low resistivities at this temperature, and the magneto- 
resistance curves show considerable experimental scat- 
ter. A more precise curve was obtained for Sample 34, 
for which the most pronounced deviations from sinus- 
oidal behavior occurred. The entire curve is symmetrical 
about directions which differ slightly from the parallel 
and perpendicular configurations, but this resulted from 
the rather inaccurate measurement of the absolute 
angle between current and field, although the measure- 
ment of relative angles was accurate to a fraction of a 
degree. 

If Sample 34 contained inhomogeneities, they were 
not serious enough to cause the data to deviate from the 
symmetry imposed by the crystal lattice. The mean 
free path of the carriers (less than 0.01 mm) was too 
short, and the carrier concentration (5X10" per cm*) 
was too large for surface effects to be important. Pe- 
culiar effects due to the shorting effect of the contact 
area of the resistivity probes have been reported for 
high-mobility n-type InSb." If this caused the effects 
in Sample 34, then it is surprising that the same general 
effect was not observed also in Samples 27 and 29, 
since the probe configuration was the same in all three 
cases. The shorting effect may be unimportant in these 
samples because of their very low resistivities (10~°-10~* 
ohm-cm) at 4.2°K. 

There do not seem to be any differences in the results 


TABLE III. Experimental ratios of longitudinal to 
transverse magnetoresistance, MW j00/M joo". 


Ratio 


From longi 

tudinal and 

transverse 
data 


4. 1.6-4.1 
4. 2.3 


From 
angular 
data 


Material 
and type 


Sample Temperature 
number (°K) 


n PbS 17 
26 


n PbSe F a 


-1.4 
1.3 


n PbTe 


p PbTe 


 H. P. R. Frederikse and W. R. Hosler, Phys. Rev. 108, 1136 
(1957). 
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Fic. 5. Magnetoresistance at 4.2°K as a function of the angle 6 
between the sample current and magnetic field. 


for n- and for p-type material. This is in marked con- 
trast to the situation, for example, in germanium,’ 
silicon,” and indium antimonide.'!:"* The average mag- 
nitudes of Myo9 and M09" were about 0.32 and 0.13 
at 77.4°K, agreeing reasonably well with the values 
reported by Putley’ and Shogenji and Uchiyama.’ 


Comparison with Specific Models 


The experimental values of Mjoo were as large or 
larger than Mjo0"" in almost all our samples. This fact 
eliminates the simple band or the (100) cubic model, 
and thus disagrees with Irie’s conclusions for natural 
PbS.* However, we do not have very precise nor ex- 
tensive data for PbS, and we feel that further measure- 
ments must be obtained before a definite choice of 
models can be made. 

To determine whether the (110) or (111) models may 
be appropriate for PbSe and PbTe, we must examine 
the theoretical predictions for these models in greater 
detail. Because the sample current was always parallel 
to a cubic axis of the crystal, we cannot evaluate the 
three magnetoresistivity constants of Eqs. (2) and (3), 
but only b=px?Mjo0™ and b+c+d=py77M yoo. It will 
be more convenient to discuss the theoretical predic- 
tions in terms of these two coefficients. 

2G. L. Pearson and C. Herring, Physica 20, 975 (1954). 
(1987) P. R. Frederikse and W. R. Hosler, Phys. Rev. 108, 1146 
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Fic. 6. Theoretical magnetoresistance ratio Mj00/Mjo0™ as a 
function of the mass ratio K, for the (110) and (111) cubic models 
in weak magnetic fields, for completely degenerate statistics, and 
for classical statistics with the scattering law r=l/E~+. The dashed 
lines indicate unreliable portions of the curves for completely 
degenerate statistics. See last two paragraphs of section, ‘““Com- 
parison with Specific Models.” 


The Abeles and Meiboom‘ and Shibuya® theories 
were derived for the case of classical statistics. Shibuya 
considered the scattering law r=/E~', where r is the 
mean free time, / is constant for a given temperature, 
and E is the energy, for all three cubic models, while 
Abeles and Meiboom investigated this law only for the 
(111) model, and the law r=/E! for the (100) model. 
Our samples had degeneracy temperatures of the order 
of 200°K, so that classical statistics are a rather poor 
approximation at 77.4°K, and the crystals are highly 
degenerate at 4.2°K. 

For small fields, any statistics, and the scattering law 
7=/E", the longitudinal and transverse magnetoresis- 
tance coefficients in any direction for any given cubic 
model may be expressed in the form 


Mac A F..-(K), 


M a-4*! = AF ge**! (K)— 1, (5) 
where A depends only on the statistics and the scattering 
law, and the F(K) depend only on K, the ratio of 
effective masses characterizing the energy ellipsoids. 
Further details on these equations, and a summary of 
expressions for some specific cases, are given in Appendix 
A. It turns out to be particularly useful to work with 
the ratio Mjo0/Mio0™. This ratio is shown in Fig. 6, 
as a function of K, for the (110) and (111) cubic models, 
for two cases: classical statistics with r=/E-!, and 
completely degenerate statistics (in this case, r may be 
any function of £). The highest value of this ratio 
always occurs for the case of completely degenerate 
statistics, or for the mathematically equivalent case of 
classical statistics with a constant scattering time (see 
Appendix A). 

Whether the (110) or (111) model is appropriate, it is 
clear from Fig. 6 and the high experimental values of 
M00/Mi00™ listed in Table III that a value of K 
greater than one is favored. The majority of the experi- 
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mental ratio values for PbSe could be satisfied by either 
the (110) or the (111) model. However, the experi- 
mental ratio exceeds 2, the maximum theoretical value 
for the (110) model, for four of the five PbTe samples; 
thus the (111) model is favored for PbTe, in agreement 
with the conclusion of Shogenji and Uchiyama.’ The 
experimental ratios in the PbTe crystals tend to be 
larger at 4.2°K than at 77.4°K. This agrees with the 
theory in that larger values are predicted for degenerate 
statistics, which are more appropriate at the lower 
temperature. 

Some of the experimental values of My00/M 100 for 
PbTe at 4.2°K even exceed 4, the maximum theoretical 
value for the (111) model. This would seem to weaken 
the choice of this model, but actually, as we will now 
show, it strengthens it. The weak-field theory is not 
really applicable to most of our data because the con- 
dition 17H<K10* was not usually satisfied. In particular, 
the data at 4.2°K were almost always obtained at uyvH 
values larger than 10°, and in two cases, larger than 10°. 
Because of the equivalence of the constant 7 and the 
degenerate statistics cases, we may apply to our data 
the analysis of the (111) model by Gold and Roth," 
which is valid for any magnetic field strength. From 
their paper we derive that 

Mio 2(2K+1) 
M 400 (K+ 2) 
1+[3K(K+2)/(2K+1)* P(uH/10*) 
14+[3/(2K+1) ][3K/(2K+1) 2(uH/108)?)’ 





in which we have used the conductivity mobility u, 
rather than the Hall mobility uz, to avoid needless 
complexity." 

Equation (6) becomes larger than the corresponding 
weak field theory result when nH210*, particularly 


2 rah - 


49" 7 
wh /i08 


Fic. 7. Theoretical magnetoresistance ratio My00/M 00 as a 
function of wH, for the (111) cubic model and completely de- 
generate statistics, for several values of the mass ratio K. 


14 L. Gold and L. M. Roth, Phys. Rev. 107, 358 (1957). 

16 We should point out that our Eq. (6) does not directly result 
from combining Gold and Roth’s Eqs. (6) and (7), since their 
wr (=H) is expressed in terms of the transverse mass only, while 
our uA uses the mass defined by 3/m=2/m,+1/mi. 
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when K>1. This is illustrated in Fig. 7, for several 
values of K ranging from 2 to 10. Most of the PbTe 
data are consistent with a K value between 4 and 6. 
The agreement between experiment and the theory for 
the (111) model with K>1 is thus improved by con- 
sidering the more exact expression. On the other hand, 
we can deduce that an extension of the weak-field theory 
for the (110) model to larger »H would make this 
model less suitable. This follows from an examination 
of the saturation values of the coefficients which were 
derived by Shibuya’ for classical statistics and the 
scattering law r=/E-!, and which differ from the con- 
stant-r case, for all three cubic models, only by the 
factor 9r/32.'* We find that for completely degenerate 
statistics, the saturation value of Mj00/Mj00 for the 
(110) model is 


M 100 18(K+1) 

——_- = — ———, (7) 
Myo (K+5)(2K+3) 

This expression, in contrast to that for the (111) model, 

is smaller than the weak-field value when K>1. It 

decreases from 1.10 at K=2 to 0.57 at K=10, and 

furthermore is never larger than 1.23 for any value of K. 

We have been using the approximation of completely 
degenerate statistics. In Appendix B we consider the 
effect of applying highly degenerate statistics to the 
cubic models, and show that there should be a significant 
change in the theoretical results only when K lies within 
a certain range of values in the neighborhood of unity. 
This range of values depends on the degree of degen- 
eracy of the samples under consideration, and in our 
case, K would have to lie between about 0.75 and 1.25. 
Our analysis has indicated considerably more mass 
anisotropy than this, and therefore the better approxi- 
mation is not needed. The fact that there is a portion 
of the theoretical result which is not reliable has been 
suggested by the dashed lines in Fig. 6. 

The analysis of the highly degenerate case shows that 
the ratio M00/M 00 (as well as the ratio of any longi- 
tudinal to transverse coefficient) vanishes when K=1. 
This occurs since the transverse coefficient is no longer 
zero at K=1 in the higher approximation, while the 
longitudinal coefficient remains strictly zero for any 
statistics. The high experimental values of M00/Mi00™ 
occurring for degenerate statistics thus confirm our 
conclusion that the effective mass is anisotropic. 


SUMMARY AND CONCLUSIONS 


The distinguishing features of the magnetoresistance 
data presented in this paper are the similarity of the 
results for n- and p-type material, the large ratios of 
longitudinal to transverse magnetoresistance, and the 
striking angular effects and large fractional changes in 
resistance at 4.2°K. The data favor a model with con- 
siderable mass anisotropy (prolate ellipsoids). The 


16 L,, Gold and L, M. Roth, Phys. Rev. 103, 61 (1956). 
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cubic model with ellipsoids along the (111) directions 
appears to be the most appropriate, at least for PbTe, 
for both the conduction and valence band. This choice 
is strengthened through the application of the theo- 
retical treatment by Gold and Roth for arbitrary mag- 
netic field strengths, over that derived only from the 
consideration of the weak-field theories of Abeles and 
Meiboom and Shibuya. Comparison of the Gold-Roth 
theory with the experimental data for PbTe suggests 
a value between 4 and 6 for K, the ratio of longitudinal 
to transverse effective mass. 


ACKNOWLEDGMENTS 


We are greatly indebted to R. F. Brebrick and B. B. 
Houston for their interest in this work, and in particular 
for growing the crystals. We wish to thank W. W. 
Scanlon, R. L. Petritz, F. Stern, C. Herring, and 
H. P. R. Frederikse for helpful advice and rewarding 
discussion. 

APPENDIX A. EXPRESSIONS FOR MAGNETO- 
RESISTANCE COEFFICIENTS 

We start from Eqs. (2), (4), and (5), which we repeat 

here for convenience : 
Ap 3 3 
-=[b+e( inj)’ +d si jn? JH, (2) 


Po j=1 ?=l 
Mw-e=A F aoe( K), (4) 
M ave4*! = AF ane**!(K)—1. (5) 


In Eqs. (4) and (5), the factor A=G,G;3/G.*, where 


G,= f Bra /OE)dE, (8) 


and / is the Fermi distribution function. Clearly, A=1 
when 7 is constant. When 7 is a function of E, A>1 (r 
must be defined so that the integrals do not diverge). 
For classical statistics and r=/E", A has the following 
values : 


~ 
= 





| 


nie DO DO 


In the limit of completely degenerate statistics, (0//dE) 
=—6(Er) and G,=—Er'r?(Er), where Ep is the 
Fermi-level energy, and A reduces to unity in this case 
also. 

Table IV lists the expressions for 6, c, and d for the 
three cubic models. These expressions and Eq. (2) may 
be used to obtain the longitudinal and transverse 
magnetoresistance coefficients for any directions of 
sample current and magnetic field. Note from Eq. (2) 
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TABLE IV. Theoretical expressions for weak-field coefficients b, c, and d for cubic models.* 








Model 


b/up? 


r (2K +1)(K2+K-+1) ; 

100 See mms a a 
| K(K+2) 

.3(2K+1)(K+1) | 

{ — ] om 2 
4K(K +2) | 


(2K+1)? 
i - —1 - 
3K (K+2) 


*'A =G:G;/G2; K =longitudinal mass/transverse mass. 








that any longitudinal coefficient will always contain 
the sum 6+<c, and any transverse coefficient will con- 
tain 6 but not c. Consequently, the nature of the ex- 
pressions for 6, c, and d insures that the magneto- 
resistance coefficients will always have the form sug- 
gested in Eqs. (4) and (5). 

From Eqs. (4) and (5) we have that 


M ave Fave 
= (9) 


= ’ 
M w-2*! Fn-?*!— 1/A 





and therefore this ratio has its maximum value for 
completely degenerate statistics or for a constant 1, 
and decreases with increasing |n| in r=/E". It is 
interesting to note that for the case of completely de- 
generate statistics, Eq. (9) reduces to the simple form 


Mae 1K+s 
= (10) 


Mat! tKt+u 
where r, s, ¢, and u are constants. 


APPENDIX B. MAGNETORESISTANCE COEFFICIENTS 
FOR HIGHLY DEGENERATE STATISTICS 


To apply highly degenerate, rather than completely 
degenerate, statistics to the cubic models, we must 
calculate the next higher approximation to the integrals 
G, contained in the factor A (see Appendix A). Sommer- 
feld and Bethe’s procedure” may be used to evaluate 

17 This procedure is described in F. Seitz, Modern Theory of 


Solids (McGraw-Hill Book Company, Inc., New York, 1940), 
pp. 147-149. 


[3K(2K+1) | 
/ —— i} 
| K(K+2) 


d/py? 


F (2K+1)(K—1) 
f eee | 


(2K+1)(K—1) 
S| pantera 
4K(K+2) 


C/ my? 


I 








2K(K+2)? 


r (2K+1) | 
| gama, EE 
| 3K (K +2) 


2(2K+1)(K—1)? 
{ " es . 
3K(K+2)? 


these integrals, and we obtain 


(2p+1)(2p+3)2/ kT \? 
Gy= Enter 14 eet (—) | (11) 
24 ep 


This result is accurate if (k7T/Eyr)<1, and this same 
condition then leads to 


rn? (kT \? 
a=147~(—) =1+A. (12) 


Er 
Equations (4) and (5) then become 


M ape= (14+ A)F av (K), (13) 


M qp-4°/ = (14+A)F os-2*! (K) —1. (14) 


Since AX1, there is only a very slight effect on M anc. 
However, Fq,.4¢/(K) — las K — 1. Let Fqs.4¢/—1=D; 
then when D<1, 


M a4 = A+D, (15) 


and therefore M,.,-** will differ significantly from its 
less exact approximation only when D is comparable 
to or less than A. 

The ratio Mas-/Mas-!*’ will also differ in this cir- 
cumstance from its value for completely degenerate 
statistics; it will in fact approach zero as K — 1, since 
M.»- approaches zero while M,-¢*/ does not. Thus the 
simple form for this ratio, Eq. (10), is not valid when 
Ds. 
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The dynamics cf the approach of two spin systems to the same spin temperature is examined. It is found 
that for two spin systems in a rigid lattice interacting weakly with the lattice and with each other, differ 
ential equations governing the time rate of change of the spin temperatures can be derived. The derivation 
assumes the validity of the concept of spin temperature and the validity of the principle of detailed balance 
applied to eigenstates of the spin Hamiltonians of the systems. The spin mixing experiments of Abragam and 
Proctor provide evidence for the correctness of the differential equations thus derived. Additional experi 
ments on spin-lattice relaxation times in NaBr, NaI, and NaCl are reported and interpreted in terms of 
the differential equations developed here. It is shown that under certain conditions the presence of a second 
spin system can shorten the relaxation time of a spin system even at rather high values of the external field. 


I, INTRODUCTION 


Pe recent work by Abragam and Proctor’ (here- 
after referred to as AP) has demonstrated the 
utility and validity of the concept of spin temperature 
as applied to nuclear spin systems in rigid lattices. 
They have also demonstrated that two spin systems at 
initially different spin temperatures may be allowed to 
interact (‘‘mix’’) with each other at sufficiently small 
magnetic fields, and that as a consequence of this inter- 
action the two systems reach the same spin temperature. 
It is the purpose of this paper to investigate the time 
scale for this mixing under various circumstances and 
the effect of the spin system interaction on the measured 
spin-lattice relaxation time of either of the spin systems. 

The one experiment done by AP on LiF which in- 
cluded the effects of spin-lattice relaxation is particularly 
relevant to this investigation. The lithium resonance 
was saturated at a high-magnetic field while the fluorine 
magnetization remained untouched. The sample was re- 
moved to a field of about 75 gauss for a known time and 
then the lithium spin temperature (magnetization) was 
measured at the high field. AP chose to fit their data by 
the expression 1/7,‘ « exp(—#/100)[1—exp(—?#/6) ], 
with ¢ in seconds. It was explicitly mentioned by them 
that the time constant ‘6 seconds” represents the 
thermal mixing time of the fluorine and lithium spin 
systems, and the 100-second time constant is the spin- 
lattice relaxation time of the lithium (and fluorine) spin 
system. The present investigation derives from certain 
well-defined assumptions differential equations obeyed 
by two spin systems interacting weakly with each other 
and the lattice. The solutions to these equations are in 
the form of the sum of two exponentials, and the 
meaning of the time constants as given by AP is 
verified. The same experiment has been performed by 
Little? on LiF, except he measured the time dependence 
of the fluorine spin temperature. His results are qualita- 
tively quite in agreement with the differential equations 


* Assisted in part by a grant from the National Science 


Foundation. 
1A, Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958). 
2W. A. Little, Proc. Phys. Soc. (London) B70, 785 (1957). 


to be proposed here and are in agreement with one’s 
expectations on the basis of the AP experiment on the 
lithium system. 

In Sec. II we shall derive the equations mentioned 
above. Section III will describe some experiments on 
some sodium halide crystals which test qualitatively 
some of the predictions of these equations which have 
not been previously tested by AP. 


II. THEORY 


It is the object of the calculation described here to 
obtain differential equations obeyed by the spin tem- 
peratures of two spin systems interacting weakly with 
each other and the lattice. The systems under considera- 
tion have as their prototype the alklai halides—a rigid 
lattice with equivalent lattice sites occupied by two 
kinds of nuclei. We assume that each of the systems may 
be described by an unperturbed Hamiltonian of the form 


KH=H.+KHp, (1) 


where 3.=—yhHo >; 1.;, and Kp, the dipole-dipole 
Hamiltonian, includes interactions between like nuclei 
as well as those interactions between unlike nuclei 
which do not involve spin flips in either spin system. 
The Hamiltonian 5 refers to either spin system in the 
sample; when required, distinction between the two 
systems will be made by a superscript 1 or 2. The spin- 
lattice interaction and the remaining part of the spin- 
spin interaction between unlike nuclei are treated as 
weak perturbations of (1) for each of the systems. 

The starting point of the calculation is exactly that 
of Slichter and Hebel.? Let E=Tr[p(T,)3C] be the 
energy of either spin system, where 


p(T.) =exp(—5/kT,)/TrLexp(—3C/kT,) ]. 
Then dE/dt=(dE/dT,)(dT,/dt) may be rewritten in 
terms of 1/7, and solved for (d/dt)(1/T,): 

d/l dE/dt 
at\T, —T,dE/dT, 
3C, P. Slichter and L. C. Hebel (to be published). L. C. Hebel, 
thesis, University of Illinois, 1957 (unpublished). 
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Now E=>0n paEn, where E, is an eigenvalue of #: 
K|n)=E,|n). 

The population of the eigenstate |) is given by 


exp(— E,/kT,) 
ee exp(—En/kT,) 


To find dE/dt we note that dE/di=>_, (dp,/dt)E,, and 
that for weak perturbations dp,/d may be written as 
a rate equation involving transiticn probabilities. The 
validity of such a procedure seems well established in 
the case of spin-lattice interactions, and Slichter and 
Hebel* show that this procedure leads to the familiar 
relaxation time description of the approach of the spin 
system to equilibrium. We make here the additional 
assumption that such a rate equation governs the inter- 
action between the two spin systems.‘ Labeling the 
spin systems by superscripts (1) and (2), we write 





(3) 


dp, 
a CW mn Pm— Wam™ Pn | 
t m 
+ ~ CW’ ms, ar Pm Je— W' ne, msP ne]. (4) 


™m,T,8 


The first (single) summation involves the interaction 
of spin system (1) directly with the lattice. W is de- 
termined by the spin-lattice relaxation mechanism for 
the spin species (1). The calculations involving this 
term are done in reference 3, and the term will not be 
pursued further here. W’ ms, nr represents the probability 
per unit time that a transition will occur between states 
m) and |n) of system (1) and states |s) and |r) of 
system (2) via the dipole interaction between the 
systems. g, is the occupation probability of the eigen- 
state |s) of the Hamiltonian (1) for the second spin 
system and p, the analogous quantity for eigenstate 
|m) of (1) for the first system. Since the two spin 
systems are characterized by the two spin temperatures 
T,™ and T,®, we have 


Pe _expl— (Ex —En)/AT.], and 
a oe (E,2—E,®)/kT,@)]. (5) 
qs 


We have assumed that only the dipole-dipole inter- 
action, and not the lattice, is involved in W’, so 
we have W' me, nr=W'nr,ms- This also requires that 
E,©—-E,%=E,”—E,@ for the states labeled by 
n, m, r, and s. Otherwise W’ vanishes. Substituting (5) 


4L. Van Hove, Physica 21, 517 (1955) has considered in detail 
the conditions which must be satisfied by the system described 
by 5 and by the perturbation in order that such a rate equation 
may be used. We have not investigated in detail whether all his 
criteria are exactly satisfied by (1) and its perturbations. How- 
ever, the most obviously important of his criteria seem to be 
satisfied. The spectrum of eigenstates |m) of (1), and its spectrum 
of eigenvalues E, form nearly a continuum of states and energies, 
and we limit ourselves to very weak perturbations. 


SCHUMACHER 


into (4) and expanding the exponential in the usual 
high-temperature approximation, we find for the con- 
tribution to dp,/dt due to W’ alone: 


dp, 
7” ™ W" an, msP mQr 


(E,%—En) 1 1 
x ( -—). (6) 
T, T,® 


dt m,T,8& 


k 
Hence 


dE 


ad. df 
E,, 
=> W' a, mePm9r—— (En — En) 
k 


dp, 
Po, 


“n 


nmre 


1 1 
siece te te )- > 7 me 


T,™ TT, nmrs 


1 1 1 
X(E,0— Eno (- lini J (7) 
T,Y? T,7 2RW Ne 


where 9; is the total number of spin states of spin 
system i= 1 or 2. 

The other pertinent derivative of E, dE/dT,, has 
been calculated by Slichter and Hebel. They find that 





dE” 1 9 Tr{(se™)?] - 
= —, 8 
dT, =k(T,™)? Ny 


With the aid of (8), (7), and the spin-lattice terms from 
Slichter and Hebel, (2) may be written 


df i 1 1 
as)Gied) 
dl T, T,™ TL 
1 1 
-Ru(— ——=), (9a) 
T,© an 


W ur, me(En™ —Em™)? 
2 Trl (HH)? ]Ne 
Dam Wan (En — Ew)? 
a 2 Trl (3e™)?] , 








and 7, is the temperature of the lattice. By interchang- 
ing (1) and (2), the second spin system can be seen to 


obey 

df i 1 1 

“(ca)--a(-4) 

a\T,© ie 
_ral 
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Lonrms W' ar, wai(Le™ nae Ei (2))2 
2 Tr[ (He)? ]9, 
Dre W,, (E, —E,®)? 


2 Trf (ae?) 


SN ’ 





= 


Since, as mentioned above, W’ vanishes unless 
(E,%—E,®)=(E,—E,), we can solve simply for 
the ratio Ro:/Ri. in the high-field region where most 
of the energy of each spin system is in the Zeeman term. 
Under these circumstances we get 


Rx Trl (3C™)? JN, Trl (3C,)? JNe 


Rie my Tr (se)? Ju, Trf(9¢,)? Jy 


Nywv*h(h+1) 
Saree =p. (10) 
Noy?I2(I2+ 1) 


uw is the ratio of the heat capacity of the two systems 
at the same spin temperature. 

Equations (9) represent the main results of this in- 
vestigation.’ The derivation made use of two explicit 
assumptions: each system is described by a spin tem- 
perature, and the interaction of each spin system with 
the other and with the lattice is weak enough to allow 
the use of the rate Eq. (4). This last requirement may 
be written R,, Rx«<Av;, Ave where Av; and Ave are the 
line widths of the nuclear resonances of the two nuclei, 
and also Rj», Ro<<Av;, Ave. The last inequality is certain 
to be satisfied only in external fields large compared to 
the local fields in the sample, so the ratio (10) is always 
satisfied in the range of external fields for which Eqs. (9) 
are likely to be valid. 

The solutions of the coupled Eqs. (9) may be written 


(11a) 
(11b) 


1/T, = Ae™s!+ Be™'+C, 
1/T,® =A’em+!+ Blem-+C", 


where A, B, and C depend on initial conditions, and 
A’, B’, and C’ are determined by Eqs. (9). Here 


m= —4R[1+g+ (1+whtS], 
where g= R2/Ri, A= Ri2/Ri, and 


S=[(g—1)?+ (u+1)*h?+ 2h(u—1)(g—1) ]*. (12) 


Equations (9) and their solutions (11) pass al! the 
necessary trivial tests. If R, and Ry vanish and the 
initial spin temperatures are not equal the systems 


5 Equations similar, but not identical, to Eqs. (9) have been 
obtained by I. Solomon, Phys. Rev. 99, 559 (1955). Actually, in 
the problem solved by Solomon the spin-spin interactions between 
unlike nuclei and the spin-lattice interactions of each system in- 
volved the same mechanism, rather than completely different 
mechanismsas in the calculation leading to Eqs. (9). A calculation 
similar in aim to ours has been performed by Little (reference 2). 
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Fic. 1. Shown schematically are the two spin systems at spin 
temperatures 7, and 7,2, respectfully, coupled to the lattice at Tz 
by “heat leaks’? of magnitude determined by the relaxation rates 
R, and Rz. The systems exchange energy at rates determined by 
Rie and Ra. 


approach a final common temperature determined by 
their relative heat capacities and by conservation of 
the total energy within the spin systems. That this 
happens in fact was determined by the experiments 
described in AP. Equations (11) also provide precise 
meanings for the exponents in the expression AP fit to 
their data on LiF in the experiment described in the 
introduction of this paper. Data for the behavior of the 
fluorine system under nearly identical circumstances 
were published by Little? Unfortunately the spin 
lattice relaxation mechanism in LiF is field dependent 
in an unknown manner, so neither R;, Re, nor their 
ratio is known for LiF at 75 gauss. This prevents 
quantitative comparison of m, with the experiments. 

We conclude this section by remarking that Eqs. (9) 
suggest an obvious phenomenological model.* This 
model is represented in Fig. 1. The spin systems are 
thermodynamic systems which are in weak contact 
with a heat reservoir, the lattice, at Tz, and are also in 
weak contact with each other. Consideration of this 
model even without the quantitative analysis presented 
above explains immediately many observations pre- 
sented later in this paper and many of those in AP. In 
particular, it is evident that if the two systems are 
coupled more tightly to each other than either system is 
coupled to the lattice, the systems will quickly attain 
the same-spin temperature and maintain equal spin 
temperatures as the lattice temperature is approached. 
Hence they exhibit a common relaxation time. 


6 Equations (9) were originally written by the author by con- 
sideration of this model, the experimental results of AP, and the 
experiments reported here. Professor C. P. Slichter suggested that 
these equations probably could be derived as indicated in this 
section. 
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Ill. EXPERIMENTS 


The experiments described in this section were chosen 
to test the consequences of the dipolar interaction 
between unlike spins on the measured spin-lattice re- 
laxation time. Since one expects Rj. in Eq. (9a) to be 
strongly field dependent, it would be convenient if 
neither R; nor Re were field dependent. This require- 
ment is satisfied by the quadrupole-phonon relaxation 
mechanism described by Van Kranendonk.’ Crystals 
were chosen in which there was good reason to believe 
both R; and R: are determined by the quadrupole- 
phonon interaction. In addition, it was thought appro- 
priate to keep all the characteristics of one of the spin 
systems reasonably constant while varying the proper- 
ties of the second spin system. For this purpose the 
three sodium-halides NaCl, NaBr, and Nal were 
chosen. Their properties, including high-field spin- 
lattice relaxation times at room temperature and liquid 
nitrogen temperature, are summarized in Table I. The 
liquid nitrogen measurements were made to demon- 
strate that the crystals were sufficiently free of para- 
magnetic impurities so that even at low magnetic fields 
the quadrupole relaxation mechanism was dominant. 
This phase of the investigation will be discussed more 
completely below. 


(A) Technique 


Spin-lattice relaxation times (7) were measured by 
observing the magnitude of the free-induction decay 
following a short, high-intensity pulse of rf power at the 
Larmor frequency. The ‘apparatus is conventional 
nuclear resonance pulse equipment. The rf pulses are 
derived from a continuous 10 Mc/sec oscillator which 
also provides a reference voltage on the signal detector 
which follows a 10-Mc/sec rf amplifier. Thus the 
detector is linear and sensitive to the relative phases of 
the signal and the c. w. oscillator.* Probably because of 
the sloppiness of the tail of the high-power pulse, the 
receiver remained blocked for nearly 20 usec after the 


TABLE I. Listed are the relevant spin-lattice relaxation times 
for the nuclei investigated. Also included for each nucleus is 
y’I(I+1), which is proportional to the spin specific heat of the 
nuclear spin system involved. 


T1 (77°K) 


yl (1 +1) 


Nucleus Crystal 


Na NaCl 

Cl NaCl 

Na NaBr 
NaBr 
Nal 
Nal 


T: (300°K) 
1.84 108 14.2 sec 300 sec 
(0.234 108)* (4.5 sec) 90 sec 
1.84 108 8.5 sec 130 sec 
(1.78 108)* 0.075 sec ~1.2 sec 
1.84 108 9.5 sec tee 
2.45 108 0.010 sec 








* Calculated using both isotopes weighted by the known isotopic 
abundance. ; ; : 
> Inferred from the measurements at 77°K. See text for discussion. 


7 J. Van Kranendonk, Physica 20, 781 (1954). 

8 The circuits comprising the heart of this coherent pulse 
system were obtained from Dr. John Spokas, then at the Uni- 
versity of Illinois. 
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half-power point of the trailing edge of that pulse. 
Fortunately the duration of the free-induction decay for 
the resonances investigated here was long enough so 
that the receiver blocking was not important. 

In the case of the nuclei with the long relaxation times 
(Na and Br at 77°K), the high-field 7)’s were measured 
by observing visually the free-induction decay following 
a pulse which came at a measured time after a string 
of approximately 90° pulses had reduced the magnetiza- 
tion to zero. In this way it was never necessary to 
assume that the rf pulses were exactly of the length 
required to rotate the magnetization vector 90°. The 
short relaxation times (less than one second) were 
measured with the aid of a narrow-banding device, the 
“boxcar.” Here care had to be taken that the rf pulses 
were exactly 90°. 

The field dependence of the sodium relaxation times 
was measured in the following way. The sample was 
allowed to come to equilibrium on the high field (8900 
gauss for sodium at 10 Mc/sec). It was then removed 
to a predetermined point in the fringe field of the 
magnet, allowed to remain there for a known time, then 
returned quickly to the high field where the signal size, 
which is proportional to M,, was immediately measured. 
Exponential behavior of the magnetization as a function 
of time was always observed when a consistent small 
correction was applied to the signal to account for the 
time spent in the high field before the measuring pulse 
was applied. No irreversible effects which depended on 
the rate at which the sample was removed from the 
high to the low field were observed. The value of the 
fringe field was measured by a commercial flux meter 
whose range was extended below 50 gauss by use of a 
Millivac millivoltmeter with a maximum sensitivity of 
one millivolt full scale. The fringe field values are 
probably correct to within 10%. 

The chlorine resonance was never observed by the 
pulse apparatus because the fixed frequency of the 
apparatus was too high to allow the chlorine resonance 
to be seen in the fields available. In spite of this, the 
chlorine 7 at 77°K was inferred in the following manner. 
The sample was allowed to come to equilibrium at 
8900 gauss. Then the sodium resonance was saturated 
and the sample was immediately removed to a low 
mixing field for a short time (~one second), then 
returned to the apparatus in the high field where the 
sodium magnetization was measured. The experiments 
by AP on spin mixing indicate that in this case the 
magnetization acquired by the sodium system is pro- 
portional to the initial magnetization of the chlorine 
system [see Eq. (18) of their paper |. In the experiment 
described above the sodium signal following mixing 
was then proportional to the chlorine magnetization 
characteristic of 77°K. It was then a simple matter to 
put the sample in the high field for various known 
times, repeat the measurement of the chlorine mag- 


9D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 (1955). 
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netization, and obtain from these data the chlorine 7}. 
Actually, subsequent experiments have shown that the 
mixing rate of the sodium and chlorine systems is slow 
even in fields not too much larger than the local field. 
For this reason the mixing may not have been complete 
by the time the sample reached the earth’s field, and 
under these circumstances Eq. (18) of AP is not correct. 
In spite of this, and without detailed additional analysis, 
it seems safe to conclude that the time dependence of 
the signals obtained in the manner described above is 

_characteristic of chlorine relaxation time. 


(B) Results and Discussion 


It is first necessary to define what is meant by a spin- 
lattice relaxation time for the sodium nuclei which 
have been removed to a field in which mixing can take 
place. Let Eq. (11a) represent the spin temperature of 
the Na system. For the demagnetization experiments 
described above we get for the constants of integration: 


A=—o,(0)[(1+y)h+g—1-—S]/25, 
B=o,(0)[(14+u)ht+-g—14+S)/2S, 


where o;(0) is the reciprocal spin temperature immedi- 
ately after demagnetization of the sodium system. We 
have assumed that the field to which the sample has 
been removed is large compared to the local field, and 
that 1/7, is small compared to o;(0). For h=0, we find 
m,=—R, m.=—R,, A=0, and B=o;(0). For #0 
we find that AKB, and m,>>m_. So although the spin 
temperature recovery is not governed by a single ex- 
ponential, we see that one of the exponentials dies 
away much faster than the other and has in addition a 
small coefficient. All attempts to detect the presence of 
the second exponential have met with failure, since the 
largest effect is small and occurs rather quickly after 
demagnetization. For all practical purposes, then, the 
sodium spin temperature obeys 


1/7,8*=B exp(m_t). 


(13) 


(14) 


The spin-lattice relaxation time 7)%* is just 1/m_. 

Suppose, as is the case for all the crystals considered 
here, that g=R2/R,>1. Then as h=Rj2/R, increases, 
1/m_ decreases. As h becomes much larger than g a 
limiting value of m_ is reached, which implies that 
7T,N* will never be shorter than 


(7,N*)71= Ri (1+K)+3R2(1 wie gy. 


where K = (u—1)/(u+1). 

The sodium 7, data for the three crystals investi- 
gated are presented in Fig. 2. Consider first NaBr. 
Since the two equally abundant isotopes of bromine 
have gyromagnetic ratios which closely straddle sodium, 
it is not surprising that 1/m_ begins to shorten at 
rather high fields.f The shortest 7, measured here corre- 


(15) 


t Note added in proof.—The shortening of a long relaxation 
time by the mechanism found here has been observed by H. S. 
Gutowsky and D. E. Woessner, Phys. Rev. Letters 1, 6 (1958). 
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sponds to h=5. The limiting value of T; from Eq. (15) 
is about 200 milliseconds, too short to measure in small 
field with the present apparatus. The spin-lattice relaxa- 
tion times of both isotopes of bromine and of sodium 
at 77°K were about a factor of 15 longer than at room 
temperature. The limiting value of the low-field 7; was 
expected to be about 2 seconds from Eq. (15). This 
value is about the smallest 7, that can be measured 
by the techniques used here. The experiments, which 
were carried out in fields of 50 and 100 gauss, seemed 
to indicate a sodium 7 closer to one second than to 
two. However, the measurements must be considered 
to be somewhat unreliable. 

An attempt was made to duplicate at 77°K the curve 
for NaBr in Fig. 2. It was noticed that the sodium relaxa- 
tion time shortened at higher fields (> 2000 gauss) than 
at room temperature. Two explanations may be offered 
for this phenomenon. One is that the bromine line widths 
were increased by the effects of increased static strains 
when the sample was plunged into liquid nitrogen. 
This would have the effect increasing W’ in Eqs. (9). 
In support of this, it was noticed that the crystal 
shattered somewhat when cooled rapidly. The other, 
perhaps more sensible explanation is simply that with 
a small R; (for sodium) much smaller values of R;2 may 
be noticed. If (Ri2)~'=60 seconds and (R;)=10 
seconds, little or no effect on the measured 7, due to 
the other spin system will be detected. However, if 
(Ri2)'=60 seconds, and (R;)~'=120 seconds, the 
measured 7, will be appreciably shortened. Since Rj» 
is temperature independent and R,; becomes a factor of 
15 smaller between 300°K and 77°K, it is clear that at 
least part of the shortening of the measured 7; at 
about 2000 gauss is from this effect. 

The sodium 7; in Nal shows qualitatively the same 
features as in NaBr. However, the iodine relaxation 
rate (R,') is about eight times as great as R,®*. On the 
basis of this alone one might expect the sodium 7, to 
shorten at a much higher field than in NaBr. However, 
the iodine gyromagnetic ratio, rather than being nearly 
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Fic. 2. Room temperature spin lattice relaxation times of Na in 
NaCl, NaBr, and Nal as a function of external field Ho. The 
solid curves were simply drawn through the experimental points. 
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equal to that of sodium as in the case of bromine, is 
about three-quarters that of sodium. Hence in the 
same field W’ must be much smaller for NaI than for 
NaBr. Qualitatively one may argue that at a given 
field the chance of two nonidentical nuclei being in 
local fields which allows them to flip while conserving 
energy is much greater for Na and Br than for Na and I. 
Of course, W’ describes processes which are much more 
complicated than this, but the qualitative argument 
should be correct. Measurements were not made on 
Nal at 77°K since there would be no hope of observing 
the limiting value of the sodium 7, because of the 
extremely short iodine 7}. 

The striking feature of the NaCl data is the field in- 
dependence of the sodium 7; down to perhaps 40 gauss. 
We offer this as strong evidence that the sodium 7; is 
determined by the quadrupole-phonon mechanism, and 
not by paramagnetic impurities. Even stronger evidence 
of the purity of the NaCl crystal is given by the data 
at 77°K, which show at all fields the essential features 
of the curve in Fig. 2 with the 7; scale multiplied by 
about a factor of 20. Since this ratio is not greatly 
different from 7,(77°K)/7,(300°K) for both sodium 
and bromine in NaBr at 8900 gauss, we conclude that 
20 is the ratio characteristic of this 7, mechanism in 
NaCl. Van Kranendonk’ predicts that this ratio should 
be in the vicinity of 30 for NaCl [ Fig. (3) and Eq. (59) 
of this paper ]. However, 77°K is in a region for NaCl 
in which Van Kranendonk’s results apparently are 
extrapolated between low- and high-temperature calcu- 
lations. In any event, it was felt justifiable to assume 
that the chlorine 7, at room temperature may be found 
from the 77°K value by dividing by 20. This yields 
T,°'(300°K)=4.5 seconds, the value quoted in paren- 
theses in Table I. 

We can now explain the field independence to such 
low fields of the sodium 7; in NaCl. Using the now 
known parameters needed in Eq. (15), we find that the 
limiting sodium 7, for h>>g is 11.5 seconds. So even if 
Ri is large the chlorine system, with its small heat 
capacity and rather long relaxation time, has a rather 
small effect on the sodium system. In addition, from a 
qualitative argument one expects Rj. to be much 
smaller for NaCl than in comparable circumstances for 
NaBr. One reasons that whereas in NaBr when the 
external field becomes small the sodium and bromine 
resonances begin to overlap, in NaCl the Cl* (the most 
abundant isotope) resonance occurs at a frequency a 
factor of 2.7 below the sodium frequency. This means 
that although the simplest process one can imagine for 
an exchange of energy between the Na and Br systems 
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involves Amy,=+1 and Am z,=¥1, the simplest 
process conceivable in NaCi is Amy,=+1, Amc =¥3. 
This process must proceed in higher order in perturba- 
tion theory and is consequently more rare. Again we 
realize that W’ in general describes much more com- 
plicated transitions than visualized here, but we expect 
the argument to be correct qualitatively. 

Since the 7; measurements at fields less than 8900 
gauss are not accurate to better than 10%, it is not 
clear whether or not the small diminution of 7; observed 
below 50 gauss is real. The data at 25 gauss could 
correspond to h=Ry./RiS3. A direct measurement of 
this mixing rate at 77°K was performed by repeating 
the type of measurement described above in obtaining 
the chlorine 7;. It was found that (Rj)! is about 10 
seconds at 25 gauss and 2 to 4 seconds at 15 gauss. 
At 40 gauss (R12) is perhaps 20 to 30 seconds. Qualita- 
tively, then, these direct measurements of Rj, and 
hence f#, agree with the rather insensitive sodium 
T, data. 

It has been emphasized before that Eqs. (9) cannot be 
considered to be valid at external fields which are not 
large compared to the local fields in the sample. The 
abrupt drop in the sodium 7, below 15 gauss is not an 
effect explained by the Eqs. (9). It is rather related to 
the field dependence of R,; and R2 themselves. This has 
been calculated from the expressions for R by Redfield,” 
and by Slichter and Hebel,’ for the case of a monatomic 
metal where the relaxation mechanism involves hyper- 
fine coupling of the nuclei to the conduction electrons. 
An extension of these calculations to two spin systems 
and the quadrupole-phonon relaxation mechanism has 
not been attempted here. 

Throughout this research the quantity Ryo, for which 
we have an explicit expression, has been treated as a 
parameter which may be determined, if it is so desired, 
by the experiments. No attempt has been made to 
calculate it directly from the explicit expression, 
although this is possible in principle. 
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The structure of the conduction band of Ge is completely taken into account in calculating the cross 
section in second-order Born approximation. The second-order matrix element contains first-order matrix 
elements of electron-photon interaction (derived for anisotropic mass) and of electron-scatterer interaction. 
Scatterers considered are ionized impurities and phonons belonging to all six branches of the vibrational 
spectrum. Deformation parameters of electron-phonon interaction are chosen to agree with other experi 
ments. An excellent fit to high-temperature data (450°K), where impurity effects are very small, is obtained 
without adjusting any parameters. Contributions to the cross section from processes involving scattering 
by longitudinal and transverse long-wavelength acoustic phonons are comparable; their combined effect 
is matched by energetic-phonon effects when 72>300°K. In this temperature range, when 40 n2A2 10 yu, 
contributions from all phonon processes are virtually indistinguishable in their temperature and wavelength 
(\*) dependence. Predicted cross sections are too low by 20-30% at 293°K, and by a factor of 2-4 at 78°K. 
The low-temperature results are in apparent disagreement with theoretical results of Fan, Spitzer, and 
Collins. It is suggested that their theory leads to an overestimate in the impurity calculation, and that 


impurity effects have not yet been explained. 


1. INTRODUCTION 


HE free-carrier absorption cross section orc in 
n-type Ge is calculated here with full regard to 
current information on the structure of the conduction 
band. As is well known, the absorption of a photon by an 
electron in a perfect crystal is a forbidden process. The 
electron can gain a large amount of energy but very 
little momentum from the photon. In order for the 
absorption to occur, then, the electron must gain 
momentum from some lattice imperfection. This 
two-step process is accounted for in Sec. 2 by formulat- 
ing the absorption cross section in second-order Born 
approximation. At this stage, the type of lattice imper- 
fection which scatters the electron is left unspecified. 
Two kinds of lattice imperfection are treated, namely 
phonons (Sec. 3) and ionized impurities (Sec. 4). All 
possible intraband electron transitions are discussed, 
i.e., intravalley transitions and intervalley transitions 
accomplished with or without the aid of an umklapp 
process. In the phonon case, the electron is allowed to 
interact with a phonon belonging to any of the six 
branches of the vibrational spectrum. Appropriate 
deformation parameters are assigned values in agree- 
ment with other properties! of n-type Ge, and compari- 
son with the data of Fan, Spitzer, and Collins® (hereafter 
referred to as FSC) is made without adjusting any 
parameters. One may note that earlier?~® theories of 


+ Supported in part by the Office of Naval Research. 

* Part of a dissertation submitted by R. R. in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy, in the 
Physics Department, Syracuse University, 1957. 

'C, Herring, Bell System Tech. J. 34, 237 (1955); C. Herring 
and E. Vogt, Phys. Rev. 101, 944 (1956). 

? Fan, Spitzer, and Collins, Phys. Rev. 101, 566 (1956). 

3H. Y. Fan and M. Becker, Proceedings of the Reading Conference 
(Butterworth Scientific Publications, Ltd. London, 1951), pp. 132- 
147. This article reviews both classical theory and the quantum- 
mechanical theory of H. Fréhlich. 

4H. Schmidt, Z. Physik 139, 433 (1954). 

5B. Donovan and N. H. March, Proc. Phys. Soc. (London) 
B70, 883 (1957). 


free-carrier absorption all employ an adjustable 
effective mass for data fitting. 
Section 5 summarizes the results and implications of 


the present theory. 


2. FORMULATION OF FREE-CARRIER 
ABSORPTION CROSS SECTION 


The free-carrier absorption cross section orc(v) is 
the ratio (net transition probability for absorption of 
a photon of energy kv by a current carrier)+ (flux 
of photons of energy /v through the crystal): 


orc(v)=[n(v,a)c/e4 (We —W?). (2.1) 


W* is the transition probability for the absorption of a 
photon by a current carrier; W* is the corresponding 
transition probability for induced photon emission®; 
n(v,a) is the beam density of photons having propaga- 
tion vector v and polarization index a(a=1, 2); c/eé is 
the velocity of infrared photons in the crystal. 

The transition probabilities are calculated in Born 
approximation with the aid of “golden rule number 
two,” 


W = (2r/h) Avo > | Myo|*5(E;— Eo), (2.2) 
f 


where Avo means the thermal average on initial states 
0 and >; means the sum on final states f. Myo is the 
second-order matrix element for a process in which an 
electron absorbs (or emits) a photon and is scattered 
by a scatterer, e.g., phonon, ionized impurity, etc. 
For definiteness, the transition probability (2.2) will 
be developed for the case of photon absorption, i.e., 
W=W*?, Myso= (M*)s0; W* is then obtained by making 
obvious changes in W*. 

The second-order matrix element (M*);o can be 

6 Spontaneous emission is part of the background radiation. 


Schmidt’s‘ theory is the first to recognize the necessity for sub- 
tracting of induced emission in the infrared, 
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written in abstract notation as follows: Denote the 
first-order photon absorption matrix element between 
electronic states kg, ka by (V,*)ksks6(ke,k4) [this 
form is derived in Appendix A—see (A.11)] and the 
first-order scattering matrix element by (V,)ksk4. Then 
(M*) 79 is the sum 





(V,*) ip 5 (Ky, k,) (V,) ico 
(M*) r= > sea meee . 
k Eo- E; 
( V,)kypk; ( V,*) ksaco6 ( k, ko) 


| (2.3) 
Eo- ER; 


on intermediate states i, where the brackets contain a 
sum on the two possible orders in which photon absorp- 
tion and electron scattering can occur. The energy 
denominators in (2.3) are 


Eo— E;= E(ky) — E(k) +E,, 
Ey— Ey! = E(ko) — E(k;) +hy, 


(2.4a) 
(2.4b) 


where ko and k; are the initial and intermediate propaga- 
tion vectors of the electron, and £, is the energy which 
the electron gains from the scattering center or loses to 
it. The plus sign before E, applies to a gain in electron 
energy, the minus sign to a loss. 

Inserting the energy denominators (2.4) into Eq. 
(2.3) for (M*)so, one can immediately sum on k; to 
obtain 


( Vi?) kypky 


( V,*) koko 
(2.5) 


(M*)so= ( V un —___—_—_— 

E(k») — E(k) +E, hy 
The right-hand side of (2.5) can be further simplified by 
noting that (2.5) is to be used in conjunction with the 
energy conservation condition 


5(Ey— Eo) = 6 E(ky)— E(ko)-—lwFE,], (2.6) 
when one calculates the transition probability W* 
according to the prescription (2.2). The first energy 
denominator on the right-hand side of (2.5) can 
therefore be replaced by (— hy), so that (M*)s9 becomes 

M po= (V .)iepcol_ (V,)icokeo— (V,)kpey |/hy. (2.7) 
Hence, for any scatterer which can be treated adequately 
in second-order Born approximation, the first-order 
scattering matrix element between initial and final electron 
states appears as a factor in the second-order matrix 
element Myo. The absorption superscript a has been 
omitted from (2.7) because the matrix element (M°*) so 
for induced photon emission is identical to (M*) so. 

It is now a simple matter to express the absorption 
cross section (2.1) in terms of first-order matrix 
elements. One introduces the second-order matrix 
element (2.7) and the energy conservation condition 
(2.6) into Eq. (2.2) to calculate the transition probabil- 
ity W* for photon absorption. The transition probability 
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W* for induced photon emission is obtained by changing 
the sign of Av in W*. The W’s are then put into the 
absorption cross section (2.1) to give 


orc(v) 
= (2r/h)[n(v,a)c/e4} 
Xd Avod | (V.)iyko!?| (V,)eoko— (V,)uepkey |2(hv)? 
. f 


1 
xX & (—1)%LE (ky) — E(k) FE,— (—1)"hv]. (2.8) 
p=0 


The summation on s runs over all types of scattering 
processes ; the summation on p performs the subtraction 
W*—W*; the sign of £, is that appropriate to a given 
scattering process. 

The radiation part of the formulation (2.8) of 
orc(v) is now completed by inserting specific forms for 
(V,)kcko and (V,)ksey. These matrix elements are 
derived in Appendix A under the assumption that the 
energy valleys can be described by a single mass 
dyadic for all states of importance to free-carrier 
absorption. This assumption will be valid provided 
that the electronic states of importance to free-carrier 
absorption lie within a set of ellipsoids, drawn about 
the energy minima in the Brillouin zone, whose axes 
are small compared with the radius of the Brillouin zone. 
An estimate of the size of these ellipsoids can be made 
with the aid of the energy conservation condition 
appearing in (2.8). From this condition, once obtains 


E(k) < (hv) max- (2.9) 


[The maximum value of fy of interest here corresponds 
to a wavelength ~10 yu. Both E(k) and E, correspond 
to much longer wavelengths. The initial electronic 
energy E(ko) is ~k7T; on the wavelength scale, the 
room temperature value of kT lies at ~504u. As for 
the energy E, exchanged with phonons or isolated 
impurity scatterers, the maximum phonon energy in 
Ge occurs at ~35y,’ while the recoil energy of an 
isolated impurity is negligible. ] Employing the cyclotron 
resonance mass* values in (2.9), one finds that the long 
semiaxis of the ellipsoids which bound the important 
final states is about two-tenths the radius of the 
Brillouin zone. 
From (A.11), one obtains 


(2.10a) 
(2.10b) 


(V,)koko= yo(v,a) e(v,a) mo! (Ko— Ko), 
(V,)kpee=yo(v,ax)e(v,a) my: (ky— Ky), 

where 
vo(v,a) = teh 2rn(v,a)/(ehv) }); (2.11) 
e(v,a) is the unit polarization vector belonging to 
7B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 


(1958). The estimate is actually ~33 y. 
8 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
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mode (v,) of the radiation field, mo is the reciprocal 
mass dyadic of the initial valley whose minimum lies 
at Ko, and m;', Ky are the corresponding quantities 
in the final valley. (One sees from the arguments of 
the preceding paragraph that the important electronic 
states can be assigned unambiguously to one valley or 
another.) 
From Eq. (2.10), one can form the expression 


[n(v,a)c/e*}-| (V,)woko— (Verte, |? 
= (y1/hv){[mo- (ko— Ko) —m,~ 
- (ky— Ky) ]- e(v,a)}’, (2.12) 
where 


i= 2re*h'/elc. (2.13) 


Before inserting (2.12) into the cross section (2.8), one 
can sum the dyadic e(v,a)e(v,a) on the two values of 
the polarization index a and then average on all 
orientations of v: 


9 


(> e(v,a)e(v,a))o,= 31. 


a=! 


(2.14) 


This procedure accounts for the unpolarized state of 
the incident beam and also yields the isotropy of the 
cross section in a cubic crystal. With (2.12) and (2.14) 
the cross section (2.8) becomes 


orc(v) 


= (29/h)[¥1/3(RT)4(2x)*]-S> Avo > 
* f 


x | ( V,)ky.teo | *[Lamo™ . (Ko— ko) —m, I. (k,— k,) 


1 
x ¥ (—1)°{ LE (ky) — E(k) / ATF 22—(—1)?22}, 


p= 


(2.15) 
where the definitions 


2x=hv/kT, 22=E,/kT (2.16) 


ha've been introduced for later convenience. 

Equation (2.15) represents the furthest point to 
which one can carry the calculation of orc(v) without 
mentioning specific scattering mechanisms. One may 
note that the computation of orc(v) from (2.15) is 
simplified by expressing the average on initial states 
ko and the sum on final states ky in integral form; in 
addition, electronic energies are written 


E(k4)= (h?/2) (ka— K,)-m,"': (kK4-— K,4). (2.17) 


3. PHONON SCATTERERS 


In treating the effect of electron-phonon collisions 
on ¢rc(v), one must consider all the different types of 
scattering matrix element (V,)ksko permitted by the 
location of the energy valleys in the Brillouin zone and 
by the vibrational spectrum of Ge. Briefly, the presence 
of a number of well separated valleys allows intravalley 
transitions (ky and ky in the same valley) and intervalley 
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Fic. 1. Filling of the Brillouin zone. It is shown how the elec- 
tronic Brillouin zone is completely and uniquely filled by final 
states under phonon transitions starting from the energy minimum 
at K4=(m/a)(1,1,1). The solid hexagon is the cross section of 
the electronic zone in the (—1,0,1) plane passing through the 
zone origin. With the initial electronic state at the minimum 4, 
the points B, D, and Care respectively the first-, second-, and third- 
neighbor minima. The stippled areas are those which lie in the initial 
octant of the Brillouin zone and the third-neighbor octant. The un- 
stippled areas belong to first- and second-neighbor octants. The 
dashed hexagon represents the phonon Brillouin zone whose origin 
has been placed at the initial state 4. The phonon propagation vec- 
tor ¢ must lie within this hexagon. The horizontally lined area of 
the phonon zone is the region in which ¢ has values such that 
K4++ (27/a)(—1,1,—1) falls in the horizontally lined area of 
the electronic zone. The other lined areas correspond to analogous 
umklapp processes; the vertical lines go with the umklapp vector 
«x= (2x/a)(—1,—1,—1) and the diagonal lines with x= (42/a) 
(0,1,0). The unlined area of the electronic zone is the region of 
overlap with the phonon zone, i.e., only direct (k=0) transitions 
occur here. 


transitions of two kinds. Direct and indirect intervalley 
transitions can readily be understood when one recalls 
that the final electronic momentum hk; is the sum of 
phonon and initial electronic momenta At+hko. 
(Photon momentum is negligible.) Some phonons of 
large momentum are suitably oriented so that the 
electron is scattered directly from one valley into 
another. Other phonons are so oriented that (++Ko) 
falls outside the (reduced) Brillouin zone. In this case, 
the final electron state ky is brought to a new valley 
inside the zone by an umklapp process, i.e., by addition 
of a reciprocal lattice vector «. Figure 1 shows how final 
electron states fill the Brillouin zone when the electron 
starts from a given initial state. The filling is seen to be 
unique; a transition between two definite electron states 
proceeds either directly (x=0) or by the only available 
indirect process (x0). 

In addition to these complications, the phonon itself 
can belong to any of the six branches of the vibrational 
spectrum. 

Despite the profusion of disinguishable types of 
electron-phonon scattering process, it is possible to 
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represent the appropriate matrix elements by only two 
general forms. Derivation of the matrix elements is a 
lengthy affair, and will be reserved for a separate paper 
on a generalized deformation-potential theory. Certain 
results useful in the present work will simply be quoted 
here. For the sake of plausibility, the connection with 
Bardeen and Shockley’s® deformation-potential theory 
will be made. 

Typical of the scattering matrix elements (V,)s0 to 
be used in the cross-section formulation (2.15) is the 
matrix element (V,*)yo for electron scattering via 
phonon absorption (superscript a) : 


KN (+,t) 
( V~*)o= E 


2pVw(<,t) 


; 
| 8(k,,ko-+-2+x)e(2,)-¥(2,/), (3.1) 


where ¢ is the phonon propagation vector and / is the 
branch” index of the mode; N(¢,t), hw(,t), e(+,f) are 
respectively the (equilibrium) excitation number, 
energy and unit polarization vector of mode (¢,/) ; V and 
p are the volume and density of the crystal. Except for 
Y, all the factors on the right-hand side of (3.1) are 
immediately recognizable from the Bardeen-Shockley® 
theory. The “interaction vectors” Y(+,t) embody the 
generalization of their theory to a many-valley band. 
As one might expect, Y contains a deformation param- 
eter which measures the strength of electron-phonon 
interaction in each type of scattering process. For the 
simple band structure treated by Bardeen and Shockley, 
Y reduces to their value Ey. 

For the present many-valley case, the following 
approximate forms of the interaction vector Y result 
from the generalization of deformation-potential theory : 

Long-wavelength acoustic modes.— 


Y(<,/) => [A +A 2(3eo@0— 1)}- *, 
eo= Ko/Ko. 


(3.2) 
(3.3) 


Energetic modes.— 
Y(<,/)= B,(Ky,Ko). 


The subscript » on B, runs over enough integers to 
encompass all the types of energetic-mode scattering. 
The value m=0 is reversed for scattering by long-wave- 
length optical modes; the remaining values of m apply 
to scattering by shorter wavelength modes. 

The matrix element (V,*)so for electron scattering 
via phonon emission is obtained from (V ,*)s0, Eq. (3.1), 
by replacing NV (<,/) with N(*,/)+1 and by changing the 
sign of ¢ in the Kronecker delta. 

When one calculates the absorption cross section 
(2.15) with the aid of the electron-phonon matrix 
elements (3.1), one meets a complication which has 


(3.4) 


* J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
1 ¢=1,2,3: acoustic branches 

4,5,6: optical branches 

3,6: longitudinal branches 

1,2,4,5: transverse branches 
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not yet been discussed: Because the conduction band 
minima in Ge most probably lie on the zone boundary, 
one should, in principle, average the initial electron 
states and sum the final electron states on domains 
bounded by the surface of the Brillouin zone. On the 
other hand, one would like to perform the equivalent 
integrations on unrestricted domains. It turns out that 
the latter procedure is correct for scattering by long- 
wavelength phonons in Ge. For these phonons, third- 
neighbor indirect scattering processes are indistinguish- 
able from intravalley processes. Both types of scattering 
are exactly taken into account if one integrates intra- 
valley processes on complete valleys. The integrations 
can also be performed on complete valleys in calculating 
the remaining (intervalley) contributions to orc(v). 
These contributions have a wavelength and temperature 
dependence which is quite insensitive to the exact 
limitations on the domains of integration. These 
contributions are furthermore indistinguishable from 
that due to long-wavelength optical modes at tempera- 
tures at which phonons are the dominant scatterers. 
For the purpose of comparison with experiment, then, 
there will be no need to consider fine details of the 
different energetic-mode contributions. 

The contributions to orc(v) made by the various 
phonon processes can now be computed from the 
cross-section formula (2.15), the scattering matrix 
elements (3.1), and the interaction vectors (3.2) and 
(3.4), with the aid of a few physical approximations 
discussed in Appendix B. The resulting phonon contri- 
bution orc? (v) to the total cross section follows: 


3 


orc’(v)= 2D omy), 


m=) 


(3.5) 


(3.6) 
(3.7) 


o;(v) =T1(kT)-tx sinh(x)K2(x), 
o2(v)/ox(v)=T2/T, 
o3(v)/o1(v) = (wr) fi-*(8) (hor /2.')*s,(sinhz,)— 
iy (1+€)*Ko[x(1+£)]+(1—£)?Ko[x|1—€|] 
2K2(x) 


, (3.8) 





where K2(x) is the modified Bessel functions as defined 
by Watson," and 


(3.9a) 
(3.9b) 


22,=hw,/kT, 
t=2,/x. 


The contributions o; and o2 arise from processes 
involving, respectively, transverse and longitudinal 
long-wavelength acoustic phonons; ¢; lumps together 
all energetic-mode contributions. This lumping is 
justified by the numerical values of the ratio 03/01, 
Eq. (3.8). Despite appearances, the right-hand side of 


4G. N. Watson, A Treatise on the Theory of Bessel Functions 
(The Macmillan Company, New York, 1945), second edition, 
p. 78. 
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(3.8) is effectively independent of wavelength and 
temperature when \<40 4 and when T is large enough 
(2300°K) to make phonons the dominant scatterers. 
This behavior is a consequence of the long wavelength, 
~35 uw, of the Raman line in Ge. The parameters which 
carry the phonon index 7 in (3.8) will therefore be 
interpreted as referring to some mean mode whose 
energy and deformation parameter fit a number of 
experiments. 

The constants I’; and I, in (3.6) and (3.7) are 

4 & 2 detmy *(m™") fi (8)Z,? 

r,=- -(——) ~— ass (3.10a) 

3 he 


T, Ur 2 
ae (=) fr*8) 
rT; VL 


Ea\? Za 
x| (=) += pla) +3/l8)- 100) (3.10b) 


a 


Te hipvr* 


= 
a 


where vr and v, are respectively the velocities of sound 
for transverse and longitudinal modes. Equations 
(3.10a,b) are expressed in terms of deformation param- 
eters defined by Herring' and Vogt. The relations 
between their parameters Zu, Z,, and the deformation 
energies A;, Az which appear in the interaction vector 


(3.2) are 
wiSAs (3.11a) 


(3.11b) 


’ 
a= A o— A 2. 
Also,® 


(detm) = mm,’ = 1.58(0.082)’m'=0.011m', (3.12a) 


(mm) = 4(my?+ 2ms) = 8.3m, (3.12b) 


B=mz2/m,=0.052. (3.12c) 
The functions /,(8) and f2(8) come from angular 
integrations which enter the cross section (2.15) 
through the mass-dependent part of the electron-photon 
matrix element (A.11), and through the orientational 
restriction imposed by the Kronecker delta of the 
electron-phonon matrix element (3.1). The integrations 
are on orientations of the unit vector u= (ky—ko)-m~!/ 


| (ky—Ko)-m™4| : 
fala) = (4e(ar))-* f(a me) (ay2—ay*) 


; | B \} 
i ered (1 -+-58-4-26") | —— 
(2+8)(1—8)? re 


1—B\! B 
xtan-(—) ~=(13+116)| 
8 3 
=0.132, 


(3.13) 
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fu(0)= (2n(me))-* f d0.(u-m-- wa! 
~~. ; 
tr () 


1—B\? 
xtan-(—) 


_ 6(1+8) 
(2+8)(1—8) 


a, =eo:m!-u/|m!-ul. 


The function »(w,) which occurs in the energetic- 
mode contribution (3.8) is the combination 


¢(w,) = (B,Q4/Z,,)? (hw, (3.16) 
of deformation parameters and phonon energy which 
is most conveniently evaluated from Herring’s' work. 
The volume 2. of unit (two-particle) cell has been 
introduced to form certain quantities with dimensions 
of energy in (3.8) and (3.16). [Comparison of the 
interaction vectors (3.2) and (3.4) shows that the 
B’s must have the dimensions of force since the A’s are 
energies. | 

Before the result (3.5)—(3.8) can be compared with 
experiment, one needs numerical values of the deforma- 
tion parameters =,,, 24 and the function ¢(w,) defined in 
(3.16), the velocities of sound vz and v,, and the 
normalized phonon energy 22,. 

The deformation parameters =, and Z4 for acoustic 
modes have been selected from Herring and Vogt’s 
paper’ on transport properties in many-valley semi- 
conductors. Piezoresistance and magnetoresistance 
information lead to the choice 


=u= 16.4 ev, (3.17a) 


Ea/Su= —0.23. (3.17b) 
Any other choice which is in reasonable agreement with 
the aforementioned information and with the shift of 
band gap with dilatation will lead to nearly the same 
values of absorption cross section as do (3.17a) and 
(3.17b). 

The function ¢(w,), Eq. (3.16), has been evaluated 
by combining Herring and Vogt’s' analysis with 
Herring’s' treatment of energetic-mode scattering 
based on an isotropic electron relaxation time. If 
Herring’s ratio w/w; (relative strength of energetic 
mode to long-wavelength acoustic mode scattering) is 
chosen to be 4, one finds 


¢ (wr) 1.3 10?" erg. (3.18) 


The velocities of sound which enter the constants 
(3.10a,b) actually come in as mean values on v7 and 
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Fic. 2. Comparison of the calculated cross section with the 
data of Fan, Spitzer, and Collins.2 The points are experimental 
free-carrier absorption cross sections reported by FSC for typical 
samples numbered 4 and 8. The curves have been calculated 
theoretically from Eqs. (3.5)-(3.8), (3.10), (3.13), (3.14), and 
(3.16) for phonon processes and from (4.4), (4.6), and (4.11) for 
ionized impurity processes. To the right of the arrows, Herman’s'® 
estimate of a 0.18-ev energy separation between [111] and [100] 
minima in Ge leads one to expect additional absorption, not 
included in the present theory, due to electronic transitions to 
[100] valleys. 


vp *. The values 
vp ?=10-™ (cm/sec), 


vp ?/or *=0.36, 


(3.19a) 
(3.19b) 


employed here have been averaged by the method of 
Quimby and Sutton” with the aid of room-temperature 
values of the elastic constants measured by McSkimin.” 

The results (3.19) are rather insensitive to whether 
the mean is taken in all directions of propagation or 
only on selected directions. 

The energy fw, has been chosen to agree with the 
fundamental optical vibration somewhere near 35 y.? 
One thus employs the maximum possible value of 2, 
in the energetic-mode contribution (3.8) to the cross 
section. Nevertheless, one finds that to within an 
accuracy of a few percent, the factor z,(sinhz,)~ and 
the factor in curly braces in (3.8) are both unity at 
room temperature and above in the experimental 
wavelength range. 

With the above numbers, transverse and longitudinal 
long-wavelength acoustic modes contribute about 
equally to the absorption cross section, and their 
combined contribution is matched by energetic-mode 
scatterers at room temperature and above. In this 
range orc’ (v) varies almost exactly as A’. 

Figure 2 (a) compares the calculated cross section 
(3.5-8) with the data of FSC under conditions where 


22S, L. Quimby and P. M. Sutton, Phys. Rev. 91, 1122 (1953). 
3H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 


impurity scattering is relatively unimportant. Note 
that the excellent fit has been obtained without adjusting 
any parameters. The parameters are those which 
agree with other measured properties of Ge. If one 
accepts this fit as a verification of the phonon calcula- 
tion, the burden of the discrepancies at 293°K and 78°K, 
Figs. 2 (b,c), falls upon some other scattering mechanism. 
This suggestion will be discussed after the calculation 
of impurity effects. 

The arrows in Figs. 2 (a)—(c) are seen to occur at the 
noticeable break in the observed cross sections. The 
positions of the arrows indicate where one expects 
the next higher conduction band to provide additional 
states into which an electron can be scattered. [From 
the observed" variation of optical absorption edge 
with composition in Ge—Si alloys, Herman" estimates 
that the [100] minima in Ge lie about 0.18 ev above 
the [111] minima. The arrows have been drawn where 
hv=0.18 ev—kT.] No attempt has.been made here to 
take these additional states into account. Hence, the 
divergence of high-temperature theoretical and experi- 
mental results at the arrow is in agreement with the 
estimated energy gap between [111 ] and [100] minima. 


4. IONIZED IMPURITY SCATTERERS 


An estimate of the effect of ionized impurity scatter- 
ing on the free-carrier absorption cross section can be 
made by using the same formalism as for phonon 
scattering. Starting with the cross-section formula 
(2.15) derived in second Born approximation, one 
inserts the first-order scattering matrix element (V,)ksko 
and the transferred scatterer energy 22 and makes the 
calculation. This procedure is apparently too naive, 
as one sees from Fig. 2 (c). The resulting theoretical 
curve is too low by a factor of 2-4, and furthermore has 
the wrong wavelength dependence at a temperature 
T=78°K, where ionized impurity effects may be 
expected to predominate. 

The above conclusions stand in apparent contradic- 
tion to the work of FSC,? who feel that impurity effects 
are understood. A brief sketch of the present calculation 
of orc!(v) (index J means ionized impurity scatterers) 
will therefore be given, and the contradiction will 
subsequently be discussed. 

The scattering matrix element, 


(V1r)ro= + (4rre?, €V) fol (ky— ko)?+6 } * 


used in the present treatment is the matrix element of 
the screened Coulomb potential, 


(4.1) 


U=+(e/e)r™ exp(—4r), (4.2) 


taken between electronic Bloch waves belonging to 
states ky and ko. The factor «~' accounts for dielectric 
shielding ; the screening radius 5~' is given the familiar 


“FE, R. Johnson and S. M. Christian, Phys. Rev. 95, 560 
(1954). 
16 G. Herman, Phys. Rev. 95, 847 (1954). 
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Debye-Hiickel form 


6°=49n,e"/(ekT), (4.3) 


where n, is the concentration of free carriers. 

In general, the matrix element (4.1) should be 
written as a summation on reciprocal lattice vectors « 
of the expression f,{ (ky—ko—x)*+6?}", where fy is 
the «th Fourier component of the product of periodic 
parts of the Bloch waves. The term x=0 happens to be 
sufficient in the present calculation for the following 
reasons. Just as in the phonon case, intravalley (x=0) 
and third-neighbor intervalley (x=k;—ko) processes 
are complementary when the energy minima lie on the 
zone boundary. In addition, all other processes can be 
shown to be negligible. Hence, crc!(v) is obtained by 
using just the matrix element (4.1) for the case x=0 
in the cross section (2.15) and performing the sum on 
ky and the average on kp on unrestricted domains. 
When this procedure'® is followed, one finds that all 
integrals but the last can be evaluated in closed form. 
In terms of the final integral, the cross section (2.15) 
becomes 


orc! (v)=T1(kT)~7/2x sinh(x)F(x,A2,b), (4.4) 


where x is the normalized photon energy defined in 
(2.16), b- is the mass parameter 8 defined in (3.12c), 
and 


A?=h?5/(2mo2kT), (4.5) 


The constant coefficient 


ry — ; (2)*/? | fo| *nre*h? [ce® '2(detm)! ia (4.6) 


contains the density m; of ionized impurities because 
one must count all scattering centers whose potential 
is (4.2). 

The complicated function F in (4.4) is 


” dy 
F(x,A2,b) =4G(0)(b—1)"1- f = 


0 7 


% 1 7 ~ = 
xen] —(r+-) |le(=) /oo} (4.7) 
G(y)= (+9) (b—1)(b+1+)(b+y)> 


b 4 b—1\3 
+(6-1-»)(— ) tan-*( ——) , (4.8) 
1 1+y 


(4.9) 


where 


X = 2x/A?*. 


The form (4.8) of G(y) has been accurately approxi- 
mated on the interval 0 << y<d—1 by a sum of decreas- 


16 The transferred scatterer energy 22 is omitted from the energy 
conservation condition in the cross section (2.15) because of the 
negligible size of the ion’s recoil energy. 
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Fic. 3. Plot of {(x)=G4(0)(b—1)F (x,A*,b) x sinhx vs x=hy/ 
2kT. The part orc’ of the free carrier absorption cross section 
which arises from scattering by ionized impurities has the wave 
length dependence of f(x) according to the present calculation, 
where the parameter for the family of curves is A?=%?5*/2m2kT, 
6 is the inverse screening radius given by (4.3), and mz is the small 
principal mass of the conduction band. F(x,A?,b) is given by 
(4.11). The parameter b is the reciprocal of 8 (3.12c). The constant 
G(0) is found from (4.8). The two groups of curves are scaled 
according to the nearest ordinate, and connect smoothly. 


ing exponentials: 


G(n/X)/G(0)=0.476 exp(—2.4n/X) 
+0.443 exp(—0.68n/X) 


+0.081 exp(—0.13n/X). (4.10) 


The approximation (4.10) enables one to evaluate the 
integral in F, (4.7), in closed form to within a 5% 
error (probably smaller) in the parameter ranges 
T<300°K, .S10% cm, AS50u. The function F 
defined in (4.7) is thus 


F(x,A2,b)~G (0) (b— 1) X {0.476K of (x2+2.442)!] 
+0.443K of (x2+0.68A2)"] 


+0.081.K of (x2+0.13A2)!]}, (4.11) 


where Ko is a modified Bessel function as defined by 
Watson." The present evaluation of orc! (v) is given by 
the cross section (4.4) with the constant Ty and the 
auxiliary function F(x,A?,b) given respectively by (4.6) 
and (4.11). Figure 3 is a plot of the product G-!(0) (b—1) 
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X F (x,A?,b)a sinhal =G— (0) (b— 1) 71(RT) ore! (v) ] 
vs x for a variety of values of A* which span the data 
of FSC.? One sees that for large x (short wavelengths 
and/or low temperatures), all the curves asymptotically 
approach the \’/? behavior typical of unscreened ions. 
For smaller values of x, an increase in screening (i.e., 
in A?) drastically reduces the value of the function, and 
the curves asymptotically approach the \*? behavior 
typical of phonon effects. 

In plotting the curves of Figs. 2 (a)-(c), it has been 
assumed that fo [see (4.6) ], the overlap integral of the 
periodic parts of two Bloch waves, is unity. The true 
value is probably smaller, which would only make the 
fit at T= 293°K and 78°K poorer. 

The comparison of theory and experiment leads the 
writers to believe that phonon effects on free-carrier 
absorption are satisfactorily understood while ionized- 
impurity effects are not. It is clear from the first three 
figures of FSC? that impurity effects are negligible at 
450°K but not at 293°K and 78°K. At the latter two 
temperatures, the experimental cross sections show a 
marked increase with increasing impurity concentration. 
At 450°K, where theory and experiment are in excellent 
agreement, the experimental cross sections are virtually 
independent of impurity concentration. 

The partial agreement which FSC? achieve between 
theory and experiment at lower temperatures can be 
explained as follows. Examination of Fig. 2(c) shows 
that one has to increase both magnitude and slope of 
the theoretical curve to improve agreement with the 
data. Both types of increase are appreciable when one 
neglects screening entirely (see Fig. 3), as did FCS. 
FSC also get an increase in slope by neglecting induced 
emission of photons, which offsets photon absorption 
most strongly at long wavelengths. Another increase in 
magnitude enters FSC’s theory through their adjustable 
mass parameter m*. Their selected value of m* yields 
a 25% increase in the calculated cross section above the 
cross section produced by the “correct” effective mass. 
The “correct” mass can be found from the present 
results [ (4.4), (4.6), and (4.11) ] by ignoring screening 
and proceeding to the limit of isotropic mass; one 
obtains 


2/m*4!= lim [(detm)~4#G(0)/(6—1)], (4.12) 


or 
Myresent® //m= 0.096, (4.13a) 
while 


mysc*/m=0.083. (4.13b) 


For these reasons, and because of other objections'’*-” 
which have been raised against treating low-temperature 
impurity effects in Born approximation, the writers 
believe that a valid calculation of orc’(v) has not yet 
been done. 

17R. Wolfe, Proc. Phys. Soc. (London) A67, 74 (1954). 


18 N. Sclar, Phys. Rev. 104, 1548 (1956). 
1 F, J, Blatt, J. Phys. Chem. Solids 1, 262 (1957). 
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5. SUMMARY 


The observed free-carrier absorption cross section 
in Ge has been satisfactorily explained at high tempera- 
tures without adjusting any parameters. Parameters 
which appear in the present work are chosen to agree! 
with other experiments. Theory and experiment at 
450°K indicate that impurity effects are negligible at 
this temperature. About half the cross section at 450°K 
arises from processes involving scattering by long- 
wavelength acoustic modes: energetic-mode scattering 
is responsible for the remaining half. Constributions to | 
orc(v) from the various types of phonon scattering 
processes all have the same wavelength and temperature 
dependence above room temperature in the experi- 
mental wavelength range. 

At room temperature and below, impurity scattering 
has a significant effect on orc(v). It appears that no 
no adequate theory of this effect exists. 
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APPENDIX A 


Matrix elements are derived here for the interaction 
between a photon and an electron which lies in valley A 
of a many-valley band. For the sake of brevity, the 
effective mass approximation is employed. In this 
approximation, the unperturbed Hamiltonian H® near 
an energy minimum at K, is 


H®=14(t-p—K,)-m,": (#p—K,), 


and the eigenfunctions of H® are the plane waves 


(A.1) 


¥i= V- exp(ik-r) (A.2) 


normalized to the volume V of the crystal. 

In the presence of a radiation field whose vector 
potential is A, one replaces p by p+(e/c)A in the 
unperturbed Hamiltonian (A.1), and obtains the 
following perturbation to terms linear in A: 


H’ =h(e/c) A-m,"!- (- p— Ky). 


For present purposes, it will be sufficient to replace A 
in (A.3) by one term of the expansion of A in the normal 
modes of the radiation field: 


(A.3) 


ch} 
a-i(—) e(v,a)n(hv,a) exp(iv’-r), (A.4) 


evv 


where v, a, and e(v,v) are, respectively, the vacuum 
propagation vector, polarization index, and unit 
polarization vector of the mode; v’=e!v (e=infrared 
dielectric constant) is the propagation vector in the 
crystal; and the destruction operator has the usual 
matrix element in photon excitation numbers JN, 


(N’|n|N)=N%(N’, N—1). (A.5) 
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The factor €~' on the right-hand side of (A.4) normalizes 
the field to the interior of the crystal. 

Upon inserting the vector potential (A.4) into the 
perturbing Hamiltonian (A.3) and taking matrix 
elements between eigenfunctions of the electron (A.2) 
and of the radiation field [see (A.5)], one obtains 
the matrix element for photon absorption (superscript 


a): 


°H’ p= (V,°) Ba =70(v,a) e(v,a) ‘ma 1 ‘Caza, (A.6) 
2rn(hv,a)\! 
Yo(v,a) _ ia(———*) = (A.7) 
ehv 
Coa= Vf expl—itke—v) 1]0-*p—K,) 
Xexp(ik,-r)dr. (A.8) 


In the coefficient (A.7) the photon density (hv,a) has 
been written in place of V-'N (hy,a). 
Since 


hp exp(ik,-r) =k, exp(tk,-r), (A.9) 


Eq. (A.8) becomes 
Cra=(ka— Kv f exp[ —i(kg—ka—v’)-r|dr 
= (ka— Ky)8(Ks, katv’). (A.10) 


To a very good approximation in the ranges 72 78°K, 
A210 of interest here, ‘v’ can be ignored in the 
Kronecker delta of (A.10), so that with (A.10), the 
matrix element (A.6) becomes effectively 


(V,*) ps =yo(v,a)e(v,a)>myam 


-(ka—Ky)d(kp,k4). (A.11) 


The matrix element (V,°) 24 for induced photon emission 
has precisely the same form, except that yo is replaced 
by yo". 

APPENDIX B 


Certain properties of Ge can be used to simplify the 
computation of the cross section (2.15) when one uses 
the phonon scattering matrix element (3.1) in conjunc- 
tion with the forms (3.2) and (3.4) of the interaction 
vector Y. The discussion of approximations can be 
made most simply by writing down the scatterer- 
dependent parts of the cross section (2.15). One puts 
the absolute square of the matrix element (3.1) into 
(2.15) and sums on scatterers (+,t): 


x | (V-")so|? 
~ 8{[E(ky) — E (ko) kT — 22,— (—1)”2x} $eet. 


AN (2,1) 
me 3 —b(ky, ko+2+x) 





2.t 2pVw(r,t) 

X e(2,t)e(2,t) : ¥(«,t) ¥(<+,2) 

X6{ LE (ky) — E(ko) ]/RkT—22,— (—1)?2x} 
+e.t., 


(B.1) 
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where the notation ( : ) means double scalar product, 
and e.t. means phonon emission terms. The emission 
terms are obtained from the absorption terms by adding 
unity to the phonon excitation number NV (¢,t) and by 
changing the signs of + in the Kronecker delta and of 
22,=tw(*,t)/kT in the Dirac delta function. 

Long-wavelength acoustic modes.—The phonon angular 
frequencies w(+,/) for these scatterers are given to a 
good approximation by 


(B.2) 


w(2,t)= 97, 


where v is the velocity of sound for longitudinal (v,) 
or transverse (v7) modes. The energy #w(*,/) is then 
small enough so that 22, can be ignored in the Dirac 
delta function of (B.1), and so that the usual high- 
temperature approximation can be made on the 
equilibrium excitation number V(¢,/): 


N(2,t)oekT /hor. (B.3) 


Inspection of the appropriate form (3.2) of the interac- 
tion vector Y shows that with (B.2,3) the summand of 
(B.1) contains || only in the Kronecker delta. As a 
result, the Kronecker delta produces only an angular 
dependence on +=k,;—ko—« in the remainder of the 
summand. 

It is also assumed that the unit polarization vector 
e(t,3) of the longitudinal mode is parallel to +. This 
approximation is apparently good” over the entire 
phonon spectrum. With this assumption and the 
additional assumption that the transverse branches 
have the same energy fw(+,/) for each , one can sum 
the right-hand side of (B.1) on the two transverse 
branches to obtain 


> e(2,t)e(2,0) =1— (42/7). 


t=] 


(B.4) 


The derivation of o;(v) and o2(v), Eqs. (3.6) and (3.7), 
from the cross section (2.15) is now straightforward. 

Long-wavelength optical modes—Near +=0, the 
energies fiw(+,) of the three optical modes in Ge are 
nearly independent of + and are all equal to the first- 
order Raman energy ftwo. The interaction vector Y is 
the constant By [see (3.4) ], and the summation on 
branches ¢=4,5,6 replaces ee in (B.1) by the unit 
dyadic. The phonon excitation number V(¢,f) in (B.1) 
has its exact equilibrium value 


N(«,t) =[Lexp(2z,°)—1}", 


In the summand of (B.1), the only dependence on + 
occurs in the Kronecker delta itself; the summation on 
« thus yields unity. With these approximations, the 
cross section (2.15) reduces to the contribution o;(v), 
Eq. (3.8). 

Short-wavelength modes.—The remaining scattering 
processes are all intervalley processes involving phonons 


22,°=hwo/kT. (B.5) 


*” W. P. Dumke, Phys. Rev. 101, 531 (1956). 
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of large momentum 7#i¢ (see Fig. 1). One need only show 
how these processes simulate transitions caused by 
long-wavelength optical modes. 

Energetic considerations have already been used to 
demonstrate that electron states of importance to 
free-carrier absorption in the ranges \> 10 u, T<450°K, 
lie rather close to the energy minima, i.e., near the 
boundaries of the Brillouin zone in Ge. The earlier 
argument is reinforced by noting that states near the 
elongated ends of the constant-energy ellipsoids are 
not nearly as important to absorption as lower mass 
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states. It follows that +, e(,t), and w(+,/) are nearly 
independent of (,/) for those short-wavelength modes 
which contribute most to absorption. The above-named 
quantities can therefore all be replaced by mean values 
to a good approximation, e.g., 


w(*,t)=w(| K,—Ko—x|, 2). (B.6) 


In these cases, the product e(+,/)- B, can be regarded 
as the deformation parameter. The resemblance to 
processes involving long-wavelength optical modes is 
thus established. 
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Role of Traps in the Photoelectromagnetic and Photoconductive Effects* 


R. N. ZitTER 
Chicago Midway Laboratories, The University of Chicago, Chicago, Illinois 
(Received June 6, 1958) 


When carriers recombine through traps, the excess concentrations of mobile electrons and holes are not 
necessarily characterized by a single lifetime r. Under the assumption that electrons and holes have separate 
lifetimes which in general are different, expressions for the steady-state photoelectromagnetic and photo- 
conductive currents are obtained which show that in certain cases the photoelectromagnetic current is deter- 
mined by a lifetime different from the one determining the photoconductive current. The results of the 
photoelectromagnetic and photoconductive measurements can be used to evaluate the parameters of any 
particular model which might be postulated for the recombination process. However, the theoretical treat- 
ment of the photoelectromagnetic and photoconductive effects presented here is independent of such models 
and so can be used as a method for testing their validity. 


I. INTRODUCTION 


N the course of recent photoelectromagnetic (PEM) 
and photoconductive (PC) measurements on InSb 
at 77°K performed at this laboratory, it was found that 
when the measurements are analyzed according to 
Kurnick and Zitter’s! theoretical model, the carrier 
lifetime deduced from PEM data is much smaller than 
the lifetime deduced from PC data. This inequality is 
inconsistent with the theory, which in effect assumes an 
interband recombination process as opposed to re- 
combination through traps, and therefore predicts that 
the same value for the lifetime will be obtained in both 
experiments. Rose* has pointed out, however, that if 
excess carriers are trapped at localized levels in the for- 
bidden band for a significant time before recombining, 
then one expects the PEM lifetime to be smaller than 
the PC lifetime. 

The purpose of the present paper is to generalize 
Kumick and Zitter’s model to include the effects of 
trapping. This will be done in a manner which is 
independent of any models and statistics of the trapping 
process itself, i.e., there is no need to mention con- 

* This research was supported by the U. S. Air Force through 


the Office of Scientific Research of the Air Research and De- 
velopment Command. 
1S. W. Kurnick and R. N. Zitter, J. Appl. Phys. 27, 278 (1956). 
2A. Rose, Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, edited by R. G. Breckenridge et al. 
(John Wiley and Sons, Inc., New York, 1956), p. 17. 


centrations of traps, their positions in the forbidden 
energy gap, etc. The theory will show how the PEM 
effect, in conjunction with the PC effect, can indicate 
whether trapping of excess carriers occurs, and, in fact, 
can provide data from which the parameters of a par- 
ticular trap model may be inferred. This approach is 
particularly valuable in those cases where the carrier 
lifetimes are so short that they can be measured best, 
if at all, by the steady-state PEM and PC effects. 

The equations derived here have been applied to 
PEM and PC measurements on p-type InSb from 77° 
to 300°K ; the results are to be published shortly. 


Il. TRAPPING EFFECTS 


Over considerable temperature ranges recombination 
of excess carriers by way of trapping levels in the for- 
bidden energy gap is the predominant recombination 
mechanism in the bulk semiconductors Ge, Si, and 
InSb,’ as well as in many thin-film semiconductors and 
photoconductive insulators. 

For recombination through traps it is instructive to 
consider the following two limiting cases (which Rose? 
rigorously distinguishes in terms of the position of the 
Fermi level with respect to the trap level and the trap 
capture cross sections) : 


3G. K. Wertheim, Phys. Rev. 104, 662 (1956); R. A. Laff and 
H. Y. Fan, Bull. Am. Phys. Soc. Ser. II, 2, 347 (1957). 
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(a) Electrons in the conduction band, upon capture 
by empty traps, “immediately” combine with holes 
from the valence band and valence-band holes, upon 
being captured by traps, “immediately” unite with 
electrons from the conduction band. 

(b) Excess carriers remain, on the average, for a 
“significant” length of time in traps before recombina- 
tion occurs. 


Both cases come under the heading of “recombination 
through traps,”’ but case (b) is usually what is meant 
by the phrase “trapping of carriers” appearing in the 
literature. In (a), the traps are often referred to as 
“recombination centers.”’ 

In case (a), mobile electrons and holes, in the con- 
duction and valence bands, respectively, decay at the 
same rate, and the population of occupied traps does 
not change. As a result, the photoconductive decay 
following a low-level light-pulse is exponential, and an 
injected pulse of carriers under an applied field will 
drift with a “normal” mobility. In short, these two 
effects will not distinguish qualitatively between case 
(a) and interband recombination. The reason is that in 
(a), carriers “‘almost” make interband transitions, paus- 
ing only briefly (i.e., for a time which is small compared 
with carrier lifetime) at the intermediate trap level. The 
difference between (a) and interband recombination is 
observed only through the dependence of lifetime on 
temperature and majority carrier concentration. 

In case (b), mobile electrons and holes do not decay 
at the same rate, the photoconductive decay is a sum 
of exponential components, a considerable portion of 
excess carriers will be in trapped states, and the ap- 
parent mobility of a pulse of injected carriers drifting 
under an applied electric field will be abnormally small, 
as compared to the carrier mobility deduced from Hall 
and conductivity measurements. In addition, photo- 
currents will be strongly quenched by extra illumination. 

One may inquire as to the consequences of the re- 
combination processes (a) and (b) when steady-state 
PEM and PC currents are being measured. In the next 
section, it will be shown that in the case (a), both the 
PEM and PC effects will depend on a single bulk carrier 
lifetime. If it happens, however, that a considerable 
portion of excess carriers are trapped, as in case (b), the 
PEM and PC currents may each depend on a different 
lifetime parameter. The reason is that the PEM effect 
is basically a diffusion effect and so in extrinsic semi- 
conductors is controlled by the diffusion of the minority 
carriers. In the PC effect, on the other hand, each 
carrier contributes independently to photoconductivity. 
Whenever excess majority carriers remain in conducting 
states long after most of the excess minority carriers 
have been trapped, the PEM effect “sees’’ only the 
minority carrier lifetime (characterizing the decay of 
excess minority carriers into traps), but the PC effect 
is dominated by the longer lifetime of the excess 
majority carriers. It should be mentioned that, as re- 
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gards published data, only Sommers éé al.,‘ in investi- 
gating the PEM-PC effects in CdS, distinguished be- 
tween PEM and PC measurements of lifetimes. 

In case (b), a corollary is that the so-called ratio 
lifetime, defined by Moss,® and by Kurnick and Zitter, 
will have a value different from either of the lifetimes 
observed in the PEM and PC effects. 


III. THEORY 


The theoretical treatment to be presented here fol- 
lows that by Kurnick and Zitter (hereafter referred to 
as K-Z). For a slab-shaped sample, they obtained ex- 
pressions for the PEM and PC short-circuit currents, 
but their derivation assumes an interband recombina- 
tion process, as shown in their equations: 


e / (not+n) (pot p)—nopo 
PE oe 
ynot po 


T 


Here J, is the electron current density, J, the hole 
current density, e the electronic charge, mo, po the equi- 
librium concentrations of electrons and holes, and 
n, p the excess carrier concentrations; mks units are 
used throughout. 

For sufficiently small light intensities, the right- 
hand side of (1) reduces to 


(=) 
r\ i+e 
where c= No/ po. 


From a phenomenological point of view, these equa- 
tions express a proportionality, and define the constant 
r, which has the following well-known property: the 
excess Carrier concentrations and #, following a light 
pulse, will decay with time according to the factor 
exp(—t/r). 

In order to include trapping effects, Eq. (1) will be 
replaced by the following for the case of small light 
intensities : 

V-J.=—V-Jn=en/ta=ep/Tp. (2) 


Just as in the treatment of K-Z, it is assumed that (2) 
applies to the bulk of the material in the steady state, 
and that the production of electron-hole pairs by light 
takes place only at the surface of the material. (The 
case of electron-hole pair production in the bulk will be 
treated later.) The quantities 7, and 7, defined by (2) 
are called the electron and hole lifetimes. 
In the present treatment, the K-Z equation, 


V- E= (e/xxo)(p—n), 
must also be altered to read 
V- E= (e/xxo)(p—n—nr), (3) 


where m7, the concentration of excess electrons in traps, 
may be negative, corresponding to hole trapping. « and 
xo are the dielectric constant and permittivity of free 


4 Sommers, Berry, and Sochard, Phys. Rev. 101, 987 (1956). 
5 T. S. Moss, Proc. Phys. Soc. (London) B66, 993 (1953). 
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space. It happens that (3), which expresses a space- 
charge effect, it is not required at all in the derivation 
of expressions for the small-signal PEM and PC short- 
circuit currents. However, the interpretation of (3) is 
particularly instructive, for it can be shown that in the 
bulk of the material, more than a Debye-Hiickel length 
away from the surface, V- E=0, i.e., 


p=n+nr. 


This is the electrical neutrality condition for the bulk. 
On comparing it with (2), one has the relations 

T n 
veh ahern. 

T. n 
This shows that electron and hole lifetimes will be 
equal, if, and only if, excess carrier trapping is negligible : 
|nr|/n<1. In what follows, it will be seen that r, 
and 7, can be obtained from PEM and PC measure- 
ments, and so one can deduce from the above the frac- 
tion of excess carriers which are trapped. 

In order to emphasize the roles of the PEM-PC effects 
in determining 7, and rp, it will be assumed, for the 
sake of simplicity, that surface recombination for elec- 
trons and holes is negligible and that the sample thick- 
ness is much larger than the carrier diffusion lengths. 
The equations of K-Z, with (2) substituted for (1), 
can be solved by procedures similar to those already 
outlined by K-Z to give expressions for the PEM and 
PC short-circuit currents per unit sample width. The 
results are 

eluB(Drpem)*(1+c)! 


1 
ipeM= (1+-) ; 
b/ [1+y?B?+ bc(1+-p?B?/b?) }! 





1 
ino= (14+ eluberee (5) 


Here, J is the effective photon flux density, yu is the elec- 
tron mobility, B is the magnetic flux density, D the 
electron diffusion constant (uk7/e), Ez is the electric 
field component along the sample length, c= mo/po, and 
b is the ratio of electron to hole mobilities. tpem and 
rpc are effective lifetimes, defined as 

TatCT, 

TPEM=>— ) 
1+c 
TatT,/b 


tac cretith (7) 
1+1/b 


TPC 
The reason for so defining tpem and rpc is that (4) 
and (5) above are identical in form to the corresponding 
K-Z expressions for the photocurrents, except that 
tTpem and rpc here replace the “interband recombina- 
tion lifetime” + of K-Z. Moreover, for the case of neg- 
ligible trapping of excess carriers, one has 


Tn=Tp— TPEM~ TPCT, 


that is, all the lifetimes reduce to a single, unique r. 


ZITTER 


One observes from (6) that in extrinsic material 
Tpem is just the lifetime of the minority carrier. This 
corresponds to the well-known fact that minority 
carriers control the carrier diffusion process in extrinsic 
semiconductors. On the other hand, (7) expresses the 
fact that both carriers contribute independently to 
photoconductivity, whether the material is intrinsic, 
p-type, or n-type. 

Another feature to be noted is that the symbols u 
and 6 refer to carrier mobilities in the conduction and 
valence bands, as inferred from Hall and conductivity 
data, and not to the apparent “trapping mobilities” 
sometimes discussed in the literature. As shown by 
K-Z, both « and 6 can be obtained for the same sample 
from Hall and conductivity data, and from PEM 
measurements at magnetic fields large enough to in- 
fluence the denominator of (4). 

An important implication of the above equations is 
that rtppm and rpc are not, in general, identical; 
specifically, when trapping of excess carriers occurs, one 
expects tpem#rTpc. As a result, the so-called ratio 
lifetime, defined by Moss® and K-Z as 


T= (rpc)?/T PEM, 

is, in general, a quadratic function of 7, and r,, and so 
has no simple interpretation, with the exception that 
when 7,=7T,, then 7, becomes identical with all the 
other lifetimes. The ratio lifetime, which can be deter- 
mined without a knowledge of the photon flux density 
incident on the sample, has been measured in InSb,! 
InAs,® and PbS,*:7 but 7, alone has little meaning unless 
TPEM>TPC- 

The expressions above for the PEM and PC currents 
are derived from the transport equations of K-Z and 
the recombination relations (2). The entire theoretical 
treatment is phenomenological, and applies whether 
the recombination process takes place between bands 
or through traps; in short, the treatment is independent 
of recombination models and so can serve as a method 
for testing their validity. 

In practice, values of electron and hole lifetimes as 
obtained from PEM-PC measurements can be com- 
pared with the predictions of a particular recombination 
model to decide whether the model is appropriate, and 
if so, to determine the parameter values of the model. 
If it is found that 7, differs considerably from r,, it 
must be concluded that trapping of excess carriers, and 
not interband recombination, is the dominant process. 
For the model of a single level of traps, Shockley and 
Read* have derived expressions for r, and 7, in terms 
of such parameters as trap concentration, position of 
the trap level in the forbidden energy gap, and the mean 
capture cross sections of the traps ; Okada,’ Landsberg,” 


6 J. R. Dixon, Phys. Rev. 107, 374 (1957). 

7W. W. Scanlon, Phys. Rev. 106, 718 (1957). 

8 W. Shockley and W. T. Read, {5 Phys. Rev. 87, 835 (1952). 
9 J. Okada, J. Phys. Soc. Japan 12, 1338 (1957). 

” P. T. Landsberg, Proc. Phys. Soc. (London) B70, 283 (1957). 
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and Sah and Shockley" have indicated how r, and rp 
can be obtained when there is more than one trap level 
in the forbidden gap. 

At surfaces where surface recombination is important, 
one may put, for the components of the carrier current 
densities perpendicular to that surface, 


J x= —I r= NnSn=eP5y, 


in analogy with (2); these boundary conditions define 
the surface recombination velocities s, and s,, which, 
of course, may or may not be equal. 

As a final application of the theory, consider the case 
of the steady-state PEM current when the light is 
absorbed in the bulk within a distance which is at 
least comparable to carrier diffusion lengths but which 
is still small compared to the thickness of the sample. 
For this purpose, it is convenient to define what might 
be called the “effective ambipolar magnetic diffusion 


AND 


PHOTOCONDUCTIVE EFFECTS 855 


1 
inn (1+ )eluBLo* (9) 


If light (assumed to be monochromatic, for simplicity) 
is absorbed in the bulk, however, the term 
—ela exp(—ay) 

must be added to each of the right-hand sides of the 
recombination relations (2), representing the volume 
generation of electron-hole pairs by the light. Here, a is 
the optical absorption coefficient and y is the coordinate 
in the direction perpendicular to the illuminated surface. 
The PEM current is then found to be given by 

aL p* 


1 
tpEM= (: + JetuBL ot — ae 
b 1+aLp* 


(10) 


When al p*>1, (10) reduces to the expression (9), as it 
should, since the physical meaning of al p*>>1 is that 


length, the absorption of light takes place within a distance 


Drpem(1+c) ; much smaller than the effective diffusion length Lp*, 
Lyt=|- —— —— |. (8) i.e., the light is absorbed “‘at the surface.” In short, 
1+p?B?+ be(1+?B?/b?) (9) and (4) are a special case of (10). 

The purpose here in exhibiting (10) is to show more 
clearly how lifetimes enter in steady-state diffusion 
processes, namely, by way of the effective diffusion 
length Lp*. It is Lp* (evaluated at the appropriate 
magnetic field) which determines the steady-state be- 
havior of the PEM effect, the p-n junction effect, and 
other diffusion phenomena. 


With no magnetic field, Ly* reduces to the diffusion 


length of the minority carrier in an extrinsic semi- 
conductor. Also, for the case when light is strongly 
absorbed at the surface of the material, the PEM cur- 
rent, as given by Eq. (4), can be written as 


1 C, T. Sah and W. Shockley, Phys. Rev. 109, 1103 (1958). 
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General Impact Theory of Pressure Broadening* 


MICHEL BARANGER 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania, and the RAND Corporation, Santa Monica, California 
(Received July 8, 1958) 


The work of two previous papers is extended and a theory of pressure broadening is developed which treats 
the perturbers quantum mechanically and allows for inelastic collisions, degeneracy, and overlapping lines. 
The impact approximation is used. It consists in assuming that it takes, on the average, many collisions to 
produce an appreciable disturbance in the wave function of the atom, and it results in an isolated line having 
a Lorentz shape. Validity criteria are given. When the approximation is valid, it is allowable to replace the 
exact, fluctuating interaction of the perturbers with the atom by a constant effective interaction. The effec- 
tive interaction is expressed in terms of the one-perturber quantum mechanical transition amplitudes on and 
near the energy shell and its close relationship to the scattering matrix is stressed. The calculation of the line 
shape in terms of the effective interaction is the same as when the perturbers move on classical paths. 
Results are written explicitly for isolated lines. If the interaction of the perturbers with the final state can 
be neglected, the shift and width are proportional to the real and imaginary part of the forward elastic 
scattering amplitude, respectively. By the optical theorem, the width can also be written in terms of the 
total cross section. When the interaction in the final state cannot be neglected, the shift and width are still 
given in terms of the elastic scattering amplitudes, in a slightly more complicated fashion. Finally, rules 
are given for taking into account rotational degeneracy of the radiating states. 


1. INTRODUCTION 


N two previous papers,’ the theory of pressure 
broadening has been extended in two different 


* This work was supported at RAND by the U. S. Atomic 
Energy Commission; at the Carnegie Institute of Technology, it 
received partial support from the Office of Naval Research. 

1M. Baranger, Phys. Rev. 111, 481 (1958), referred to as I. 


directions. In I, it was shown how the motion of the 
perturbers can be treated quantum mechanically, and 
the width and shift of the line were expressed in terms 
of the quantum-mechanical scattering amplitudes. But 
M. Baranger, Phys. Rev. 111, 494 (1958), referred to as IT. Many 


of the results of II have also been obtained by A. C. Kolb and 
H. Griem, Phys. Rev. 111, 514 (1958). 
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the treatment was restricted to elastic collisions and 
nondegenerate states of the atom. In II, on the other 
hand, the perturbers followed classical paths but we 
allowed inelastic collisions, degeneracy, and overlapping 
lines. For a consistent theory of electron broadening, 
it is necessary to consider together quantum-mechanical 
perturbers, inelastic collisions, and overlapping lines; 
hence a synthesis of the two papers is called for. This 
is the purpose of the present work. The two previous 
papers have used the impact approximation and the 
present one will too. This consists essentially in saying 
that, on the average, it takes many collisions to produce 
an appreciable change in the wave functions of the 
atom, and it results in an isolated line having a Lorentz 
shape. Without this approximation, a program as 
general as the one we are now undertaking would be 
next to impossible to achieve. We shall carefully ex- 
amine its validity conditions. It usually turns out to 
be valid in problems of electron broadening. 

The main result of II was that, when the impact 
approximation is valid, it is allowable to replace the 
exact, fluctuating interaction between the atom and 
the perturbers by a constant effective interaction %, 
which is not Hermitian, however. The very same state- 
ment will be seen to be true here. In IT, 3 was related 
to the collision matrix § for a collision between a 
classical perturber and a quantum-mechanical atom. 
Here, on the other hand, 3 will follow from a solution 
of the fully quantum-mechanical scattering problem. 
In particular, the diagonal elements of 5 will be ex- 
pressed in terms of the scattering amplitudes, in a 
generalization of the expressions for the width and 
shift given in I. Once this new quantum-mechanical 5 
has been found, the remainder of the line shape calcu- 
lation is identical with that of IT and we shall not need 
to repeat it here. In particular, the simplifications due 
to spherical symmetry and the treatment of overlapping 
lines have already been given there. However, since 
the results for isolated lines are especially simple and 
important, we shall write them down explicitly in the 
last section of this paper. 

All the results of this paper are expressed in terms 
of the quantum-mechanical transition amplitudes, on 
or near the energy shell, for the scattering of one 
perturber by the atom. The problem of computing 
these amplitudes is completely outside the scope of 
pressure broadening and we shall make no attempt to 
solve it. The reader is referred to the abundant litera- 
ture on the subject. Let us say only that the problem 
can be quite difficult, and that no general method of 
solution exists, but in each case one must find the most 
suitable approximation method. Specific examples of 
electron broadening problems will be considered in 
future publications. 


MICHEL BARANGER 


2. THE ONE-STATE CASE 


It was shown in Sec. 2 of II that 
spectrum of the light, P(w), is given by’ 


P(w) = (4w'n,/30)F (w), 


the intensity 


+00 
F(w)= raf e*(s)ds, 
0 


(s)=Tr[d7*(s)d7(s)p |, 
where 7(s) is the Schrédinger evolution operator,’ 
T(s)=e-**, (4) 


p is the Boltzmann-Gibbs density matrix (normalized 
to unit trace), 
p=Z-1¢-6H (5) 


Z is the partition function, H is the Hamiltonian 
operator for the whole system, which is the sum of the 
atomic Hamiltonian H4, the kinetic energies of the NV 
perturbers >>; K,, and the N interactions, 


H=H,4t+>; Kj;4+d; V;, (6) 


and the other notations are as in II. We assume that 
the perturbers move completely independently, hence 
there is no term in the Hamiltonian to represent the 
interactions between the various perturbers. Equation 
(3) differs from (II, 10) in that it does not include the 
average over all possible types of motion of the per- 
turbers, since this motion is already fully taken into 
account by the Hamiltonian (6). In view of the fact 
that the Hamiltonian is time-independent, it is possible 
to give a derivation of (3) simpler than that of II and 
based on the standard expression [for instance (I, 4) ] 
for the power emitted by a stationary quantum state, 
but this is left to the reader.‘ 

As before, we shall consider first the case where only 
the initial state of the atom is affected by its interaction 
with the perturbers, which we call the one-state case. 
Then, we replace 7*(s) in (3) by e'#4* exp(i >> K;s), 
but we can forget about the factor e”4* is we decide to 
take the energy of the final state of the atom as the 
origin of energies, which we shall do. Using definition 
(II, 12) of the operator D, and noting that exp(i >> K;s) 
commutes with d, we can write 


(s)=Tr[D exp(i > Kjs)T(s)p ]. (7) 


This is to be compared with Eq. (II, 13). The trace 
there involved only the atomic coordinates, while here 
it involves both the atom and the perturbers. On the 
other hand, we need no average sign in the present 
formula. Our aim will be to perform that part of the 

2 Throughout this paper, the asterisk means Hermitian con- 
jugate. For an ordinary number, this is the same as the complex 
conjugate. 

3 We take h=1. 

4 See, for instance, P. W. Anderson, J. Phys. Soc. Japan 9, 316 
(1954), Appendix I. 
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trace which involves the perturber coordinates. Once 
this is done, it will be found that the remaining trace 
over the atomic coordinates is identical with the one 
occurring in II and can be treated by the same methods. 
We shall first focus our attention on the operator 
exp(i >> Kjs)T(s). It is actually more convenient to 
consider the operator expli(H4+ K;)s ]T(s) and to 
multiply it afterwards by e~'”4*, Later, we shall con- 
sider the problem of including the density matrix. 
Since D involves only the atomic coordinates, it never 
enters into our considerations. That part of the argu- 
ment where D enters is the same as in II. 
Consider the relation 


exp[i(H4+ > K,)s] expl—i(Hat+d Kj+d V;)s] 
-F exp| -i f r vs (oat) (8) 


Vj! (t) = eA At KY ye ~i(HA+Kj)t (9) 


with the definition 


This is the analog of (II, 16) and can be proved by tak- 
ing the derivatives of both sides with respect to s. The 
operator T is the time-ordering operator, as in IT. The 
right-hand side of (8) can be rewritten in the form of a 
product of N factors, each of which refers to a particular 
perturber, as follows 


t exp| —iff vi'coai} v exp -if Vw’ (t)dt | (10) 
0 0 


But this product is very hard to evaluate because each 
factor is an operator and the operation T produces a 
very complicated entanglement® of these operators. 
However, the impact approximation is precisely the 
case in which they disentangle themselves naturally, 
just as in IT. One can define a “collision time” r, which 
corresponds roughly to the duration of an average 
collision, and the impact approximation is the case in 
which the time interval between strong collisions is 
much larger than r. Hence the strong collisions are 
completely disentangled. As in II, entanglement does 
not arise for the weak collisions, because they can be 
treated by perturbation theory. The reader may be 
puzzled by the fact that we seem to have reverted to a 
classical language for describing the motion of the 
perturbers, while we should be talking about operators 
and wave functions. But the transition from the classical 
to the quantum-mechanical language may be effected 
by using Feynman’s interpretation of quantum me- 
chanics,® which says that the matrix element of an 
operator such as (8) may be looked upon as a sum of 
contributions from every classically describable path. 
If, for the great majority of paths that make an ap- 


SR, P. Demen, Phys. Rev. 84, 108 (1951). 
®R. P. Feynman, Revs. Modern Phys. 20, 367 (1948); Phys. 
Rev. 76, 749 (1949). 
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preciable contribution to the matrix element, the 
collisions are disentangled, we may write the operator 
itself in disentangled form. We shall now proceed to 
translate these ideas into analytical language. 

The exponential on the right-hand side of (8) may 
be expanded in a power series as follows 


ee ym 
fat fa m >, Vii (ti): : Vj’ (tm) 
x 
N (—1) » 
2 —— if dt;:: fe m 


X Vin’ (t1) Vio’ (to) ++ Vim(tm). (11) 
Each operator V ,’(¢) is also a function of the coordinates 
x; of the perturber (as well as of the atomic coordinates), 
although they are not explicitly written. When a matrix 
element is taken, an integral over these coordinates is 
performed. Now, we can represent each term in the 
expansion (11) by a “Feynman diagram” in space- 
time. For each perturber i, we draw a trajectory ob- 
tained by joining those space-time points that enter 
as arguments of V; in (11). We say that those are the 
points where the perturber interacts with the atom and 
that in between it propagates freely. A matrix element 
of (11) or (8) appears then as a sum of contributions 
from every possible Feynman diagram. It turns out 
that a diagram gives an appreciable contribution only 
if all interactions of a given perturber occur within a 
short enough time and we define the collision time as an 
order of magnitude for this time. Then it is clear that, 
if the perturber density is sufficiently low (the precise 
validity conditions will be given later), most of the 


important Feynman diagrams will have the collisions 


occurring one after another, in a completely dis- 
entangled manner. 

Our next task must be, then, to estimate the collision 
time. For this, we consider a matrix element of an 
expression like (8), but for a single perturber. This is 
also a matrix element of one of the factors in (10). 
Consider first a diagonal matrix element (we omit the 


subscript 7) 


(ak | e(#4 +K)eg~i(HAt+K+V)e| gk), 


(12) 


where |a) is an eigenstate of H4 and |k) an eigenstate 
of K, namely a plane wave of momentum k. We trans- 
form this using the integral equation 


e~ i(HAt+K+V)8 — =¢~ i(HAa+K)s 


8 
-if dt eH A+K) (0-0 Ve-iH At K+¥)t (43) 
0 


which can be proved by noting that it is true for s=0 
and that the derivatives of both sides with respect to 
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s are equal. Then, (12) is equal to 
U ang [ dt e'(Fatet(gk| Ve ~ (hat K+ V)t| ak), ( 14) 
~©@ 


where E, is the energy of the atomic level, € equals 
k? /2m, the kinetic energy of the perturber, and V is the 
volume of the container. We normalize states of the per- 
turber per unit volume. We can give an argument iden- 
tical to that of Sec. 5 of I to approximate (14) for large s. 
We say that e~*#4+K+")*| gk) is the result of propagating 
the eigenstate |ak) of the unperturbed Hamiltonian 
H4a+K with the true Hamiltonian H4+K+V for a 
time ¢. If ¢ is large enough, e~*“#4+4+")*! ak) looks just 
like e~(4e+0t! y+), at least for not too large distances. 
By |Wax*t), we mean an eigenstate of H4+K+V, ice., a 
scattering state, consisting of a plane wave |k) ingoing 
upon the atom in state |a) and of various outgoing 
scattered waves, elastic and inelastic. Since the potential 
V occurs in the matrix element in (14), the behavior of 
e~(Hat+K+V)t! gk) at large distances does not matter. 
Hence we can expect that, if s is large enough, (14) can 
be approximated by 


U—is(ak| V \Wax*), (15) 
which involves only the forward elastic scattering 
amplitude. Thus, if s is large enough, the matrix element 
(12) is simply related to the scattering matrix, and it is 
eminently reasonable to define the collision time,’ as we 
did in I, as that value of s for which (15) begins to be a 
good approximation to (12). In order to estimate this 
time, we replace | ak) in (14) by® 


ak) = |Yoxt)— (Eote—Ha—K—V+in)V |ak), (16) 
and (14) becomes equal to (15) plus the following 
correction 

if dt ei(Eate “ak| Ve i(Hat+K+V)t 

: x (Eete—Ha—K—V+in)V ak). (17) 


After one introduces a set of intermediate states Wx’ 
eigenstates of H4+K+V,° and one performs the 
integral over ¢, the correction becomes 


@h’ 
E f low V aby) 
b 82 


ei (Eote—Ey-e')s_ 





x . (18) 
(E,te—E,—¢)(Eate—E,— e+ in) 
7 For another, equivalent definition of the collision time, directly 
in terms of the time intervals occurring in (11), see M. Baranger, 
The RAND Corporation Report No. RM-2118-AEC (unpub- 
lished), Sec. (V,3). 
§ B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950); 
M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 (1953). 
®*The boundary condition at infinity need not be specified. 
Bound states should also be included in the summation if they 
exist. 
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As in I, we require that the correction be much 
smaller than the real part of is(ak| V|Wax+). The argu- 
ment follows that of Sec. 8 of I with only minor modifi- 
cations. We shall not reproduce it here since it is rather 
lengthy. The result is that the collision time 7 is related 
to the “collision volume” U by 


(19) 


U=}ver. 
U is given by 


yes > f ak’ Wow \V | ak)— Yow | V| we 
. 


82° | 


Eqgte—E,— | 


(20) 


where k” is a vector whose direction is that of k’, but 
whose length is such that 


E,te—E,—’=0. (21) 


o is the total cross section 


o= (2r/v) Es fev 82°) 


x lox’ | V | ak) |\*6(E,+e—E,—€’). (22) 


In addition to this, however, the collision time can in 
no case be smaller than the reciprocal of the energy of 
the perturbers. This is condition (I, 72), but here we 
must include the energy of the inelastically scattered 
perturbers as well as the elastic ones. This condition is 
none else but the uncertainty principle. 

It is not sufficient to consider a diagonal element of 
(8) as in (12). We are also going to need some off- 
diagonal elements. However, we must keep in mind 
that the interval between (strong) collisions is, on the 
average, much larger than the collision time, hence 
energy is almost conserved in the individual collisions 
and, according to the uncertainty principle, the only 
off-diagonal elements that we shall need are those for 
which the energy difference between the two states is 
much smaller than 7~'. One can also see this in another 
way since, as in II, one of the validity conditions for 
the approximation is that the width of the lines be 
much smaller than r~. It was shown in Sec. 5 of II 
that we need off-diagonal elements of the effective 
interaction 3 only when some lines overlap. For an 
isolated line, we may treat 5C by first-order perturbation 
theory and therefore require only the diagonal element. 
But overlap will not happen unless the two unperturbed 
energies differ by much less than r~', hence those are 
the only off-diagonal elements we need. Consider then, 
instead of (12), the off-diagonal element 


(ak | ei (HAtK) 4g-i(HatK+V)e | bk’). 


(23) 


One may use integral equation (13) again, and write it 
in the form 


(ak| bk’) —i f dt e\Fat 9 ak| Ve at +04) Bk’), (24) 
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Then, one may reason as before that e~*(44+&+¥)«) bk’) 
is equivalent to e~‘(#+t«?*| y,,.*) for large ¢, and that for 
large s one may replace (24) by 


(ak | bk’)—i f dt e\\Fat (ak | V|YrytbeBote)t, (25) 
0 


The argument is not as clear cut as before, because the 
integrand is an oscillatory function and the result could 
possibly be very small. However, it is correct for the 
only matrix elements we need to consider, where the 
energy difference is much smaller than 7~'. In order to 
see this, we use Eq. (16) again (applied to |bk’)) and 
we note that (25) would be exactly correct if we added 
to (ak| V | Wox-+) the quantity 


sf BH" (ak| V |exXWews| Vk” 
e/ 8 E,te—E.—e'+in 


Kiser Fe-2'8, (26) 
We recall that the collision time can also be defined as 
the relative rate of variation with energy of a matrix 
element such as (ak| V |¥-x-) as k”’ is varied away from 
the energy shell (see Sec. 8 of I). Therefore, if ¢ is much 
larger than both collision times, most of the variation 
of the integrand in (26) is dte to the exponential and 
the denominator, and one may as a first approximation 
consider the matrix elements as constant. while one 
integrates over the length of k’’. But then the integral 
vanishes, because of the relation, valid for ¢>0, 


+0 
f (w+in)e*"dw=0. (27) 


oe 


Thus, the corrective term (26) is certainly very small. 
Since, in addition, the period of oscillation of the 
integrand in (25) is very large compared to the col- 
lision time, (25) is a good approximation to (23) when 
s is much larger than 7. But if, instead of using integral 
equation (13) when evaluating (23), we had used 
another equivalent equation, namely 


eH A+K+V)8 — g~i(HAt+K)s 
fe 

-if dt e~\HAt+K+V) (0 Ve-iHat+K)t (28) 
0 


we could have shown, by a similar chain of arguments, 
that a good approximation to (23) is 


(ak|bk’)—i f dt eat Oy .-|V [BR eB, (20) 
0 


where (Wax~| is a scattering wave function with ingoing 
scattered waves. This looks different from (25). 
But it is well known® that the two matrix elements 
(ak| V |Wox-+) and (Wax-| V | bk’) are equal on the energy 
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shell. Off the energy shell, they differ. But their rate of 
variation as one goes away from the energy shell is 
given by the collision time, and we have said that we 
were not interested in going off the energy shell as far 
as r~'. Hence, for our purpose, the two matrices are 
practically equal and we shall designate them by a 
common notation, R, 


(ak|R bk’)~(ak V Wow )~War V | bk’). (30) 
This slight uncertainty should not be considered as a 
defect of the theory. It is part of the impact approxi- 
mation and the error thus made is of the same order of 
magnitude as other corrections to the impact approxi- 
mation. For nonoverlapping lines, we need only the 
diagonal elements and this feature does not arise. 

It follows from the validity conditions which we 
shall give shortly that the interesting values of s are 
indeed much larger than the collision time. Then, we 
have shown that each factor in the product (10) may 
be replaced by the operator 


v-if dt e'\\HatK)tRe—i(HatK)t, (31) 
0 


As we expected, this is very closely related to the 
scattering matrix. With the same normalization, the 
scattering matrix is® 


S=U—2nib(E—E’)R 


te (32) 
-v-if dl e HA+K)tRe—i(Hat+K)t 


“2 


When the impact approximation is valid and the 
collisions are disentangled, the operator (10) itself is a 
time-ordered product of 'V factors like (31). We shall 
now use this to compute the line shape, given by (7). 
For p we substitute the unperturbed density matrix, 
Z~ exp[—8(H4+ > K;)]. A discussion of this will 
follow presently. Since Z~ is independent of s, it affects 
only the absolute intensity in the spectrum, not the 
shape, and we shall not concern ourselves with it. Then 
the operator exp(i >> Kjs)T(s)p which occurs in (7) is 
equal to the operator (8) or (10) multiplied by e~‘#+* 
on the left and by exp| —8(H4+ > K;)] on the right. 
We shall first multiply each factor (31) by e~**, after 
which we can take the trace over the perturber coordi- 
nates, which we denote by Tr,. Then we have NV factors 
of the following kind: 


s 
U Tr,ePk —i f dt Trye#At®)tRe-iHat+K) te-BK_ (33) 


0 


We shall divide through by V, in order to return to the 
correct normalization. We define an average R, Ry, 
involving only the atomic coordinates, by the relation 


Ry TryeX = Tre XR, (34) 
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(a| Rw |b) oy e-F*=>> > 8 (ak| R| bk). (35) 


We drop from (33) the factor Tr,e~**, which may be 
considered as canceling part of Z~'. Thus, each of our 
N factors is 


1-10 f dt eae tat 120 f dt Rw’ (t). (36) 
0 0 


The ordered product of N factors equal to (36) is 


tr exp| —in f Ra'(oat} 


where is the perturber density, n= NV /U. We define a 
non-Hermitian operator i by 


x= nRw. 


(37) 


(38) 


When (37) is multiplied to the left by e~“4*, we obtain 
(by showing the identity of the derivatives) 


exp[ —i(H4+3)s ]. 


We now have #(s) written in terms of operators 
involving only the atom, 


(s)=Tra{D exp[—i(Ha+3)s Joa}, 


and this expression is identical with the classical impact 
result, as given by (II, 13) and (II, 30). From now on, 
we can follow the method of II to calculate the line 
shape. The results for an isolated line will be given in 
Sec. 4. 

We are now ready to state some precise validity 
conditions. In order that expression (10) be disentangled 
for most Feynman diagrams, it is necessary that the 
average collision be weak and that the time interval 
between strong collisions be much larger than r. Thus 
it takes, on the average, a time much larger than + 
before the atom feels appreciably disturbed. Since the 
average effect of the collisions upon the atom can be 
measured by the width w and the shift d of the levels, 
we require 


(39) 


(40) 


(41a) 
(41b) 


wr, 
dr. 


Those are the same conditions we had in II. By virtue 
of the relation (72c) between the width and the cross 
section, condition (41a) can also be written 

U<Kr, (42) 
which is the same condition we had in I. But there was 
nothing in I analogous to condition (41b). This was due 
to the particularly simple type of additivity of the 
forces that was assumed there. In general, it is true that 
the impact approximation is valid and the line has a 
Lorentz shape whenever (41a) is valid. But, unless 
(41b) is valid too, % is not given by (38) and (30), but 
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things are more complicated. Since the case where 
(41a) is valid while (41b) is not rarely occurs in prac- 
tice, we shall not go into this question here. We recall 
that 7 can never be smaller than e~, e being the energy 
of one of the perturbers, including the inelastically 
scattered ones. Hence we have the following conditions 
as consequences of (41) 


(43a) 
(43b) 


w<e, 
dKe. 


Finally, we shall justify our use of the free 
density matrix, exp[—8(H1s+ > K;)], instead of 
expl —8(Ha+> Kj+>d V;)]. This follows from the 
fact that strong collisions occur rarely and that the 
perturbers are free most of the time. Since the time 
between interactions is so large that we can make the 
scattering approximation, i.e., we stay on the energy 
shell or almost on the energy shell, the density matrix 
is the same after the interaction as before and we do 
not run into the trouble of a time-dependent density 
matrix as happens sometimes in nonimpact cases. We 
must keep in mind that the energy of the perturbers is 
of order 8 and that the collision time cannot be smaller 
than e~, thus 8 is a lower limit for the collision time. It 
follows from (41a) that the variation of Bw over the 
width of a line is always very small and that the 
problem of correcting the shape of a line for the Boltz- 
mann factor should never arise when the impact approxi- 
mation is valid. This result is a consequence of quantum 
mechanics and does not come out of the classical path 
theory. One may put it in another way: if Bw varies 
appreciably over the width of a line, it is an indication 
that the impact approximation breaks down through 
quantum-mechanical effects." 

The above argument can also be stated analytically. 
If we want to include the correct density matrix, we 
must consider the operator exp(i > Kjs)T(s)p in (7) 
all at once. For this, we replace s by s—78 in (8) and 
therefore also in (10) and (11). One convinces oneself 
easily, using the fact 8<7, that equations such as (15) 
and (25) are still true when s is much larger than r, 
provided one replaces s in those equations by s—i. 
Therefore we end up with (37), but with s replaced by 
s—iB. However, since the validity conditions tell us 
that B3C is negligible, everything turns out as though 
we had used the unperturbed density matrix. 


3. THE TWO-STATE CASE 


We shall now consider the case where both the initial 
and final states of the atomic line interact with the 
perturbers. Again, we start from (3) and our object is 
to perform the trace over the perturber coordinates 
first; this reduces @(s) to the classical expression of IT. 


1 A similar conclusion was reached by P. W. Anderson, Phys. 
Rev. 76, 471 (1949). 
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We shall rewrite (3) in the form 


(s)=Tr[d7*(s) exp(—i > Kys)d exp(i > Kjs)T(s)p]. 
(44) 


As in Sec. 6 of II, we shall “double” the atom, and 
designate by subscripts i and f operators that act on 
the initial and final components of a line, respectively. 
As long as we are only summing over the perturber 
coordinates, we do not need to bother with the dipole 
operators. Thus, the expression which we wish to 
compute is 


Tr,[ 7 /*(s) exp(—t d Kys) Lexp(t > Kjs)T;(s)p;]. (45) 


This expression contains two complete sets of atomic 
coordinates, but only one kind of perturber coordinates. 
Any operator having i as a subscript and independent 
of the perturber coordinates commutes with any 
operator having subscript f and independent of the 
perturber coordinates. But those operators that act 
on the perturbers have to be kept in the right order. 
For the density matrix p; we shall use again the product 
of exp(—6 >-; K) by a purely atomic factor, and we 
shall assume as we did in II that this atomic factor 
does not vary appreciably over the width of a line, or 
of a group of overlapping lines, and hence can be con- 
sidered as constant. 

The method will consist in using the work of Sec. 2 
to evaluate each of the two factors in (45). Again, the 
impact approximation is the case where the strong 
collisions are disentangled. The weak collisions may be 
shown to lead to no entanglement, by an argument 
similar to that of Sec. 4 of II. We may distinguish two 
collision times, one for the initial states and one for 
the final states. The larger of the two will be called 7 
and will be referred to, simply, as the collision time. 
The impact approximation is the case where the col- 
lisions take, on the average, a time much longer than 
r to disturb the line appreciably. Hence the important 
values for s are much larger than 7 and the validity 
conditions are still (41), w and d being the line width 
and shift, respectively. 

An important practical problem is the electron 
broadening of a line emitted by an ion. In this case, 
the interaction of an electron with both the initial state 
and the final state of the ion includes the Coulomb 
potential. It was pointed out in Sec. 10 of I that it is 
impossible, then, to define a collision time, because the 
potential is too long-ranged. But it is only the difference 
between the interactions in the initial and final states 
that is effective in broadening the line and therefore it 
should be possible for the impact approximation to be 
valid in this case too. Indeed, such was the case for the 
simplified theory of I. In order to include such a pos- 
sibility in the present theory, we shall assume that the 
operator K may contain a potential, independent of 
the internal coordinates of the atom and common to 
both initial and final states. This potential takes care 
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of that part of the elastic scattering which is common 
to both states. If the elastic scattering is not particularly 
important, then this potential is not necessary. But it 
insures that the results of I are obtained when there is 
only elastic scattering. For reasons of economy of 
notations, we shall not write this potential explicitly, 
but shall just imagine that it has been added to K and 
subtracted from V. The eigenfunctions of K will not be 
plane waves any more, but scattering functions with 
outgoing or ingoing scattered waves, which we shall 
designate by ¢x* or ¢,~. The collision time and the 
collision volume are then defined (very roughly) as the 
time during which, or the volume inside which, the wave 
function differs appreciably from an eigenfunction of 
K, instead of a plane wave, and they will always be 
finite. The results of Sec. 2 which we shall need will 
have to be slightly modified to allow for this extra 
potential. For instance, we must replace the plane waves 
by the functions ¢, in the definitions (20) and (22) of 
U and o. 

Consider a matrix element of the second factor in 
the trace (45), forgetting about the density matrix 
which is already taken care of, 


(pics ka’ + + «dy |exp(i >> Kjs)T,(s) 
X pki Pky: + -dky*). 


We are taking the matrix element only with respect to 
the perturber coordinates. The above expression is still 
an operator as far as the atomic coordinates are con- 
cerned. We shall use many matrix elements of that type 
in what follows. When the impact approximation is 
valid, the work of Sec. 2 (slightly modified) tells us 
that (46) is equal to e~'”4** times an ordered product 
of V disentangled factors, each of which is 


(bx | Gxt) 


(46) 


(47) 


5 


8 
; Haite')t/ | rl s—t( ) 
I if dl e' A . “dx: |R; ox de i(Haite . 

0 


where the operator R is defined, in the vicinity of the 
energy shell only, by the relation 


(bb x~|R | adbu\~(b x | V | Wax*)Wou-| V age). (48) 


The last two members of this equation are equal on the 
energy shell.* Similarly, a matrix element of the first 
factor in (45), 


(birt: - «kt | T/*(s) exp(—i Do K;js)| 


X oki’ * +e), (49) 


is equal to an anti-time-ordered product (we are taking 
the Hermitian conjugate !) of V disentangled factors, 


+ 


times e*#4/*, Each factor is 


(but | Pee) 


+if dt’ eb Haste’ at! Ry| by em haste! (50) 
0 
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We must now multiply (46) and (49) together and 
integrate over all k’’s. Since in (45) all operators of 
(49) act to the left of all operators of (46), it would 
seem that the operators are not properly ordered any 
more and that we shall have to disentangle them 
further. But this is not the case because, as we are 
going to show, the product of (47) and (50) gives an 
appreciable contribution only when the two times, ¢ 
and ¢’, are within a collision time of each other. Since 
the interval between (strong) collisions is on the average 
much longer than the collision time, the collisions are 
indeed disentangled from each other, i.e., we get a 
vanishing result unless the ordering of the collisions is 
the same in both (46) and (49). Thus, the perturbers 
must arrive in the same order and at approximately the 
same times for both initial and final states, and we shall 
be able to deal with the perturbers one at a time, each of 
them affecting the line in its turn without entanglement. 

To prove the assertion made about the times ¢ and 
t’, we multiply (47) and (50) together and integrate 
over k’, obtaining (note that (¢.*|¢x+)=) 


v-if dt eH ait(g,.+| Ri| byte ait 
0 


+if dt’ etFast'(g,t |Ry* | outa tase’ 
0 


+f af ar f (Ph /8u2)e' Hast '(g,+| Ry*| oy) 
0 0 
(51) 


Ke Haste ti arte | R;| byte Fait 08, 


The fourth term can be rewritten in the form 


8 t 
f af att) [ (eR /sxrjeiarsor 
0 t—s 


Ke hast ot-v (ox* |Ry* | be: yetHasted(t t’) 

XK et Hai Hap t(gy | Ri| byte tH ait et (52) 
We recall that the collision time gives the rate of 
variation of the function R as one varies k’ away from 
the energy shell. If (¢—#’) is much larger than 7, the 
exponentials involving (¢‘—#’) oscillate many times, as 
k’ is varied, while R; and R; do not change much, hence 
the integral over k’ is very small. Clearly, it would be 
possible to construct a rigorous argument along the 
lines of those of I. Since (‘—?’) is restricted to a region 
of order of magnitude 7 anyway, we can integrate over 
it from — © to +, which gives 2m times a 6 function, 
and (52) becomes 


os f dt ei HactHapt , (Pk! /8n4)(x*| R/* |x) 
0 


X5(E;— Ey')ou| Ril oute tartan’, (53) 


where E; and Ey’ are the total energies of the two states 
between which R,* is taken. But if, instead of inte- 
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grating over ¢ and (/—/’) as in (52), we had chosen to 
integrate over #’ and (¢/—#), we would have obtained in 
like manner 


an f dt’ exact’ F(aR/Sa)Ox*| Ryu) 
0 


X5(E;— Ef be |Riloutye tt atta’ (54) 


with a 6 function of the energy difference of the two 
states between which R; is taken. Fortunately, the two 
expressions are almost equal, because we are only 
interested in matrix elements between two lines (i.e., 
doubled states) whose frequencies differ by much less 
than 7". Let us write out the atomic states explicitly. 
We have the two matrices (a¢,*+!Ry*|Boy~) and 
(bd |Ri|\abx*), and in one case we have 5(E,— Ez 
+«—e’), while in the other we have 6(E,—E,+e—€’). 
The frequencies of the two lines are Eg— E, and E,— Eg. 
If those are almost equal, E,— Ey and E,— Eg are also 
almost equal, q.e.d. 

We have thus shown that the product of (47) and 
(50), integrated over k’, is equal to 


v-if dt ef HartHap)(k)e Aart apt (55) 
0 


with 


O(k) = (xt| Ri|but)— (but | Ry*| bu*) 


42ni J (aR! /8m*\bx+|R* |e) 
X5(E—E’)(du-|Rildxt). (56) 


This begins to resemble closely a product of S matrices. 
Indeed, the two S matrices are® (here as above, FE and 
EF’ stand for the total energy, atom plus perturber) 


(k’ | Si|k)=(u-- |x) 
— nib (E;— E,')(bx~| Ri| but), 


(k| S,*|k’)= (xt | Oe) 
+ 2nib (E;— Ey')bx*| Ry | ue). 


In these equations, each term is still an operator acting 
on the atomic coordinates. The first term on the right- 
hand side is not the unit operator, but an S matrix of 
its own, representing the scattering by K alone. The 
product of the two S matrices is 


J (oes) 541K) Sul) 
=U— nib (E,— Ej) (out | Ri| out) 
+2mid(Es— Ey')(bu*| Ry*| bx*) 
4-49°5(E;+-Ey'—E/—E,) 
 f (eH /Sn (6x4 Rou) 
X5(E-E"V(bw-| Ril bx*) 
=U-i f dt eX Hat+H any) (k)eHactHapt, (59) 


—» 


(57) 


(58) 
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The analogy with (55) is clear. But the S matrix can 
also be expressed in terms of the true transition ampli- 
tude, 7, which describes the complete scattering, 
including that part due to K alone, as follows® 


(k’ | S| k) = (k’ |k) — 208 (E,— E(k’ | Tsk), 
(kc| S/*|k’) = (| k’) + 2rid (Ey — E/’)(e| T*|k’). (61) 


(60) 


Note that the first term on the right-hand side is now 
the unit operator. It is possible, then, to express Q in 
terms of 7, in the following way: 


O(k) =(k! 7;|k)—(k| 7/*\k 


+2ni f (ae /%0°)(k T /*\k’)6(E— E’)(k’| T;|k). (62) 


This may sometimes be more convenient than the 
expression in terms of R, since T involves the complete 
scattering amplitudes and cross sections, while R has 
been truncated by the subtraction of a potential from 
V. 

In order to obtain (45), we must still multiply (55) 
by e~** and integrate over k, then raise it to the Vth 
power, keeping the ordering correct, multiply to the 
left by e~*#4** and to the right by e“#4/*, and finally 
include the atomic density matrix p4. We define an 
average () by the relation 


> é 8O(k) =On > ePs, 


and we shall agree not to write >>, e~®*, but to consider 
it as canceling part of Z~'. As in Sec. 6 of II, we shall 
transpose all operators bearing the subscript f. This 
changes the anti-time-ordering to time-ordering, the 
same as for the i operators. As in IT, we use the super- 
script + to denote the straight complex conjugate of 
an operator, which is the transpose of the Hermitian 
conjugate. The result of this transposition applied to 
On we call Qy. We divide (55) by U to reinstate the 
correct normalization. Then, after the average over k 
and the transposition, it becomes 


1—i0 f dt Qn’ (2), 
with 


On’ (t) = exp[ i(Hai— Fa;t 10m 
Xexpl —i(H4i— Has*)t]. 


(63) 


(64) 


(64a) 
The perturber coordinates have now been completely 
eliminated. Then we raise to the Nth power, with the 
proper ordering, and obtain 


t exp| -inf dt Qu’ (t) . (65) 


Finally, we multiply to the left by e““4* and by 
exp(iH;*s) (also to the left, since we have transposed). 
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The result is (for the usual reason) 


exp[ —i(Hai— Hast +K)s |, (66 
with 


H=nQy. (67) 


The connection with II has now been acheived. With 
the definition (II, 56) of A, we can write ®(s), (44), in 
the form of a trace over the atomic coordinates (in 
line space) only, 


©(s)=Tra{A exp[ —i(Hai—Hayt+3)s Joa}, (68) 


which is identical with the classical result, as given by 
(II, 58) and (IT, 60). 

One more remark might be in order here. We have 
shown that, when the impact approximation is valid, 
we can express the spectrum in terms of the transition 
matrices near the energy shell, i.e., in terms of the 
various scattering amplitudes. But we have implied 
throughout this work that the perturbers could be 
distinguished from the particles inside the atom. If the 
perturbers are electrons, this is not the case, and the 
true scattering amplitudes involve exchange effects. 
Indeed, these true scattering amplitudes are the ones 
that must be used in the pressure broadening calcu- 
lation. In other words, from every amplitude computed 
for distinguishable particles we must subtract one or 
several exchange amplitudes, to take into account the 
fact that the perturbing electron may remain inside the 
atom and one of the original atomic electrons may be 
expelled in its place. 


4. SHIFT AND WIDTH OF AN ISOLATED LINE" 


From now on, one can follow the work of II to com- 
pute the line shape. This involves inverting the matrix 
(w— H4i+H4;*—35), the number of lines and columns 
of the matrix being equal to the number of spectral 
lines that overlap. Then the line shape, F(w), is given 
by Eq. (II, 62) 


F(w)=—a—p9 TrLA(w— Hai tHast—3)~], (69) 


where p has been considered as constant for that par- 
ticular group of lines. The only difference from II is 
that 5C is given by the quantum-mechanical expressions 
(67), (63), (62), or (56), instead of the classical ex- 
pression (II, 61). In the one-state case, 53C is given by 
(38), (34), and (30). 

The case of an isolated line is that where 3¢ is small 
compared to the level spacing of the unperturbed 
Hamiltonian, and therefore can be treated by first- 
order perturbation theory. In the one-state case, as we 
saw in Sec. 5 of II, the shift is just the real part (®) of 
the diagonal element of 3C, while the width is the 
negative of its imaginary part (9). Thus, in the one- 


"The results derived in this section were presented at the 1957 
annual meeting of the American Physical Society [M. Baranger, 
Bull. Am. Phys. Soc. Ser. II, 2, 54 (1957) ]. 
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state case, for the atomic level a, 
Shift =d=n@(ak| R| ak),, 
Width= w= —ng(ak! R| ak),. 


(70a) 
(70b) 


We assume here that the atomic level is nondegenerate. 
The degenerate case is considered at the end of this 
section. The matrix elements of R on the energy shell 
are proportional to the scattering amplitudes. Calling 
k’ a vector whose length is the same as that of k but 
which makes angles 6 and ¢ with it, we have the relation 
analogous to (I, 35): 


(ak’ | R| ak) = — (2x/m) f(0,¢), (71) 


where f is the elastic scattering amplitude of a per- 
turber of momentum k by an atom in state a. Therefore 
the shift and width are simply proportional to the real 
and imaginary parts of the forward elastic scattering 
amplitude, 

d= — (2xn/m)@(_f(0) Jn, (72a) 


w= (24n/m)3( (0) \w. (72b) 


These relations are the same as (I, 36). Here again, we 
can use the optical theorem which relates the imaginary 
part of the forward elastic scattering amplitude to the 
total cross section (elastic plus inelastic) a, 


9 f(0)= (k/4ar)c. (73) 


Then the width is given in terms of o by the same 
relation as (I, 36c): 


(72c) 


w= (4nv0),. 


One can also express the shift and width in terms of 
phase shifts, but since there can be inelastic collisions 
the phase shifts have to be complex. Equation (I, 41) 
for the scattering amplitude still-holds, but with com- 
plex 5;. Instead of talking about complex phase shifts, 
one may replace e*! by aye?*!, with 6; real and a; real 
and smaller than one. Then Eqs. (I, 42) have to be 
replaced by 


d=—[(xn/mk) 51 (2-+1)or sin28l Jw, —«(74a) 
w=[(xn/mk) >; (21+1)(1—a1 cos25;) jw. (74b) 


These equations constitute the natural quantum- 
mechanical generalization of the classical equations 
(II, 53). They apply only to a nondegenerate atomic 
state. 

The effect of inelastic collisions on an isolated line 
may be viewed in the following manner. A perturber 
comes along and induces a transition in the atom from 
state a to a different state b. Then, later, another 
perturber collides and induces another transition. It 
may happen that this second transition returns the 
atom to state a. But so much time elapses between the 
two collisions and the frequencies of a and 6 are so 
different that the phase of the atom after it has returned 
to a will be completely unrelated to what the phase 
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would have been if the atom had stayed in a all the time. 
Thus, the effect is equivalent to a complete interruption 
of the radiation and contributes a width, proportional 
to the inelastic cross section, but no shift. On the other 
hand, it may happen that the frequency of 6 is so close 
to that of a that the two phases do not have time, in 
the interval between the two collisions, to differ by 
more than a small angle. Then, we have a case of over- 
lapping lines and, then, the effect of the inelastic col- 
lisions between the two states a and 6 is not as simple 
as a mere interruption of radiation, but it has a co- 
herent contribution as well. This is why the theory of 
overlapping lines is more complicated than that of 
isolated lines. 

Now, let us consider the two-state case. The matrix 
elements of the transition operator 7 on the energy 
shell are related to the two elastic scattering amplitudes, 
f; and f;, in a manner analogous to Eq. (71): 


(ak’ | T;| ak) = — (20/m) f(0,¢), 
(ack’ | T ;\ak)= — (2x/m) f7(0,¢). 


(75a) 
(75b) 


We are assuming that |a) and |a) are nondegenerate, 
i.e., their angular momentum, if it exists, must be zero. 
This restriction will be removed later. The shift and 
width of an isolated line are given as in Sec. 6 of II by 
the real part and the negative of the imaginary part, 
respectively, of the diagonal element of 5 in line space. 
We express 5K in terms of 7, and we perform the 
integration over the 6 function in (62) by writing 

@k'=mk'de'dQ, (76) 


where dQ is the element of solid angle. The result is 


d= — (2xn/m)@Lf:(0)— f,(0) ]} 


+bine f aa f"(0) flO) — 110) (0)}] | (77a) 


ave (2un/m)9{ fs(0) +f,(0)] 


—}n0 f aa f/*(9) f(D) + f(O) f2(0)}] _ (17) 


The average is taken over all energies and angles of the 
perturber, with the Boltzmann weighting factor e~**. 
Again, these expressions are identical with those arising 
in Sec. 6 of I. The width can be transformed by the 
optical theorem (73). The total cross section o is the 
sum of the inelastic cross section, ain, and the elastic 
cross section, 


om ont f da} f(a) (78) 
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Therefore, the width becomes 


w= {an intoy wt fai sea) sr'*]} , (77c) 
Ay 

which differs from the pure-elastic result (I, 53b) by 
the occurrence of the inelastic cross sections. The fact 
that the shift (77a) is identical with the shift (I, 53a) 
of the pure-elastic theory should not surprise us, since 
the addition of inelastic collisions cannot be expected 
to change the frequency of the light, but only to 
interrupt emission more often. The fact that the width 
differs from the pure-elastic width by the two inelastic 
cross sections is also normal, since the effects of inelastic 
collisions cannot be expected to add coherently. But it 
would be a grave mistake to believe that the width 
should involve the sum of the two éolal cross sections. 
The elastic parts of the scattering subtract in a coherent 
manner, and it is the difference between the two elastic 
scattering amplitudes that counts. It is easy to write 
the shift and width in terms of phase shifts and to 
derive expressions generalizing (I, 56) and (II, 72). 

Finally, we shall consider an isolated line between 
two levels |a) and |a) whose angular momenta j, and 
ja do not vanish. The considerations of Sec. 7 of II 
must be used to take the rotational degeneracy into 
account. The result obtained there was that we should 
replace 5C by a matrix in ‘“‘reduced line space,” /, given 
by (II, 84), and then proceed as in the case of no 
degeneracy. This procedure is easily applied to the 
present calculation of the shift and width. Each elastic 
scattering amplitude now becomes a (2j+1)X (2j+1) 
matrix, (ma’| f:(0,¢)|ma) and (ma'| f;(0,¢)|ma), where 
m is the magnetic quantum number before scattering 
and m’ afterwards. According to (II, 84), we must 
replace the expression f;*fitf,f;* which occurs in 
(77a, b) by 

> Gama’ |u*!| jama’){ma' | f;| ma) 
BMaMa’ MaMa’ 
X(jaMa| | jaMama| f;*| ma’) 


+complex conjugate, (79) 
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with the definitions 


(jaMa| | jaMa)= (2jat1)C (jal ja; mama) 

=(joMa|u*| fama), (80) 
where C is a Clebsch-Gordan coefficient in the notation 
of Rose.” Similarly, we must replace | f:;— f;|? in (77c) 


by 


2 |> (m,’ fi| MaXjaMa Mb jJaMa) 


umg’Ma Ma 


-2 (jaMa’ KM JaMa XMa | fs Ma)|*. (81) 


Ma’ 


Finally, according to (II, 84), (II, 80), and (II, 81), we 
replace f;(0) and f;(0) in (77a, b), and o; in and gy in 
in (77c), by 

(2ja+1) Soma (ma| f:(0)| ma), (82a) 


(82b) 


( iat 1)" dma (Ma | f7(0) | Ma), 


(2ja+1)7 Soma (malo; in| ma), (83a) 


(2jat+1) Soma (ma| oF in| Ma), (83b) 
respectively. Once these changes are made, the shift 
and width are given correctly by Eqs. (77). In other 
words, whenever a scattering amplitude or a cross 
section appears singly in Eqs. (77), one replaces it by 
an average over magnetic quantum numbers of the 
diagonal elements. But where a product of scattering 
amplitudes occurs, one must use the more complicated 
type of average (79) or (81), which involves Clebsch- 
Gordan coefficients. The rule is the same in the one- 
state case, when the angular momentum j, does not 
vanish. One must replace f(0) and o in (72) by averages 
over magnetic quantum numbers, as in (82) and (83). 


2M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley and Sons, Inc., New York, 1957). 
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The spin rotational constant of Hz has been calculated by considering the motion of the electrons in the 
presence of the two nuclei which are themselves permitted to move. The interaction is described by Breit’s 
two-body Hamiltonian suitably generalized to this problem. The wave function is obtained by the Born- 
Oppenheimer method of adiabatic approximation. Calculations have been carried out for Wang’s electronic 
wave function and up to first order in the expansion parameter give for the effective magnetic field due to 
rotation 23.6 gauss, in good agreement with the experimental result of 27.0 gauss. 


I. INTRODUCTION 


HERE exist at present some very precise measure- 

ments on the rotational magnetic moment of 
certain homonuclear molecules.' In addition to the 
energy arising from the interaction of the external 
magnetic field with the nuclear moments there are 
effects, such as the spin-spin magnetic interaction and 
the spin-molecular rotation interaction. Ramsey* has 
obtained an expression for the total interaction energy 
as a sum of the various contributions. That formula 
contains besides J and J, the resultant spin angular 
momentum and the molecular rotational angular 
momentum, respectively, certain parameters which 
can be evaluated from the observed interaction energy 
for various states. In this way, it has been possible to 
determine the effective field H’ due to rotation and H”’ 
arising from the nuclear spin-spin interaction.’ 

It should also be possible to derive a theoretical 
expression for these quantities. At first sight it might 
seem that the spin rotational constant could be calcu- 
lated by assuming that the electronic charge distribution 
rotates rigidly with the molecule. It can be shown, 
however, that such a calculation leads to results which 
are quite different from the observed value.‘ This 
indicates, of course, that there is a large backward 
“slipping” of the electrons. Wick® obtained an expres- 
sion for the spin rotational constant of H2, which was 
later extended by Ramsey’ to diatomic and other linear 
molecules. For that model the internuclear distance 
was considered fixed and rotation of the molecule 
neglected. Recently Espe’ has included the effect of 
rotation by perturbation theory. In reality the nucleons 
are not at a fixed distance, but can vibrate about an 

ft This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command. 

1N. F. Ramsey, Phys. Rev. 58, 226 (1940); N. J. Harrick and 
N. F. Ramsey, Phys. Rev. 88, 228 (1952); Kolsky, Phipps, 
Ramsey, and Silsbee, Phys. Rev. 87, 395 (1952); Barnes, Bray, 
and Ramsey, Phys. Rev. 94, 893 (1954). 

?.N. F. Ramsey, Phys. Rev. 85, 60 (1952). 

3J. M. B. Kellogg et al., Phys. Rev. 56, 728 (1939). 

4 See N. F. Ramsey, M olecular Beams (Clarendon Press, Oxford, 
1956), first edition. 

5G. C. Wick, Z. Physik 85, 22 (1933); Nuovo cimento 10, 118 
(1933); Phys. Rev. 73, 51 (1948). 

®°N. F. Ramsey, Phy rs. Rev. 58, 226 (1940); 87, 1075 (1952). 

71. Espe, Phys, thon, 103, 1254 (1956). 


equilibrium distance and rotation of the molecule can 
be taken into account exactly. 

In order to describe the motion of the electrons in 
the presence of the nuclei, which are themselves 
permitted to move, one can use the Born-Oppenheimer® 
method of adiabatic approximation. In that theory, 
which is valid for nuclear motions about stable con- 
figuration, the electronic energy of the molecule is first 
calculated for fixed configurations of the nuclei, which 
is then the “potential” for the nuclear vibrations with 
the nuclear coordinates entering as parameters. Con- 
tinuing this process, one can obtain the various approxi- 
mations in terms of a series expansion in powers of 
k=(m/M)', where m is the mass of the electron and 
M that of the nucleon. That procedure becomes rather 
laborious and we have been satisfied with the zeroth 
order solution, which yields a wave function of the 
combined system containing the lowest mode of vibra- 
tion. For the interaction Hamiltonian we make use of 
Breit’s’ two-body Hamiltonian, and in particular his 
terms H; and Hs, describing the interaction, respec- 
tively. In order to calculate the matrix elements a 
knowledge of the electronic wave function for the 
ground state is necessary. For the present calculation, 
the wave function of Wang" has been used. More 
accurate results could probably be obtained by using 
the wave function due to James and Coolidge," but 
for this calculation this seemed to be an unnecessary 
complication. Finally the result was compared with 
the values of Kellogg ef al.’ and good agreement was 
found. 

Il. MATRIX ELEMENTS 


The starting point of our investigation is Breit’s 
two-body Hamiltonian? obtained by reducing his 
relativistic interaction to large components. The com- 
plete interaction Hamiltonian ZH is split up into a sum 
of terms describing the various contributions to the 
total interaction energy. One gives the unperturbed 
energy, while another one is the interaction with an 


8 M. Born and J. R. Oper (193 Ann, Physik 84, 457 (1927). 
Vv 


*G. Breit, Phys. Re 616 (1932); also H. Bethe, Handbuch 
der Physik (Verlag Julius Springer, Berlin, 1933), second edition, 
Vol. 24, Part 1, p. 377. 

“Ss. C. Wang, Phys. Rev. 31, 579 (1928). 

11H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933). 
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external magnetic field, etc. The ones necessary for our 
calculation describing the interaction of spin and 
angular momentum and spin-spin interaction, when 
generalized for a many-body problem, are given by 


H3 =) (ui/2mic)(E:X pi) 0%, 


HH; => (use/myc) (ti; X py) ‘Cj ‘Tif, ( 1) 


1% 


As=D (uims/rij) (04-0) 747 — 3 (0; 143) (05 Bas) J, 


ix] 


where the sum goes over the nuclei and electrons; 
m,(i=1 to 4) are the masses of electrons and nuclei, 
respectively, and yu; their magnetic moments.” The 
other symbols have their usual meaning: rjj=1r;—T1; is 
the distance between the ith and sth particle. 

To obtain the wave function of the system, use is 
made of the Born-Oppenheimer method of adiabatic 
approximation. 

For diatomic molecules the expressions are particu- 
larly simple." In this case it is possible to separate the 
motion of the nuclei into a rotational motion satisfied 
by the Legendre polynomials Y;", and a vibrational 
motion satisfied by 

ony’ =exp(—v/2)H,(0), (2) 
where H/(v) is the Hermite polynomial and where 
bait= (m/4h?) (Vn +R’) ro. (3) 


v=Ubal; 


Here R” is the second derivative of R evaluated at the 
equilibrium distance and V, the eigenvalue of the 
electronic motion. “ measures the deviation of r from 
the equilibrium distance ro, 


r=rotku, (4) 
where 7o is determined from 
(d/dr)(V »+R)ro=0. (5) 


The spin dependence of the nuclei is given by X; which 
for the 4S state can take either of the values 


Xo= (axBatauBs)/V2, X1=BsPs, (6) 


while the electronic wave function for the 'S state is 
given by y, 


Xi = aga, 


¥= (a182—a28;)/V2, (7) 


where a; and §; are the spin wave functions of the 
individual particles. Combining the various results, we 
finally obtain for the zeroth order solution of the 
molecule 


U nim = bn’ (X4,7,0,w) Yo niv’(%) y." (0,w)X, 
(s=1,0, —1), (8) 


1 Tt should be noted that for protons we have to use the reduced 
magnetic moment, and thus the result of this calculation could 
also be used for the computation of these magnetic moments. 

18 Details of the method are given in reference 8 and also M. 
Born and K. Huang, Dynamical Theory of Crystal Lattices (Oxford 
University Press, New York, 1954), Appendix 8. 
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Fic. 1. Coordinate system. A and B denote the positions 
of the nuclei; 1 and 2, those of the electrons. 


where, in addition to the factors defined above, 
on°(x;,7,0,w) is the electron wave function; «;, denoting 
the electronic coordinates, and 7,0, describing the 
motion of the nuclei, enter as parameters. 

In order to use the wave function given by (8) it 
will be necessary to transform the matrix elements (1) 
to coordinates suitable for performing the integrations. 
For this purpose we choose coordinates fixed within 
the molecule. If we denote the coordinates of the mass 
center of the line AB by (xo,¥0,z0) and the spherical 
polar coordinates of B with respect to A by r,0,w, the 
Cartesian coordinates of the two nuclei (x4,V4,24) and 
(xp,¥e,28) can be expressed in terms of these variables, 
giving for the nuclear volume element 


dradrg=8r* sinOdxod yodzodrdédw. (9) 


For the two electrons (1) and (2) we use spheroidal 
coordinates centered at O with AB as axis of symmetry 
(see Fig. 1): &:,ni,6;(¢= 1,2), from which the Cartesian 
coordinates (x,’,y,,2;/) are obtained in the usual 
manner." The Cartesian coordinates of the two elec- 
trons with respect to the original axes can then be 
obtained by rotation through w. 
The volume element of the electrons is then 


dr = (r°/8)(E2—n2)dédnidd;, (i=1,2). (10) 


The total volume element dr=dr4drgdrjdr2 is thus 
the product of (9) and (10). 

The matrix eiements which we wish to calculate are 
of the form 


(11) 


(H)= f U*HUdr, 


4 See T. M. MacRobert, Spherical Harmonics (Dover Publica 
tions, New York, 1948), revised edition. 
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where the wave function is given by (8) and the inter- 
action H by one of the three expressions (1). On 
carrying out the summation over the spin variables, 
we note that on account of (7) summation over the 
spins of the electrons gives no contribution to H;“ and 
H;” defined by (1), while for the protons we obtain 
for the various values of s (s=1, 0, —1) 


(F4.+Fx,)s, (12) 


where F4, and Fg, denote the z components of the 
spatial part of the matrix elements corresponding to 
the position of the nuclei A and B. Carrying out the 
summation over spins for H; leaves for that matrix 
element 

s=1,—1: (u4?/r°)(1—3 cos), 


s=0: (2u4?/r*)(3 cos*@—1), 


(13) 


where r and @ have been defined previously. 

Before we can carry out any integration over the 
space variables it is necessary to transform the various 
quantities, e.g., electric field, momentum, in terms of 
the new coordinates. In the absence of an external 
field the electric field E is given by 


E=—VV, (14) 


where V is the electrostatic potential which can be 
written in terms of the spheroidal coordinates £;,ni,6; as 


V= — (e ‘rf (Eins). 


The function f in these coordinates turns out to be 
f=[(r/ri2) +1—461/ (£1? — my?) — 482/ (E22 —n2*)]. 


(r/r12 could also be expressed in these coordinates by 
a sum," but it will be seen later that the integrals can 
be performed without that expansion.) 

Thus the relevant components of the electric field 
E are given by 


Ex, az= — (0/0xp,4)V = ¥ (e/?")f sin8 cosw, 
Ep, ay= — (0/0yp,a)V = ¥ (e/r’)f sind sinw, 


(15) 


(16) 


(17) 


where the upper or lower sign is to be chosen depending 
whether the field is calculated at B or A. Similarly, for 
the components of the momenta we obtain 


pp, az= (h/i)[4(0/dx0)+sin8 cosw(d/dr) 
+ (cos@ cosw/r) (0/00) 
+ (sinw/r sin?) (0/dw) }, 
pp, ay= (k/i)[4 (0/00) +sin@ sinw(d/dr) 
+ (cos6 sinw/r) (0/00) 
+(cosw/r sin8) (0/dw) |, 


(18) 


which gives for the interaction Hamiltonian H; [taking 
into account the spin-summation given by (12) ] 


H; = — (uphe/iM yc) (f/r*)d/du, (19) 


TAUBER 


where M, is the mass of the nucleon and u, its magnetic 
moment. Similarly, for H3“ we obtain H;“0 =H,“ 
+H;”, with 


2 4 
A; = (u,/mc) LS (xaiPiy—yaiPiz)/raé (20) 


i=] A=3 


and 


H;%)= (up ‘m,c)| (xaBPBy— YaBppz) 


+ (xpapay—Yeapa:) |/r. (21) 


Transformation of the coordinates gives, for xasppy 
— VABPBz, 


XABPBy— VABPBz= (h/i)[4 (0/dx9)(— r sin@ cosw) 
+}3(0/dyo)(sin@ sinw)+ (0/dw)], (22) 


with a similar expression for «gapay— Yeapaz obtained 
from (22) by changing the sign of the first two terms. 
Neglecting the ignorable contribution from the mass 
center (i.e., neglecting 0/dx9 and 0/dyo), we obtain 
for 7; 

HH; = (2u,h/iM,c)(1/r°)d/dw. (23) 
Similarly, by expressing %aiPiy—VaiPic and xpiPyy 
—YaipPiz in terms of the new variables, we obtain 
for H;“” 


16y,h 


HH; = es > { (1 —n?)'(E?F— 1)#(§?—n?)* 


mcit® i=| 


+[2&m; sing; sind(d/d€;) 
+(&?+n?) sing; sin6(d/dn;) ] 
+[é(?—3n?)(E?—n,7)* cosd 
+ni(1—07)4(&?— 1) 4 (n? +38?) 


— §?(§?+-3n?2) sind cosd,; |X0/d¢,;}. (24) 


III. EVALUATION OF THE INTEGRALS 


In order to evaluate the matrix elements (11) we 
must make some assumptions about the electronic 
wave function ¢,°. The usual treatment of the hydrogen 
molecule by the method of Heitler and London" uses 
the wave function due to Wang,"° 


o= Cle- (riatr2B)Z/ao4 ¢—(riBtr2A )Z a0) 


= Ce 4 (ets) /2f gd m—n2)/24- ed (m—n2) 12) (25) 


where 


d=(Z/ao)r and C=[1/(2n*)*](Z/ao)*g4, 
g=1+e(1+d+¢@/3)?, 


which is independent of ¢; and ¢», and hence integration 


(26) 


over the angles in (24) yields zero. 


16 W. Heitler and F, London, Z, Physik 44, 455 (1927). 





SPIN ROTATIONAL 


Integration over the nuclear angle variables @ and w 
can be carried out immediately, where use is made of 


the result 
0 
Sf y;"*— Y "dw sin6d@=im. 
Ow 


Thus we obtain from (19) and (23) 


(27) 


Suen . 
Hyj{) as — ing 


M,c 


16u,he 
H;,%= Bee Pete 
M,c 


(g/r) exp(—v)H,/?(v)dr, 
ine f (S/r) exp(—v*)H,7(0)dr, 


H=8iy%omu f (8/r) exp(—v*)H,?(0)dr, 


where the integrals § and g are the result of the integra- 
tion over the electronic coordinates, d,,, and @,, deter- 
mined by the value of m and s as shown in the follow- 
ing table: 
\m 

* GB hae 

1| +1 

0| 0 


Eng: 


Ome * 
The integrals $ and g are defined as follows: 
(30) 


=f deuirdrs, 


(31) 


J = f do*foodridre. 


The first of these, (30), is unity as the wave functions 
have been normalized. For the evaluation of (31) we 
make use of Wang’s result'® for the calculation of two- 
center integrals involving 1/rj2 for the first term in f 
(16), while the remaining contribution is obtained by 
straightforward integrations. The final result is given by 


§(d)=1+[2rJ (d)+2r1 (d)—L(d)]/g(d), (32) 


16 J. S. Wang, Chinese J. Phys. 3, 67 (1939). 
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where the various functions J, /, and L are defined by 
J (d) = (Z/ao) (5/8— 23d/10—3d?/5—d*/15)e-*4 
+ (6/5r)[ (1+d+d?/3)e-*4(~+ Ind) 
— 2(1—d*/3+d*/9)Ei(— 2d) 
+ (1—d+d*/3)e4Ei(— 4d) ], 
I(d)= (1/r)[1— (14+11d/8+30?/4+*/6)e 4], 
L(d) =}3[e*4(2d*/3+-8d?/3+40+d—1)+ (d+1) ], 


and g is given by (26). y is the Eulerian logarithm and 
Ei(—<) is the exponential integral.'” 

There still remains the integration over r, or rather 
u, which measures the deviation from equilibrium 
according to (9). As our calculation is only good up to 
first order in k, and dr=kdu, it is sufficient to replace 
r by ro in the integrand of the expressions (28). If we 
now define the integral 


exp(—2) 
K=8k f — —H,?(v)du, 


r 


(33) 


(34) 


the final result in this approximation is given by 
H;' v= Quy’ dak So, 
HH; = —4up?dinaK, 
Ay=p,7dmsK, 


(35) 


where Jo is the expression (32) evaluated at the 
equilibrium value ro. For ro= 1.67418 (in atomic units), 
Jo= 1.30866. Comparing this with the experimental 
results! yields finally 


H" =u,K, 


(36) 
H’=p,K (2— Jo). 


If we assume the experimental value for H’’=34.1 
gauss, this gives for H’=23.6 gauss in a good agree- 
ment with the corresponding experimental value 
H’=27.0 gauss. It may be expected that a more 
accurate wave function than the one used, or taking the 
next higher approximation of the adiabatic expansion, 
would improve the result. 
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Correlation Energies of Some He- and Ne-Like Systems* 


ANDERS FROMAN 
Quantum Chemistry Group, Uppsala University, Uppsala, Sweden 
(Received June 27, 1958) 


A calculation of correlation energies of some He-like and Ne-like ions is presented. In the calculation the 
experimental values and the relativistic corrections to the total energies are used. The Hartree-Fock energy 
for Al** is calculated using analytic wave functions. A short discussion of the relativistic corrections and of a 
semiempirical formula for the correlation energies in atoms and ions is given. 





I. INTRODUCTION 


N the Hartree-Fock (HF) treatment of many- 

electron systems, the mutual repulsion between 
electrons with antiparallel spins is not fully taken into 
account. The Pauli principle takes care of the main 
part of the correlation of electrons with parallel spin. 
Thus, in the calculation of the total energy of the system 
by the HF approximation there will result an error, the 
correlation energy, Eoorr, which will be defined by 


Foor = Exrn— Env. (1) 


Here, Enp is the energy eigenvalue we get from an 
exact solution of the nonrelativistic Schrédinger equa- 
tion and Eur is the corresponding eigenvalue in the HF 
approximation. The correlation problem! is very com- 
plicated and the purpose of this calculation is only to 
estimate Er; for some atoms and ions with closed 
shells. 

In principle there are two ways of determining Eoorr. 
One is to calculate both Eng and Eur. The calculation 
of Eyr, however, cannot be done at present, except 
for the simplest systems. The alternative is to use 
experimental values, but then we have to correct these 
for relativistic effects in order to find Expr of Eq. (1). 
Even for fairly complicated systems, the latter repre- 
sents a feasible approach for estimating E..r,. Using the 
experimental energy, E.xp, Eq. (1) takes the form 


— Exe— Enr, (2) 


where £,.) is the relativistic correction to the energy of 
the system. 

The correlation energy is fairly small compared with 
the total energy, so we need accurate values for Exp, 
Eyei, and Eyr. Eexp is not determined with a very high 
accuracy at present (observe that we need the éolal 
energies) and £,.; is difficult to calculate, essentially 
because the theory is not yet so well developed for 
many-electron systems. Consequently we can only hope 


| oe _ Fy 


* The research reported in this paper has been sponsored in 
part by King Gustaf VI Adolf’s 70-Years Fund for Swedish 
Culture, Knut and Alice Wallenberg’s Foundation, the Swedish 
Natural Science Research Council, and in part by the Aeronautical 
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its European Office, under a contract with Uppsala Univ ersity. 

1 For a review see P.-O. Léwdin and H. Yoshizumi, Advances in 
Chemical Physics, edited by I. Prigogine (Taterscenes Publishers, 
Inc., New York), Vol. 2 (to be published). 


to get something like a 10% accuracy except for the 
simplest systems where the accuracy will be higher. 


II. RELATIVISTIC CORRECTION 

The relativistic corrections are calculated by first- 
order perturbation theory, using the HF function as the 
unperturbed function and the relativistic part of the 
Hamiltonian up to order a’ as the perturbation, where 
a is the fine-structure constant. The Dirac theory for 
one electron gives in an a approximation a relativistic 
part of the Hamiltonian which in atomic units (au), 
defined by h=e=m=1, is* 


Q,= — ta? (E—V) p*— 42 (VV) -V+4e°S-[ (VV) Xp], (3) 


where £ is the total energy excluding the rest energy 
(it is assumed that |E|<me*), V is the potential 
energy, S=}e is the spin operator, and p= —iV. Using 


(E—V)y= py, (4) 
and the fundamental commutation rule 
(E—V)p’— p(E—V)=A(E—V)+2[V(E-V)]-V, (5) 


and remembering that £ is to be treated as a constant, 
we can rewrite the first term in (3) by first applying (5) 
and then (4). The final formula*~ is 


Q,=- a? p+ 4a? 2AV +4 12(VV)-V 
4-4o8S-[(0V) Xp}. (6) 


Because the Dirac theory is a one-particle theory and 
consequently can never represent many-particle inter- 
actions like spin-spin or spin-other orbit interaction, we 
must include these terms separately. Only the spin-spin 
interaction is included here. For an \-electron system 
we have® 


a= % Q(k) +3 > Q(kl), (7) 
kl=1 

2See, for example, L. I. Schiff, Quantum Mechanics, second 
“app 3 eae Book Company, Inc., New York, 1955), Eq. 
44.7) 

>We ao in (6) is different from Eq. (44.8) in Schiff’s text- 
book. He does not use (5) but substitutes (4) directly into (3). 
For a discussion of this, see references 4 and 5. 

4H. A. Bethe and E. E. Salpeter, Handbuch der Physik 
See W Verlag, Berlin, 1955), Vol. 35, pp. 246-291. 

H. A. S. Eriksson, Z. Physik 109, 764 (1938). 

6 Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases and 

Liquids (John Wiley and Sons, Inc., New York, 1954), p. 1045, 
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He- 


where 2(k) is given by (6) and 


S.:S; 3 
Q( Rl) =a? } - - —— [Se (re 1y) ESi- (te 10) ] 


Tk Tk 


8r 
= (Sr-S)5(ru) |. (8) 


The prime on the second summation sign indicates 
exclusion of the term with k=/. The V which appears in 
Eq. (6) will in the 2(&) in (7) be the potential energy of 
the Ath electron in the field from the nucleus and the 
average field from all the other electrons. V is thus 
formed as in the Hartree scheme. 

In the HF approximation, the total wave function is 
a single Slater determinant built up from spin orbitals 
of the form 

fri(r) 


u,(X) i tb (nims) (X) = eI r) nx f) = 
Tr 


Vim(O¢)m($), (9 


where Vim(@¢) are the ordinary spherical harmonics, 7 
is the spin function (@ or 8), and x=(rf) (¢=spin 
variable). 

If we now restrict the calculations to closed shells, 
we note that the spin-orbit interaction in (7) will not 
give any contribution to the total energy’ and the same 
applies to the two first terms in (8) when summed. 
Thus, for closed shells we have 


a 
Exe = | -i> fecormar +z futmavidr 
4 k k 


+> fue Vi 4 Vuj.dr 
h 


+8r p ae 


oe 
k>l 
spink #spini 


fustpndr= f |peultar, 


and, from Green’s theorem, 


fete Vi.dr=— 2f om(0¥1) -Vo.dr, 


we can rewrite (10) in the form 


a a 
Ex = —-— > fitedart—x [eteava 
8 k Sk 


+2ra2 (13) 
k>l 
spink #spinj 


| ge|?| gr|*dr. 


7See for example, E. U. Condon and G. Shortley, Theory of 
Atomic Spectra (Cambridge University Press, Cambridge, 1953), 
p. 183; reference 2, p. 286. 

8In Eq. (11) we must be careful with the integration regions. 
Compare reference 4, p. 249. 


AND Ne-LIKE 


SYSTEMS 


If we let Z be the nuclear charge, V; is here given by 


Vu=——+ & \> [seat fi 2 
t1,i+k 


and we also have 


<I, (14) 


AV = 4025) ‘> 


: 2 
fé. (15) 
1,i¢k 


re 


When (13) is applied to He-like systems, we obtain 


Exe = — 4 (fis”’)?dr 
Sis 2 es dr 
-z() -{ fut}, (16) 
TT prod 0 - 
Correspondingly, for Ne-like systems 


Evel - 


a - 
y | f CC fas’)? + ( fos”)? +3( fon”)? Jdr 
4 |v 


fis for\? a dr 
ALA) bof" 
TS r= T S ran) 0 y* 


a 21 dr 
+f fa fut fu] . (17) 
0 5 r 


In order to see how £,; depends on the nuclear 
charge Z, we use the interpolation method proposed by 
Léwdin.’ For He-like systems, when scaled hydrogen- 
like functions are used in (16), we find 


o 1 
Enel, nage ga z(1- ), 
4 2Z 


and for Ne-like systems the Z dependence will be of the 
same type. 


(18) 


III. NUMERICAL CALCULATIONS AND RESULTS 
The HF energy and the relativistic correction for 
Al** are calculated using analytic forms of the wave 
functions as determined by Léwdin and Appel.’ Their 
functions are 
fie=1{33.149 exp(— 10.788r)+57.244 exp(— 14.135r)}, 
fos=1(0.16542—1) {24.316 exp(—3.7802r) 
+-63.958 exp(— 5.67887) 
+52.581 exp(—9.412ir)}, 
fop= {12.043 exp(—3.2572r)+31.016 exp(—5.2327r) 
+ 23.704 exp(—9.0950r)}. (19) 


9 P.-O. Léwdin, Phys. Rev. 94, 1601 (1954). 
1 P.-O. Léwdin and K. Appel (private communication). 
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TABLE I. Summary of results. 1 au=27.20972 ev; 
all results in ev. 








Exe! 
—0.0036> 
—0.015> 
—0.056> 
—0.149¢ 
—0.324> 
—0.06« 
—2.55> 

—11.11 


Eur 


—77.8545* 
196.8858 
—370.337* 
—598.2098 
—880.4998 
—396.69! 

—2706.17¢ 
—6530.38 


N 


Eexp — Eur 
—1.1452 
—1.197 
—1.250 
—1.345 
—1.521 
—2.43 
—13.24 
—22.11 


Eexp 


2 —78.9997 

2 — 198.082 +3 
2 —371.587 +12 
2 —599.554 +25 
2 —882.020 +37 
4 

0 

0 


Eourr 

—1.142 
—1.182 
—1.194 
—1.196 





—399.12+1 
—2719.414 
—6552.49+40 


woraurwr 


_ 





| 
| 


* Green, Mulder, Lewis, and Woll, Phys. Rev. 93, 761 (1954). 


> Bethe-Salpeter (reference 4) and Dirac theory. 

* Interpolated. 

4 Using electron affinity 3.62 ev (see reference e). 

¢ L.C. Allen, Quarterly Progress Report, Solid-State and Molecular Theory 
Group, Massachusetts Institute of Technology, October 15, 1957 (un- 
published), p. 8. 

{S. F. Boys, Proc. Roy Soc. (London) A201, 125 (1950). 

« Estimated; compare Be*?. 

» Estimated using Z‘ in formula (18) and Erei for Al*4. 


These functions, however, are not orthonormal to the 
accuracy needed, and therefore the calculation of 
Eur was based on the energy formula in the non- 
orthonormal case. The results for Al** are as follows: 


Kinetic energy = 239.5702 modified au, 
Nuclear attraction energy = — 560.7896 modified au, 
Electronic repulsion energy = 81.2134 modified au, 


which gives a total energy — 240.0060 modified au 
The modified au takes h=>e=yp=1, up=mM/(m+M); 
M is the mass of the nucleus. Fulfilling the virial theorem 
by varying a scale factor, we obtain 


Enr=— 240.0062 modified au= — 6530.38 ev. 


If one uses the analytic functions and Eq. (17), the 
relativistic correction for Al** is — 11.11 ev. In order to 
test the validity of our treatment of relativistic correc- 
tions, we compare the results with more accurate 
treatments of He-like systems. Using the result of 
Bethe and Salpeter for the relativistic correction to the 
first ionization potential and adding to this the correc- 
tion to the second ionization potential as calculated 
from the Dirac theory, we get, for O**, E,.1= — 1.16 ev. 
If we use analytic functions determined by Léwdin," 
formula (16) gives E,i1=—1.22 ev. The relativistic 
correction for Al*" can be obtained from Hylleraas’ 
formula” for the nonrelativistic ionization potential, 
the corresponding experimental value, and the Dirac 
theory. This gives E,i1=(—8.7+0.4) ev, whereas 
formula (16) gives E,.1= — 8.47 ev when the 1s function 
for Al** is used. From these comparisons we may con- 
clude that the treatment suggested above will give 
reasonable results. 

A summary of the final results is given in Table I. 
In this table the fundamental constants used are taken 
from Cohen, DuMond, Layton, and Rollett and the 
experimental data from Moore.“ The last ionization 

1 P.-O. Léwdin, Phys. Rev. 90, 120 (1953), Table X. 

2 FE. A. Hylleraas and J. Midtdal, Phys. Rev. 103, 829 (1956). 

13 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). 

4C, E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949). 
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potential is calculated using Dirac’s theory which should 
give good results for these hydrogen-like systems. The 
error limits of E.x, are indicated to show how many 
figures in the results are actually significant. 


IV. DISCUSSION 


It has previously been pointed out!® that the correla- 
tion energy for the He-like systems is almost inde- 
pendent of Z, and this behavior of the correlation 
energy is demonstrated to a high accuracy in the present 
calculation. For the Ne-like systems the results are not 
so accurate but it seems to be a good assumption that 
the correlation energy is almost independent of Z for 
this series too. For Be the idea of constant correlation 
energy per doubly filled orbital works well, but for the 
10-electron systems this hypothesis would give about 
6 ev instead of the calculated 11 ev. 

An attempt to derive a semiempirical formula for the 
correlation energy was made in the following way. 
Physically the correlation energy is connected with the 
mutual repulsion between the electrons, so we assume 
that Eo is given by 


Eoorr=C(Z)(1 Ti2)m HF, (20) 


where C(Z) is a factor depending on the nuclear charge. 
The calculation of Eur for He-like systems by Green 
et al.* can be used to determine numerically a Hylleraas- 
type formula for Eur: 
Eur=—Z?+0.625Z—0.1092+ ---. 


The combination of the virial theorem and a generaliza- 
tion of the Hellmann-Feynman theorem for the 
parameter Z gives the general formula 


(1/r12)w= 2E—Z(dE/0Z). (22) 


Using (22) and (21), we can determine C(Z) so that the 
results in Table I for He-like systems are reproduced by 
formula (20). This gives, with (1/ri2)« ur in au, 


1 1 
a — (- ) ev. (23) 
0.520Z — 0.167 Tio mw HF 


If we apply (23) to Be we get Eoorr=— 2.35 ev and for 
Al** we get Eoorr=—12.3 ev. We cannot expect to get 
accurate results from such a simple and naive formula 
as (23) but it seems to give correct orders of magnitude, 
and it could perhaps be used for estimates of correlation 
energy. 


(21) 
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The Cu®(d,p)Cu™ and Cu®(d,p)Cu® reactions have been investigated through studies of the proton 
groups arising from the deuteron bombardment of thin targets of isotopically enriched copper. The incident 
deuteron beam, with energies ranging from 6.00 to 6.55 Mev, was obtained from an electrostatic accelerator, 
and the protons were analyzed with a high-resolution magnetic spectrograph. In the region of excitation 
up to 3.80 Mev, sixty-five excited states in Cu" and fifty-five in Cu®* have been measured. The Q values for 
the transitions to the ground states of Cu® and Cu® are 5.691+0.008 Mev and 4.832+0.008 Mev, re- 


spectively. 


N a continuation of our previous studies on the copper 
isotopes,! we have investigated the Cu®(d,p)Cu™ 
and Cu®(d,p)Cu® reactions. In the present experi- 
ments, thin targets containing copper enriched, respec- 
tively, in the isotopes Cu® and Cu® were bombarded 
by deuterons from the MIT-ONR accelerator, and the 
resulting proton groups were analyzed with the broad- 
range magnetic spectrograph. The targets were pre- 
pared by vacuum evaporation of the isotopically 
enriched copper metal onto thin Formvar films. The 
degree of enrichment in the Cu® and Cu® isotopes was 
99.4% and 98.2%, respectively. (The enriched isotopes 
were obtained from the Stable Isotopes Division, Oak 
Ridge National Laboratory, Oak Ridge, Tennessee.) 

For each reaction, four exposures were made at 
angles of observation of 20, 30, 45, and 90 degrees and 
at incident deuteron beam energies ranging from 6.00 
to 6.55 Mev. The spectrograph field was adjusted so 
that the ground-state groups would appear near the 
high-energy end of the plates. For this purpose, the 
expected energies of the groups associated with the 
ground-state transitions were calculated from the data 
of Bartholomew and Kinsey? on the gamma rays 
originating from slow neutron capture in natural copper. 
In these calculations, the assumption was made that 
he 7.91- and 7.01-Mev gamma rays corresponded to 
transitions directly to the ground states of Cu®™ and 
Cu®, respectively. In one of the exposures with each 
target, the spectrograph field was sufficiently high so 
that protons having energies up to 1.1 Mev higher than 
those of the expected ground-state groups would have 
been recorded. 

Two long exposures were made at an angle of 90 
degrees to search for alpha-particle groups from the 
Cu®(d,a) Ni® and the Cu®(d,a) Ni® reactions. For these 
exposures, the field in the spectrograph was raised to a 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

*Supported by Junta de Investigagdes do Ultramar, Lisbon, 
Portugal. 

t Now at the National University of Mexico. 

( a Buechner, and de Figueiredo, Phys. Rev. 108, 373 
1957). 

2G. A. Bartholomew and B. B. Kinsey, Phys. Rev. 89, 386 

(1953). 


high value consistent with the expected Q values for 
these reactions. Several alpha-particle groups were 
detected, but their intensities were too low to permit 
an identification of their origin. 

Figure 1 shows a typical proton spectrum from the 
Cu®(d,p)Cu™ reaction. The data for this figure were 
obtained at an angle of 45 degrees with an incident 
beam energy of 6.09 Mev. A similar spectrum from the 
Cu®(d,p)Cu® reaction at an angle of 30 degrees and 
an incident beam energy of 6.55 Mev is shown in Fig. 2. 
In each figure, the proton groups arising from (d,p) 
reactions with the nuclei of the impurities present in 
the targets are denoted by the chemical symbols of the 
associated residual nuclei. These groups were identified 
by a consideration of their respective Q values calcu- 
lated on the basis of the assumed impurities and by a 
study of their characteristic shift in position with 
respect to the remaining peaks of the spectrum as the 
angle of observation was varied. The proton groups 
associated with the energy levels in the copper isotopes 
are labeled by numbers in order of increasing excitation 
energy. 

Excluding those which originated from the con- 
taminants, the highest energy proton group was at- 
tributed to the transition leading to the ground state 
of the residual copper nucleus. On this basis, the 
ground-state Q values for the Cu®(d,p)Cu® and the 
Cu®(d,p)Cu® reactions were determined as 5.691+0.008 
Mev and 4.832+0.008 Mev, respectively. As is indi- 
cated by the data of Figs. 1 and 2, the density of states 
in both Cu® and Cu® is quite high, and the Q values for 
the states lying higher in excitation than 3.80 Mev were 
not calculated. A detailed study of the states above this 
energy would have required thinner targets and higher 
resolution of both the beam analyzing and the spectro- 
graph magnet than was employed in the present experi- 
ments. The data indicate that, in the region of excitation 
between 3.80 and 6.20 Mev in Cu®, there are approxi- 
mately sixty-five excited states, and in Cu® there are 
approximately sixty excited states between 3.80 and 
6.00 Mev. 

In the regions between the ground states and 3.80 
Mev, the positions of sixty-five excited states in Cu®™ 
and fifty-five states in Cu® were determined. These 
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EXCITED: STATES 
results are tabulated in ‘Tables I and II and are sum- 
marized in the energy-level diagrams in Fig. 3. The 
values listed represent the average of those computed 
from the different exposures. As in the previous work,} 
all the estimated errors are at least twice as large as the 
deviations of the individual measurements from the 
average values listed. In Table I, the results were 
calculated from all the four exposures on the Cu® 
target. The group associated with the sixteenth state 


0.383 
0.272 


ass —————_ 0.183 
————EEE - —— oO 
64 66 
o9Cu 35 og Cu 37 


Fic. 3. Energy-level diagram of Cu“ and Cu® levels. 
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in Cu® is not visible in Fig. 1, since it occurred in the 
region between two of the photographic plates. This 
group was observed, however, in all the other exposures. 
In the case of the results listed in Table II, the energy 
values for the first ten levels were determined from the 
four exposures on the Cu® target. Of the others, the 
values for levels 11 through 14 were obtained from 


OF Cu*4 


AND 


Cus 


TABLE I. Excited states of Cu as determined from the 
%(d,p)Cu® reaction (Qo=5.691+0.008 Mev). 


Level 


Cu 


Excitation 
energy (Mev) 
0.159+0.008 
0.277 +.0.008 
0.343+0.008 
0.360+0.008 
0.574+0.008 
0.607 + 0.008 
0.664+0.008 
0.743+0.008 
0.877+0.008 
0.894+. 0.008 
0.925+0.008 
1.239+0.008 
1.295+0.008 
1.352+0.008 
1.437+0.010 
1.464+0.008 
1.519+0.008 

.547+0.008 

.592+0.008 

.682+0.008 

.704+0.008 
1.779-+0.008 
1.852+0.008 
1.904+0.008 
1.939+-0.008 
2.020+0.008 
2.053+0.008 
2.072+0.008 
2.145+0.008 
2.191+0.010 
2.232+0.008 
2.268+-0.008 
2.316+0.008 





Excitation 


energy (Mev) 


2.465+0.008 
2.499+ 0.008 
2.534+0.008 
2.584+-0.008 
2.639+0.008 
2.722+0.008 
2.768+-0.008 
2.830+0.008 
2.860+0.008 
2.876+0.008 
2.892+0.008 
2.934+0.008 
2.975+0.008 
3.032+0.008 
3.088+0.008 
3.154+0.010 
3.192+0.010 
3.233+0.010 
3.260+0.010 
3.290+0.010 
3.311+0.010 
3.411+0.020 
3.448+0.010 
3.475+0.010 
3.492+0.010 
3.515+0.010 
3.604+0.010 
3.623+0.010 
3.687+0.010 
3.712+0.010 
3.763+0.010 
3.791+0.010 


TABLE II, Excited states of Cu®* as determined from the 
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21 
22 
23 
24 
25 
26 
(27) 


Excitation 
energy (Mev) 


0.183+0.008 
0.272+0.008 
0.383+0.008 
0.462+0.008 
0.589+0.008 
0.724+0.010 
0.819+0.008 
1.015+0.008 
1.051+0.010 
1.152+0.008 
1.209+0.008 
1.247+0.008 
1.339+0.008 
1.433+0,.008 
1.544+-0.008 
1.557+0.008 
1.572+0.008 
1.730+0.008 
1.816+0.008 
1.923+0.008 
1.976+0.008 
2.015+0.008 
2.122+0.008 
2.159-+0.008 
2.197+0.008 
2.267+0.008 
2.328+0.008 
2.360+0.008 


Cu®(d,p)Cu® reaction (Qo=4.832+0.008 Mev). 


Level 


Excitation 
energy (Mev) 


2.391+0.008 
2.449+0.008 
2.519+0.008 
2.581+0.008 
2.602+0.008 
2.645+0.008 
2.660+0.008 
2.740+0.008 
2.866+0.008 
2.943+0.008 
3.009-+0.008 
3.039-+0.008 
3.081+0.008 
3.106+0.008 
3.238+0.008 
3.282+0.008 
3.328+0.008 
3.393+0.008 
3.429+0.008 
3.497 +0.008 
3.533+0.008 
3.559+0.008 
3.581+0,.008 
3.636+ 0.008 
3.701+0.008 
3.741+0.012 
3.774+0.012 


the data taken at 20, 30, and 45 degrees, while the (28) 
remaining levels were determined from the 30- and 45- 
degree exposures. In the case of the Cu® target, the 20- 





® The excitation energy values for levels enclosed in parentheses were 
obtained from only one exposure. 
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degree exposure was low (639 microcoulombs), thus 
giving rise to a poor yield of protons for the levels higher 
than the fourteenth. In the case of the 90-degree 
exposure, only the proton groups associated with the 
ground state and with the first ten excited states in Cu® 
were used for the energy determinations. In Table II, 
the values for levels numbered (27), (28), (29), (40), 
(41), (42),.and (31) were obtained from only one 
exposure and these numbers are therefore enclosed in 
parentheses. Groups from impurities in the targets 
obscured the first six of these groups in the 30-degree 
exposure, as shown in Fig. 2, and the group associated 
with the thirty-first level was obscured in the exposure 
at 45 degrees. 

Of the previous work* on Cu™ and Cu®, that most 
relevant to the present work is that of Bartholomew 
and Kinsey’ on the neutron capture gamma rays from 
natural copper. From their highest energy gamma ray, 
7.914 Mev, a predicted Q value for the corresponding 
(d,p) reaction is 5.688 Mev. This is in excellent agree- 
ment with the value of 5.691 Mev measured in the 
present work. This Q value may also be calculated 

® Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 


Report TID-5300 (U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 
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AND BUECHNER 

from the measured masses‘ of Cu® and Zn™ and the 
Cu®™ beta-decay energy.’ This calculation leads to a 
Q value of 5.690 Mev. None of the other capture gamma 
rays reported have the energy which, on the basis of 
the present measurement of the Cu®(d,p)Cu® Q value, 
would correspond to a ground-state transition following 
slow neutron capture in Cu®. The measured Q value, 
4.832 Mev, is in good agreement, however, with the 
value of 4.82 Mev calculated from the masses‘ of Cu® 
and Zn® and the beta-decay energy of Cu®. 

It has been suggested? that the 7.01-Mev gamma 
ray was associated with neutron capture in Cu®, The 
present results indicate that this gamma ray originates 
from capture in Cu® and is associated with a transition 
to the 0.894-Mev level in Cu®. All of the other capture 
gamma rays can be fitted, within the experimental 
errors, into the level scheme of Cu® shown in Fig. 3. 
However, the 6.69-, 6.05-, 5.75-, 5.64-, 5.31-, and 
5.07-Mev gamma rays can equally as well be fitted into 
the Cu® level diagram. 
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The study of recoil effects in 8 decay and K capture is extended to the case of forbidden transitions. 
Formulas for the angular distribution of recoil nuclei from oriented parent nuclei, the polarization of the 
recoil nucleus, and the angular correlation between the recoil nucleus and the following y ray emitted in 
given state of circular polarization are presented. For 8 decay the results, in which the Coulomb effects have 
been taken into account only through the Fermi function, are given in closed form for n-forbidden transi- 
tions. We have considered separately ST and VA interactions. The results are quite sensitive to the choice 
between the two couplings. In particular it is shown that for the so-called unique forbidden transitions of 
light-nuclei parity-nonconserving effects vanish for a VA interaction, whereas they are expected to be large 
with an ST interaction. The study of recoil effects in K capture, which has been limited to the case of first 
forbidden transitions, provides a set of experiments which may be used to determine the ‘helicity of the 


neutrino. 


I. INTRODUCTION 


ECOIL effects in 6 decay and K capture have 

recently been discussed by various authors.’ 
The purpose of the experiments which are proposed is 
to obtain information on the form of the 8-decay inter- 
action complementary to that obtained in experiments 
in which the electron is observed instead of the recoil 
nucleus. The electron polarization and electron asym- 
metry experiments are generally consistent with the 
following two possibilities for the couplings (in stand- 
ard notation): VA coupling with Cy=Cy’ and C4=C4’ 
or ST coupling with Cr=—Cr’ and Cs’=—Cs. The 
theoretical preference is for the first case?: it is, of 
course, consistent with the two-component neutrino 
theory; it is consistent with lepton conservation, and it 
corresponds to the coupling types of u decay, thus 
leading to the possibility of a universal Fermi inter- 
action. A recent experiment,’ based in fact on recoil 
effects, provides us now with strong evidence for the 
VA coupling. 

All the discussions on recoil effects we have cited are 
restricted to the case of allowed transitions. Even 
though the coupling type seems now to be well estab- 
lished, we feel that it is of some interest to give a 
complete discussion of these recoil effects, including 
the case of forbidden transitions. Our work provides a 
set of new possible experiments which may be used for 
further tests of the coupling types. These are also im- 
portant from the point of view of the nuclear physics 
involved. 


*On leave from the Laboratoire Central des Poudres, Paris, 
France. 

1S. B. Treiman, Phys. Rev. 110, 448 (1958); Frauenfelder, 
Jackson, and Wyld, Phys. Rev. 110, 451 (1958); R. B. Curtis and 
R. R. Lewis (to be published); M. Morita, Nuclear Phys. 6, 132 
(1958). After this work had been completed we received a pre- 
print of a paper by Adam M., Bincer in which the nuclear spin- 
electron-neutrino correlation functions are given explicitly for first 
forbidden transitions with Coulomb corrections. 

2Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). See also the measurement of asymmetries in the decay of 
polarized neutron by Burgy, Krohn, Noyey, Ringo, and Telegdi. 

§ Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957). 


In Sec. II we discuss the angular distribution of recoil 
nuclei produced in 6 decay involving polarized parent 
nuclei, the polarization of the recoil nucleus and the 
angular correlation between the recoil nucleus, and the 
foliowing y ray and a B—y cascade. In the formulas we 
present, the Coulomb effects have been taken into 
account only through the Fermi function. Then it is 
possible to write explicitly the formulas for the n-for- 
bidden transitions in a closed form. The most interesting 
results are obtained for the so-called unique n-forbidden 
transitions [AJ=n+1; Ar=(—1)"]. When one puts 
the Fermi function equal to unity, one finds that there 
is no asymmetry in the angular distribution of the 
recoil nuclei from the 6 decay of oriented nuclei for a 
VA coupling, whereas a large asymmetry is expected if 
the @ interaction is of ST type. The recoil nucleus is not 
polarized along its momentum for a VA interaction, 
but a large polarization is expected for ST. The same 
remark holds for the circular polarization of the y ray 
measured in coincidence with the recoil direction in a 
B—y cascade. All these results are obtained after inte- 
gration over the electron energy and are rigorous only 
if Z=0. But an estimate of the Coulomb corrections 
shows that the above results are true within an error 
less than ten percent if Z<20. It is clear that these 
results may be used to discriminate between VA and 
ST. We have examined in some detail the decay of K® 
since a gaseous source of K® may be oriented by optical 
pumping. 

In Sec. III we have considered similar effects in K 
capture. We have restricted ourselves to the case of the 
first forbidden transitions. All the possible experiments 
we discuss will lead to the determination of the helicity 
of the neutrino. In our discussion the screening of the 
K-shell electron by the other electrons has been neg- 
lected. The derivations of all the formulas given in this 
paper are outlined in Sec. IV. Explicit expressions are 
given in Appendixes I and II. 
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II. RECOIL EFFECTS IN BETA DECAY 


(a) Recoil Asymmetry in Beta Decay of 
Oriented Nuclei 


We consider the angular distribution of recoil nuclei 
produced in 8 decay involving oriented parent nuclei. 
Let J; and J; refer respectively to the spin of the parent 
and daughter nuclei. We shall give the angular distribu- 
tion of the recoil nuclei relative to the nuclear polariza- 
tion direction, for a given electron energy E and a given 
recoil momentum P. This is expressed in terms of a 
correlation function W related to the absolute transi- 
tion rate by 


N (6,P,E)dPdEd (cos) 
= F(Z,E) (2x) *dPdEd(cosé)W (0,P,E). (1) 
The correlation function is expressed as follows: 


k= L+L’ 


W(6,P,E)=(2T;:+1)7 > > 


miLL’ k=|L—L’| 


Imi (Jim;) 


XK F;. LL’ Ji,J7)(- 1)etLt+L’ 
XC *(E,P)Pi(cosd). (2) 


In this formula Jm; is the probability that the parent 
nucleus has magnetic quantum number m, along the 
axis of polarization. The quantity 4, (J;,m,) is a geomet- 
rical factor which is equal to Px(m,/[J;/(J:+1) }') up 
to a normalization factor, P, being the usual Legendre 
polynomial. An expression in terms of Clebsch-Gordan 
coefficients is given in Sec. IV. The F; coefficient is the 
familiar coefficient which appears in the theory of 
angular correlation and is tabulated in reference 3; P; 
is the usual Legendre polynomial, depending on the 
angle @ between the axis of polarization and the 
recoil direction. The quantity C,,-*(E,P) is a charac- 
teristic function for the 8 process in question. The 
derivation of an expression for C,1/*(£,P) is given in 
Sec. III. A practical way to obtain an explicit expres- 
sion by making use of Table II is given in Appendix I. 

Inspection of Table II leads to several interesting 
observations. Apart from a certain power of P depend- 
ing on the order » of forbiddenness, the C,1-*(E£,P) are 
linear combinations of very simple functions of P and E 
independent of m. The Czz* have been calculated 
separately for VA and ST coupling. The Crz-* with 
even k are quite sensitive to the choice between ST 
and VA. The information concerning the §-decay 
interaction which one can get from them, is of the same 
nature as that obtained in electron-neutrino angular 
correlation experiments. The determination of the 
magnitude and the sign of the Cy,* with odd k, would 
give two things: first, a discrimination between ST and 
VA; second, the helicity of the neutrino. However, in 
general a knowledge of the nuclear matrix elements 
which are contained in the expression of C;,/* is neces- 
sary in order to reach precise conclusions. For this reason 
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the most interesting transitions to consider are the 
unique n-forbidden transitions. Here the unknown 
nuclear matrix element may be factored out from the 
correlation function. From Table II we have obtained 
for the correlation function for the n-unique forbidden 
transitions: 


W (0,P,E) = (2J;+1)7 > > Tmhog( J i,m;) 
mi g=0 
XFo,(n+1, n+1, Ji, J) 
x (P&C (|Cr|2+1 Cr’ |?) f(P,B) 
+(|Ca|?+|Ca’|?) fo (P,E) J 
X Vo,°(nni1 ; n+1n+1)+ PP?" 
XDL|Ca|?+ Ca’ |?— |Cr|?—|Cr’|?] 
X fo( P,E) V2 (nni11; n+1n+1)} P2o_(cos#) 
+TImhog_1(J 4m) F 1(n +1, n+1, Jy, Jy) 
x Pee fi (P,E) Re(Cr’Cr*) 
+ fy (P,E) Re(Ca'Ca*)] 
X Vo! (nni1; n+1n+1) Po,_1(cos). (3) 


In this formula VY," (ll/hh’; LL’) is a numerical coefficient 
defined in Appendix I where it is expressed in terms of 
Wigner 9—j symbols. The other quantities which ap- 
pear in the formula are defined as follows: 


P—p—¢ 
fo (P,E)= ~13( Hos ) 
6 


1 
; [P!+2P?(p+¢")—3(p?—q*)*]; 
V6 


fi} (P,E)=LE(P*+¢— p+ (P+ p'—@)]. 


fe(P,E) =- 
2 


If we denote by Eo the mass difference between the 
parent and daughter nucleus, the following relations 
hold (we set m.=c=1): 
p=(F-1)', g=Eo—E, 
E\(P)S EX EP), 0¢ P< (E’—1)4, 
where 


1 
Ba(P)=4( Fo P+ ave ). 
Ey—P 


1 
E2(P) = } (tert P+ —ees -). 
Eot+P 


Note that p and q are, respectively, the momenta of the 
electron and the neutrino. One has to remark that un- 
like the 8—+ angular correlation function, the function 
(W6,P,E) here contains a term with P2n;2(cos@). In this 
formula Coulomb effects have been taken into account 
only through the Fermi function which appears in the 
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expression for the absolute transition rate. But it is 
well known that in the case of the unique forbidden 
transition our approximation is valid even for large Z. 
If now we make the further assumption that /o(Z,E)=1, 
the relative error introduced in W is less than ten per- 
cent when Z<20. It is then possible to explicitly inte- 
grate over the electron energy /, the recoil momentum 
being fixed. The following integrals can be performed 
algebraically : 
E2(P) 


fo (P= f 
£\(P) 


fo (E,P)dE; 


E2(P) 
fi©(P)= f fi (P,E\dE; 


“Ei(P) 


E2(P) 
Fol P) = f 
E\(P) 


where £,(P) and £,(P) are the upper and lower limits 
of E when P is fixed. A very important result appears 
at the end of the calculation namely that fi (P) is 
identically zero while f;‘+)(P) is of the same order of 
magnitude as fo+)(P) and f,(P). The physical meaning 
is this: the asymmetry will vanish if the 8 interaction is of 
the type VA in an experiment in which the electron energy 
is not observed. We have now a crucial test for discrimina- 
tion between VA and ST. 

As an example we have considered in some detail the 
decay of K*®. The K*(2-) decay into Ca®(0*). The 
method of optical pumping is a possible way to get a 
gaseous source of polarized radioactive potassium. 

We give the angular distribution of the recoil relative 
to the axis of polarization for a given recoil momentum, 
after integration over the electron energy: 


fol P,E)dE, 


9 (6,P)dPd(cos6) 


=dPa(cos6)[5(2n)*}2 Lo Ime Crl?+|Cr" |) 


mj=—2 


XAH(P)+(|Cal?+[Ca’|)AO(P)] 


x [1 —}(m?— 2) P2(cosé) ] 


—B(P)(|Cr|?+|Cr’|?— |Ca|?—|Ca’|?) 


25 
x| 1——(m2—2) P3(coss) 
14 


3 
+—(35m,'— 155m?+-72) JPatcos 
14 


+mImC*(P) Re(Cr*Cr’) 
X[— P:(cosd)+4(5m?—17)P3(cosé)]. (5) 


The calculation has been made with the approximation 
F)(Z,E)=1. The quantities A+ (P), A@™(P), B(P), 
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= 2 
E,= 7,937 me 
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Fic. 1. Curves which give the dependence upon the recoil momen- 
tum of the correlation function defined by formula (5). 


and C“(P) have been plotted as functions of P in 
Fig. 1. We have also plotted in Fig. 2, as a function of 
6, the up-down asymmetry a(6) defined in the following 


[cx@,P)-a00 -—6, P) |dP 


fren) +N (r—O, P) |dP 


way: 


até) 


for the case in which the nucleus is completely polarized 
(Im;=6m,2) and the 6 coupling supposed to be of ST 
type with Cr=—Cy’. For VA we have shown that 
a(@) must be identically zero. We recall that because of 
neglect of Coulomb effect, a(@) is not exactly zero but a 
quantity smaller than ten percent. 


(b) Polarization of the Recoil Nucleus 


We consider here the polarization of the daughter 
nucleus in the decay of an unpolarized parent nucleus. 
The joint distribution in the electron energy E, the 
recoil momentum P, and the final magnetic number M, 


RECOIL ASYMMETRY a(8 








Fic. 2. The recoil asymmetry a(@) defined by formula (5’), 
plotted as a function of @. 
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along the line of flight of the recoil, is given by 
N(M;,P,E)dPdE 

= (29)-*F)(Z,E)W(M,,P,E)PdPdE, (6) 
where 


W(M,,P,E)=(2J;+1)" X In(J;,M) 


kLL’ 
XP ALL JiJp)Civ*(E,P). (7) 


The quantities 4. (J;,M,), F; are the geometrical factors 
already introduced. The functions Cz,-*(E£,P) char- 
acteristic for the 8 process, are the same as those occur- 





q=n+ 


n+1 
(J) 1 q=0 


e=— 
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ring in formula (2). Since Ay (Jy, — My) = (—1)*hy(J7,My) 
the presence in this formula of terms with odd k shows 
that the recoil nucleus is longitudinally polarized. 
From the properties of the Cz,/* it follows that the 
polarization of the recoil nucleus is quite sensitive to the 
type of coupling. As an example we give the polariza- 
tion @ of the daughter nucleus produced in a unique 
n-forbidden transition. The formula we present holds 
for a given recoil momentum P when the integration 
over the electron energy has been performed in the 
approximation Fo(Z,E)=1. We give the result sepa- 
rately for an ST interaction and VA interaction. For 
ST coupling, we have 


M shog1(J7,M yz) Bog i (P)Fog_i(n +1, n+1, Ji, J;) 


hog(J7,M 7) Bog (P)F oq(n+ i n+1, Ji, J;) 


where 
Bagi“ (P)=v2 Re(Cr'Cr*) Pf, (P) 
X Vog-1'(nni11;n+1n+1), (9) 


and 


By (P)=[P2"fo(P) ¥ 2.°(nni1; n+1 n+1) 
— P»-*f.(P)V22(nn11; n+1 +1) ] 


X(|Cr|*+|Cr’|?). (10) 


All the quantities which appear here have been already 
defined in the preceding section. 
For VA coupling, one finds 


P=0. 


In the same manner as for the recoil asymmetry this 
result follows directly from the fact that f;(P)=0. 
This statement is rigorous only if Z=0; an estimate of 
the Coulomb corrections shows that if Z<20 the polar- 
ization @ is smaller than ten percent. 


(c) Recoil—y Angular Correlation 


If the daughter nucleus is produced in an excited 
state, the y ray emitted when the nucleus radiates to 
its ground state may be used to analyze the polarization 
of the recoil nucleus. We suppose that the populations 
of the states of different magnetic quantum number 
are not subjected to any modification before the y 
transition. We give the angular distribution of the 
y ray emitted in a given state of circular polarization, 
the angle being measured with respect to the direction 








q=nt+) 


of the recoil after the 8 transition and before the emis- 
sion of the y ray. The distribution is written in term of 
the correlation function W for a given recoil momentum 
P and a given electron energy E: 


N (0,P,E)dPdEd(cos@) = Fo(Z,E) (24)~*d PdEd (cos) W, 


where 


WOEP7D= ¥ 


kA LL’ 


(20;+1)-1(— 7) 


Xb 5. F (AN Sep J FALL'S ids) 


XCrr*(E,P)P;(cosé), (11) 
where @ measures the angle between the direction of 
emission of the y ray and the recoil. The y polarization 
is indicated by the quantum number 7, which takes the 
values +1 and —1 for right- and left-hand circular 
polarization, respectively. The 7 ray will in general be a 
mixture of different multipoles \ and \’ with intensities 

|? and |6,-|*. The initial and final states in the B 
transition have spins J; and J;, while the final state 
after the y transition is denoted by J;,. 

It is clear that the measurement of the polarization 
of the y ray in coincidence with the recoil direction will 
give the same information as a recoil asymmetry experi- 
ment. Let us write the formula giving the circular 
polarization @, of the y ray emitted in the recoil 
direction, after integration over electron energy, 
for the case of a unique forbidden transition [AJ=n+1, 
Ax=(—1)"]. For an ST interaction we have 


DD bby Pog’ JS 97, i) Fg a(n +1, n +1, Ji, Jp) Boga (P) 
rr’ =0 
Py —- . Se ain —— 
q=n+li 
» - 55y-Fog (AX J ¢7,J i) Foqg(n+1, n+1, Ji, Js) Bog (P) 
Ar’ = 
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If the interaction is of VA type we find the expected 
result 

0P,=0. 


We have already pointed out that the functions 
Cr1*(E,P) with even & are quite sensitive to the choice 
between VA and ST. Then a recoil-y correlation also 
provides a way of testing the coupling types. As an 
example, we write the angular correlation function 
W (0,P,E) for the unique forbidden case: 


g=untl 
W (0,P,E)=(2S,+1) bby FRAN Sid yy) 


e=0 
KF (LL' JJ {PC (| Cr|?+ | Cr’ |?) 
X fo (P,E)+(|Ca|?+|Ca’|?) 

X fo (P,E) |¥ 2q°(nni1; n+1n+1) 

+ P?V.2(nni11; n+1n+1) 

XL] Ca|?+|Ca’|?— |Cr|?— |Cr’|?] 


X fe(P,E)} P2q(cos#). (13) 
We have used the same notation as that used in the 
formula (3) of part II (b). 


III. RECOIL EFFECT IN K CAPTURE 


We shall now discuss the corresponding effects for 
K capture. 


(a) Recoil Asymmetries in K Capture 
on Polarized Nuclei 


The angular distribution of the recoil nuclei relative to 
the axis of polarization has been found to be 


N (6)d(cos0) = (Ey +1—E,)*(42*)W (0)d(cos@), (14) 
where 


W(6)=e XO y(JiM)F ALL J;,J0 


kLL’ 

x (—1)4+4'd, (L,L’) Px (cos 8). (15) 
In these formulas we have denoted the available nuclear 
transformation energy by £o, the atomic binding energy 
of the captured electron by Eg. The quantity d,(L,L’) 
is the characteristic parameter for the K capture. An 
explicit expression for the parameter d;(Z,L’) for first 
forbidden transitions can be obtained from Table IT] 
of Appendix IT. 

The parameter d,(L,L’) with even k does not depend 
significantly upon the two possible choices of couplings. 
In fact for transitions involving light nuclei, ard for the 
unique forbidden transitions, they are equal for VA 
and ST couplings. But knowledge of the sign of the 
parameter d;, for odd k would lead to the determination 
of the helicity of the neutrino. This information com- 
bined with the result of the experiments on 8-ray polar- 
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ization and 8 asymmetry is sufficient to discriminate 
between VA and ST. 

As an illustration the angular distribution for the 
unique forbidden transition (AJ=2) will be given. 
One finds, using Table ITI, 


]2 
W (6)= fs) ger’ >. Im; 
| 


XC(/Crl?+| Cr’ |?+| Ca |?+|Ca’|?) (1/24) 
+2 Re(Cr*Cr’+C4*C4')hi(J;,M,) 
X F;(2,2,J;,J 7) (1/40) P1(cos6) 
+(\Cr|?+Cr’ |?+|Ca|?+]Ca’|?) 
X heo(J4,My)F 2(2,2,J :,J 7) (7/120) P2(cosé) 
+2 Re(Cr*Cr’+C4*C 4')h3(J;,M;) 

X F3(2,2,J;,J:) (1/40) P3(cos6) ], (16) 
where 

ee Eot+1—Ez, 
and 
gx=(I'(2y+1) PL (A +y)/2 ]2(2Za) t+1R™, 


a being the fine structure constant, R the nuclear 
radius, and y= (1—Z’a*)!; /B;; is the reduced nuclear 
matrix element. We have used the standard definition 


and set fBB;;= J B;;. 


(b) Polarization of the Recoil Nucleus 


The distribution in final magnetic number M; along 
the line of flight of the recoil is given by 


N (My) = (Eo+1—Es)?(20) Dx Ie(J7,My) 


XFi(L,L',J Js) (—1)*dk(L,L’). (17) 


From the properties of the parameter d;(L,L’) it fol- 
lows that the polarization of the recoil nucleus, de- 
fined as 


1 
@=—¥ N(M)M,/2=N(M)) 
J; My 


is directly related to the helicity of the neutrino. 


(c) Recoil—y Polarization Correlation 


A y quantum following a K capture will, in general, 
be circularly polarized if it is measured in coincidence 
with the recoil direction. The angular distribution of 
the y ray emitted in a given state of circular polariza- 
tion is given by 


N (6,7) = (49*)“"(Eo+1—Es)?? > 


kLL‘)X 


(r)* 


Koro AN JS pp J )Fe( LL’ J iJ s) 


Xd (L,L’)Px(cosd), (18) 
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where @ is the angle between the direction of emission 
of the y ray and the recoil direction before the y decay. 
The parameters d; are the same as those occurring in 
formula (15). The remaining symbols had been defined 
previously in Secs. II (b) and II (a). From the analysis 
of the dependence of d,(Z,L’) upon the 6 coupling 
constants, it follows that the measurement of the circu- 
lar polarization of the y ray could lead to a determina- 
tion of the helicity of the neutrino. One has also to 
remark that unlike the case of 8 decay, a recoil-y 
angular correlation does not provide any way of testing 
the coupling types. 


IV. DERIVATION OF THE DISTRIBUTION 
FUNCTIONS 

In this section we shall give an explicit derivation of 
the formulas we have presented in Secs. II and III. 
We shall restrict ourselves to the case of the recoil 
effect in 8 decay since we have used a method which 
differs from the standard approach to angular correla- 
tion problems in 8 decay. For K capture, where the 
kinematics is the same as in 6-y angular correlation 
calculations, the reader is referred, for instance, to the 
Appendix of reference 3. 

The first step is to evaluate the following density 
matrix: 


ps(M,,M/';MMi/)= > (J,;Mypq|Hs| JM, 


lepton spins 


x (JM pq! H,\J;M/ P, (19) 
where p and q are, respectively, the momenta of the 
electron and neutrino. 

The Hamiltonian density 35C is written in the follow- 
ing form: 


a=3 


K= y (VimWn){Wena(CaotsCao Wr} 
a=0 
+ (WV maWn) {Vena® (Cai tysCar vr}. 


The connection with the standard notation is given in 
Table I. We describe the 8“ decay as an emission of 
an electron and an antinuetrino. 

The Hamiltonian matrix element between the initial 
and final state may be written in the following form: 


(J;M spoqr | Hs | J :M;) 


lemce heel Lenl+h —jiu( PR) 
=> 2 > * (—1)2+4+*+M(2]+ 1) 


1=0 h=0 L=|I—h| (PR)! 
(IM; |i'T 1_u"(e,1) | J:M a. (p,o) 


X nal ra" (0,P) (Car tvsCan’)0»(q,7). (20) 


In this expression u,(p,c), v,(q,7) are, respectively, the 
spinor amplitudes for the electron and antineutrino. 
The recoil momentum P is given by P=—p—q. The 
exponential ¢~‘(Pta)-t=e'P- which appears in the 
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TABLE I. Connection with standard notation. 





a 3 


Na Bys 
Cao ! , —Ca 
Cat Cr —Cy 





Hamiltonian matrix element has been replaced by its 
expansion in spherical harmonics: 


e*P-t => i!(214+-1) j,( Pr) (Pr) 
lm 
X(-1Ccr(P)Cr"(n); (21) 
C,"(r) is related to the familiar spherical harmonics by 
Cy™(r) = (4) *(2/4+-1)-4' V(r). 


We have also introduced the spherical tensors 


Tim" (ao) =>- (lm1t| LM)C,,'(a)o:, 
mt 


(22) 
T u"(a) =6,:C;" (a), 

with 

o4= (o,tio,)/V2. (23) 


oo=o, and 


The radial parts of the wave functions in the matrix 
element have been evaluated at the surface of the 
nucleus, the radius of which appears in j;(PR)/(PR)!. 
The magnitude of terms corresponding to a given value 
of / in the expansion of the Hamiltonian matrix element 
is of order of (PR)' if a is 0 or 1, of the order (PR)? 
if a is 2 or 3. 

Let us consider now the density matrix ps(M,M,’; 
M.M{), defined as 


ps= >. (J;Mypoqr|Hs|J:M;)(J My poar|Hs| JM ?)*. 


Applying the Wigner theorem to the nucleus matrix 
elements and performing the summation over the lepton 
spins, one gets for pg the following expression: 


p= (—1) Vt MAT In 'T "*(e,8) | J) 
hh’ aa’LL’ 


XS |e!” T"™ (o,8) | Js) (PR) jv (PR) 
X (PR)-*" (21+-1) (21’+-1) (27, +1) 
x (J;My | L, _ MJ :M;) (J,M,'| | a —_ M'J:M;) 


X Aaa’ (l’hh’; LML'—M"), (24) 


with 
A aa’ } Tr{ (ip-y+m)naT rm"*(P,o) 
x (Cart+YsCan’)ig-yna'T 1m" (P,e) 

x (Carn * fa +h a''Can’*)}, (25) 
where {.=1, 1, —1, 1, and ¢,’=—1, 1, 1, 1. In this 
formula p-y stands for p“y,= pyy". The matrices y* are 
defined by y“y’+7’y"= — 2g’. The relativistic metric 
tensor is real with g®=—g''= —g¥= —g%=1. Note 
that in terms of the matrices y“, ys is defined as 
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¥s= —ty'y'7’7". It is clear that Aaa’ may be expressed 
as a linear combination of two kinds of traces C and D: 
C(l'hh'; LM L'— M’) 
= } Tria ; yT tm'" (P,a)b- yu 
Di'hh'; LM L'—M"') 
=4 Trl ysa-yT iar!" (P,o)b-yT vem" (Pye) |, 
where a-¥ has to be equal to p-y, B(p-y)8 and b-y=q-y. 
If we denote by ojo jo, the Cartesian components of @, 
it is easy to prove that 


ue" (Pe) 1, (26) 


(27) 


} Tr(a-yoib-ya;) 
= —6,;(a°b°+4a-b)+ (a'b’+a'b'— 36;,;a-b), 
t Trysa: youd: yoj=ieij(a*b’+a°d*), 
—2i(aXb)'; 
t Try*’a-yoib- y= a'b’— a’. 


(28) 
(29) 
} Tra: yo,b-y-= 
(30) 
Writing these equalities in spherical coordinates, one 
has immediately 

v3 (141—¢'| 00) (a°b°+-4a-b) 

+2(1t10' | 2s)T2,!!(a,b), 


—v2(1/10'| 1s)[a°b,+0°a, |, 


} Tr(a:yorb: you) 


Trysa: yor: you= 
Tra-yo,b-y= —2i(aXb),; 


1 Trysa-yo.b-y=a,b°—a°b,. (33) 


Then it appears that the evaluation of C and D is 
reduced to that of an expression like A: 


A(LML'M’; Il'hh’) 
= > (lmht| LM) (I'm'h't'| L'M’) 


mm’ tt’ 


X (hth't’ | rs)(Uml'm' | kq)Ci2(P)trs, (34) 


where /,, is one of the irreducible tensors which appear 
in the second member of the previous equations. We 
have used the formula 


Cy"(P)C)'" (P) => (101'0| RO) (iml'm’ | ROVP"—*C,2(P), 
kq 


It is here convenient to introduce the Wigner 9-7 
symbols to transform the product of the four Clebsch- 
Gordan coefficients which occurs in A. As an immediate 
consequence of the definition of the 9-7 symbols, one 
can prove the following formula‘: 


> (jum jeme| JM) (j1'my' j2'm2! | I'M’) 


mimemgms 
x (jimi ji'my’ | J1M)) (jomejo'm! | JM») 
=P [(201+1)(2F2+1)(2I+1) (2s +1) } 
Au 


jv J; 
je Js (J;M,J2M > hu)(JM I'M’ dp). (35) 
ane 

4 See, for instance, A. R. Edmonds, Angular Momentum in 


Quantum Mechanics (Princeton University Press, Princeton, 
New Jersey, 1957). 
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Applying this formula, one gets for A: 


A= (LML’'M"|\u) (1010! RO) 


Au 
 [(2r+1)(2L+1) (2L’+1)(2k+1) }! 
ff tre 


h WW r>Tyy* (ll), (36) 


2 2N 
where 7j,*" is the spherical tensor defined by : 


Tyy** (Ul) =>. (ars | Aw) P*-*C,2(P) tre. (37) 


It is convenient to choose as z axis the direction P of 
the recoil; then 7),*"(/l’) reduces to: 


Tyy*? (Ul) =>, (ROrs | Xu) P**'t,,. 


So far we have performed two operations: first an 
explicit calculation of Aga’ (ll'hh'; LML'’—M"’), and 
secondly a reduction of Aaa’, considered as a spherical 
tensor, into its irreducible parts By,** (ll/hh’; LL’). 

In order to derive the angular distributions we define 
the density matrix p;(M;M,’) which describes the initial 
nucleus spin J; polarized along a direction j, the axis 
of quantization being taken along the recoil P of the 
daughter nucleus: 


pil M;,M;) = > Im,;Dm; u,;’ (P- +) Dma;"*7 (P}) 


— >> Im(— 1)!" ™ (FT mJ 5— m,| RO) 


mj 


x (JM iJ i— Mi \ks)Do*(Pj). (38) 


In this expression Jm, is the probability that the nucleus 
has magnetic number m, along the axis of polarization. 
The rotation matrix D depends on the Eulerian angles 
describing the rotation from a coordinate system in 
which the z axis is along P to a system in which the z 
axis is along the axis of polarization j. 

The absolute transition rate ! may now be written 


l= 2rFy(Z,E)8 be p:(M(M;’) 
MiMi’ My My’ 


Xp3(M Mj’; MyMy’)p(Eo), 


where Fo(Z,£) is the usual Fermi function and p(£o) 
the density of final states. The symbol § indicates the 
integration over the electron solid angle. The density 
p(£o), when one takes into account the normalization of 
our leptons amplitudes, is 


p(Ex) = (2m)~*(Eg)!d°pd"q6 (E-+-9— Eo) 
= (2r)-*(Eq)P*d Pd ppd pd ¢d (cosw) 
X 6(E+q—Eo). 
The definition of the angles ¢ and w is given in Fig. 3. 
Replacing in the expression of p(Eo) the quantity 
d(cosw)6(E+ q—Eo) by 0(cosw)/dq=9/pP, one gets 
p(Eo) = (22)-*dQpP*dPdEd ¢. 


(39) 
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Fic. 3. The angles ¢ and 
w which determine the di- 
rection of emission of the 
electron. 
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If the electron energy £ and the recoil momentum P 
are fixed, the integration over the electron solid angle 
reduces to an integration over ¢. In the expression of 
By,** (ll'hh' ; LL’), only the component of ¢,, with s=0 
will contribute since ,/0?"t,.d ¢= 276,0l,s. Then the angu- 
lar distribution of the recoil nucleus relative to the 
axis of polarization is given by 

N(0,P,E)dEdPd(cos@) 

=F,(Z,E)(2r)-*PdPdE > pi(MiMj) 


M;M; 


Xps(M;M;;M.M,). (40) 


We define the correlation function W (6,P,E) as 


W(6,P,E)= > pi(MiM,)ps(M;M;; MM). (41) 
Ms; Mi 
Performing the summations over the magnetic quan- 
tum numbers, one obtains 


W (0,E,P) = (2J;+1)-! & [mihi (Jimi) 


kmj 
XFi(L,L',J7,J)(-1)"' 


XC *(E,P)P,(cosé). (42) 


We have introduced the following abbreviations: 
hy (Jimi) = (2;+1)'(—1)7-™ (J mJ -—m;| RO), (43) 
Fi (L,L',Js,J3) 
= (—1)4/ti 4-1 (27,41) (224-1) (2L’+1) }! 


le le 
X(LIL'-1|RO) i pp fe (44) 


An interesting property of A, (J;,m;) is that Ay (Ji,m,) 
is equal to Px(m,/[J:(J:+1) }') up to a normalization 
factor. A way of getting this result is to apply 
the Wigner-Eckart theorem to the tensor operator 
T°= P,(Jie/[J (J :+1) }'). The exact formula is found 
to be ; 
hy (J i,m;) = (2k+1) (2) +1) ]4(2J; !) 

X[(2Fi—k) (2: +k+1) 1 

x Pi(m/(Ji(Jit)}) 


x{P.(I/Jit})}-. (45) 


BOUCHIAT 


The particle function C,,-*(£,P) is given by 


™ 


Uhh aa’ 
X[(2L+1)4(2L'+1)4(LAL’—1 bo) 3 
XS ¢|\0naT 1" (o,8) || J;) 

KS 5 0 ne T 1 ™ (e,8)||J;) 

X ji(PR) jv (PR)(PR)-—"” 


Cry *(E,P) = (— 1)Eti+h 1(2/+-1) (21’+-1) 


X Byot*' (l'hh'; LL’). (46) 


To obtain the recoil-y angular correlation, one follows 
a similar method. The density matrix p,(M;,M;,’) 
describing the y transition J;—J,, is given in reference 3 
in a convenient form: 


p,y(M;,M,’) 


= S (r)*(—1) 974 1448, 6)-F (ANS 77, J) 


x (29 ;+1)-4\(J;— MJ M,| ky) 


X Do" (Pk), (47) 
where k is the momentum of the y quantum and r= +1 
stands for right and left circular polarization, respec- 
tively. We have also introduced the correlation function 
W (6,P,E), defined as 
W (0,E,P)=(2J;+1)-! ¥ py(M;y,M,) 

MyM; 


X pa' M;M;,; M,;M;) ; 


by performing the summation over the magnetic quan- 
tum numbers, one obtains 


a 


kA LL’ 
K bP AN JS y7,J Fa ( LL’ J i,J 7) 
XC *(E,P)P;(cos6), 


W (0,E,P) = (2J,+1)7 (—r)* 


(48) 


where @ is the angle between the recoil direction and the 
direction of emission of the y quantum. 
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APPENDIX I 


From Table II, one can obtain the functions 
Ci1*(E,P) which appear in the correlation functions. 
The quantity actually listed, S,°°’(ll’hh’; LL’), is 
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TABLE II. The particle function Cz,*(£,P) for given L and L’ is the sum of the products of the matrix elements given in the fifth 
column and the corresponding S; factor given in the sixth column. For L#L’ the result obtained is actually Crz*+Cz/z*. 


L L’ I 


Matrix element 
n n | (J ¢\|t"Cn(e)|| Fx) |? 


| (Jy\i"BCn(r)|| Js) |? 


| (J,||"T 2" (0,4) ||J;) |? 
|i"BT,""'(o,4)||J;) |? 

(J 4\]@"ysT x (0,8) || Ji) |? 
|i®-1By5T,” 1 (o,4r)||J;) |? 

Js\|i"Cn(r)|| Je) 


X (Sst? ysT 1? (6,8) || Ji 


Jy i"BC,,(r) J;) 
X J;||t" 1B ysT "1 (,r)||J;) 


(Jy \4"T,” 1(¢,r) Ji) 
X(T, ||8?y5T ™(e,48) ||J;) 
J;\|i"BT (0,8) ||J;) 


X (J;||iP BysT nu” (0,8) |i 


(Js\|"Ca(r)l|J3) 
x Jy i"T nui” (o,r) lJ; , 


(J7||i®BCa(r)||Jx) 
X (Js||i"BT nyi™ (0,8) || Ji) 


(Jy\\i"T ."(0,8)||Js) 
x (Jylli" Taga” (0,0) ||J2) 


(J,\|i"B8T "4 (0,8)||J5) 
XK Sy \l8"BT nii®™ (o,4r)||J;) 


(Js ||i®T ni”! (6,8) ||Js) 
X (Jy\|éysT n” 1 (0,8)||J1) 


(J7||Bi"T ngi”"(0,8)|| Ji) 
X (J,||Bi"-4ysT .™ 1 (0,8) || Js) 


| (Jy|li"T agi”! (@,0)|] J) |? 


(Fs\|i*BT nya” (0,8) || Ji) |* 


Su®’ (l/hh’ ; LL’) 


Saqg= (|Cs|?+| Cs’ |?) Ph (P,E) ¥2,°(nn00; nn) 
Saq-1=0 
Saq= (| Cv |?-+ | Cv’ |?)P2h™ (PE) ¥2,°(nn00; nn) 
S2g-1=0 
Saqg= (| Cr |?+ | Cr’ |?) LP?" fo (PE) ¥2q9 (nn 11; nn) 
— P*f,(P,E)¥22(nn11; nn)] 
Sag1= V2 Re(Cr/Cr*) Pf, (P,E)¥nq-s' (nn; nn) 
S2g= (|Ca|?+| Ca’ |?)LP2" fo (PE) V2 (nn11; nn) 
+P?" fo(P,E)¥22(nni1; nn) ] 
Sog-1 = V2 Re(Ca*Ca’)P?2*-1f,— (PE) V 2g-1'(nn11; nn) 

Sag= (| Cr |?+ | Cr’ |?)LP2"* fo (PE) ¥2.°(n—1 n—1 11; nn) 
— Pn4 f,(P,E)Vo2(n—1 n—1 11; n4+1 +1) ] 
Stq-1= V2 Re(Cr*Cr’) Pf (P,E) ¥g-1'(n—1 n—1 11; mm) 
Siqg=(|Cv|2+| Cy’ |*)LP2* fo (P,E)¥'2.°(n—1 n—1 11; mn) 

+ P24 f.(P,E)V¥o2(n—1 n—1; nn) ] 
Sog-1= V2 Re(Cy*Cy’)P?"-3f,— (PE) Yogi! (n—1 mn—1 11; nn) 
S2g= Re(Cr*Cs+Cr*’Cs') PP”? hf, (PE) ¥ 2g! (n n—1 01; nn) 
So-1=0 


2qg-1™ 


Su=—(\Cv|24 


S2q 1 =() 


Cy’ |?) P2"-2 6, (PE) Fog! (n n—1 01; nn) 


Sag = V2 (| Cr|?2+-5 Cr’ |?) P28"? hf, (PE) Y2,!(n n—1 01; nn) 
Sag-1 = 4 Re(Cr*Cr’)LP?" 1 fo (PE) Yog_1°(n n—1 11; nn) 
— P"-8f,(P,E)V2q_1?(n w—1 11; nn)] 
Sag —V2 Re(Cy*Cat+Cy"'Ca’) fi (P,E)P2”Y og'(n n—1 11; nn) 
Sig1= —2 Re(Cy*Ca'+Cy"Ca)LP*™ fo (PE) 
X Yogi? (m n—1 11; nn)+P?"-3 fo(P,E) Voq_2(n mn—1 11; nn) ] 
S29 = 0 


29 

S2g-1=2 Re(Cs*Cr’+Cs*'Cr) fi (P,E) ¥ 2g-1' (nn 10; n+1 n) 
Sog=0 

Sag-1= 2 Re(Cy*Ca’+Cy*’Ca) Vag-1' (nn 10; n+1 n) fi (P,E) 


Cr\|?+| Cr’ |?)[P2" fo?) (P,E) ¥2°(nn11; n n+1) 
— fo(P,E)P?"*Y22(nn11; n n+1)] 
v2 Re(Cr’Cr*) P21, (P,E) Vog_11(nn11; n n+1) 
o(P,E)P?™*Y22(nni1; n n+1)] 
Re(C4’Ca*)P?"1f,—- (PE) Yogi! (nnl1; n n+1) 
Cr|?+| Cr’ |?) P22 f, (PE) Yo! (n n—1 11; n+1 n) 
Sog-1 = 4 Re(Cr*Cr’)[P?"1 fo (P,E) Vog_1°(n n—1 11; n+1 n) 
— P?-3f,(P,E)Vog_12(m n—1 11; nn) ] 
Sag= —V2 Re(Cy*Ca+Cv*’Ca’')P2"*/@ (P,E) 
X Yo,!(n n—1 11; n+1 n) 
Sag-1 = —2 Re(Cy*Ca’+Cv*’Ca) LP?" fo (P,E) 
X Vogi°(m n—1 11; n+1)+P2"-3/,(P,E) 
X Foq-2(n n—1 11; n+1 n)] 
Soq= (|Cr|?+|Cr’|?)[P2" fo (P,E) ¥2.°(nni1; n+1 n+1) 
— Pr? f,(P,E)Vo2(nni1; n+1 n+1)] 
Soqg-1 = V2 Re(Cr’Cr*) PP" f, (PE) Vog_1'(nn11; n+1 n+1) 
Sog= (|Cal?+|Ca’ |?) P2" fo (P,E)V¥2(nni1; n+1 n+1) 
+ P**f4(P.E)¥22(nni1; n+1 n+1)] 
Sog-1 = V2 Re(Ca*Ca’) P28" f, (PE) Voq_1'(nn11; n+1 n+1) 
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TABLE III. Particle parameter d,(L,L’) for the first forbidden transitions. This particle parameter is the sum of the products of the 
matrix elements given in the second column and the corresponding S; in the third column. For L¥L’ the quantity listed is actually 
d.(L, hy )+d,(L’, L) > 


__ ee element 


Uf So=3(|Cp|2?+| Cr’ |*)gx? 


| So=4((Cal?+|Ca’|*)gx? 


ry 
So=4(| [c+ IC! a + (= | 
+7 
So=}(|Cal?+|Ca’ bd 
So=} Re(CrCp*+Cr’C p’*)gr* 
So=} Re(CaCv* +C a’Cy*’ gr? 
= —} Re(Cp*Cs’+Cp*’Cs)gx° 
Sy=—} Re(Ca*Cy’+Ca*’Cv)gx* 
=} Re(CrCp’*+Cr'Cr* xr 
1/1-y 
S,;=—} Re(Carcxeet_(— 
R\1l+y 
S:\=-4 Re(Cr*Cp’+Cr*’Cp)gx* 


S,;=—-}4 Re(Ca'Cy*+CaCv™ )gx® 


¢ * 1 fl-v\ 
= —3 Re(Cs*Cr'+Cs*’Cr)gx “+4 ( _ (—) +-- (- *) 
6 1+¥ 2R?\1+y7 
¢ Y ; 1 1-—y 
cence ates —) 
6 1+y7 1+y7 
1 /i-y q 4 
=} Re(Cs’Cr*+Cs’Cr*)gx* —)- (= —*) 
R i+y/ R\ity 
1 bengal 
S:=4 Re(Cv'Ca*+CvCa™ gx? A a A) 
R\i+y 1+y 


| 1/1—v\? 
iF . Sit Re(Co*Cree| -2—5 ) | 


foo r Si=4 Re(cr*cu'+-corCaree| ~ 
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TABLE III.—Continued. 











Matrix element 


cee ¢ 1/t-r\ @/i-r\] 
So=(|Cs|?+| cr nee + (—) a t=) 
6 RNi+y/ R\it+y7 


1 f/i-y 
S1= (|Cs|?-+| Cs’ |?)gx* {= 
3R?\1+y7 


- g@ Mi-r\) 
S2=(|Cs|?+| Cs’ |*)gx? -£_“(—) 
3 3R\1i+y7 
g 1/1-y\t 1/1-y7 
So=(|Cv|?+| cr ee om (—) +-(— *) 
6 R\i+y/ RA\i+y 
1 /1-—y7 
S,=2 Re(Cy*Cvy’)gx* (=) 
3R*\1+y 
g 2@/1-v7\! 
S2=(|Cv “+16v' Me -£4+(-—*) 
3 3R\1+y 
g AW/l-yv\' 1/1-y7 
So=4(|Cr|2+|Cr’|*)gx? *_3(—) +(—) 
6 3R\i+y/) R147 
? imy\° 1 /i—y 
S;=2 Re(Cr*Cr’)gx?* ( ) +-(—) 
12 3R\i+y R\1i+y 
g 2g/1-yr\! 
See i(icrl+1Cr' ee] = (—) 
12 3R\1+y7/ . 
¢ %wWsi-rv\' 1/1-y7 
So=(|Cal2?+| Ca’ |?)gx (S+(=) +-(—) 
6 3R\i+y R?\1+y7 
¢ efi-v¥. i fis 
Sy=Re(Ca*Ca’ ex? “+(=) tale) 
12 3R\1+y/  3R*\1+7 
¢ 2q/1-yr\* 
S2=(|Ca| + ice ee += (—) 
6 3R\i+y 


2 
i So=4(|Cr|*+|Cr’ [Dent 
Si =} Re(Cr*Cr’)gx* 
2 
fe So=4(\Cv|*+|Cv’| Dex? 


S;=% Re(Cy*Cy’)gx* 


| 1 /i-y 
ii ant 
R\1+y 


qfi-v\' 1/1-y 
S,;=Re(Cs'Cr*+CsCr* )gx*] ——{ —— +(= 
6R\1+y R?\1+y 





q (i-v\! 
Sa=2 Re(Cs*Cr+Cs*’Cz rete (—) 
2R\1+y 
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TABLE III.—Continued. 





Matrix element 


Sk 








| | 
Sex| Xr) 


Jobfm 


fooxe x! fie 
| | 


fool 


1si—y 
SeeRe(Crcar+Cv'C" Vee] -—(-—) 
Cy, 
qfi-7v\' 1 /1-7 
Si=Re(Cy’Ca*+CyvCa™ )gx* = Ee th ) 
6R\14+y7)  3R\14+4 
q (1-y\! 
S2=2 Re(CyCa*+Cv’Ca™’ gx? -(- 
2R\1+7 


q 1/1-y7 
So=Re(Cs*Cr+Cs*’Cr’)gx*| -+- (— 
3 R\1+7 


2 /i-y\3 
S,=Re(CsCr*’+Cs’Cr*)gx*— (- ’) 
3R\1+y7 


S2= —Re(Cs*Cr+Cs*’Cr’)(29/3)gx? 


1 /l-y 
Sem (ICri*+1Cr' ee e—(— )| 
R 
2 /i-y\3 
S,=2 Re(cr*cr/iee| ~(-—*) | 
3R\1+y7 


S2= —(|Cv|*+| Cv’ |*)gx?(2q/3) 


q 1/fi-y\! 
So= (|Cr|?+| cr'ee| 5—(—) | 
3 R\1l+y 
q 2 /1-vy\3 
S;=2 Re(Ce*Cr ee -(—) | 
3 3R\1+y 


S2=(|Cr|?+|Cr’|*)gx*(g/3) 


q 1/1-v\! 
So=Re(CaCv*+Ca’Cy™ )gx*] -+—| —— 
3 R\l+y 


q 2 /1-v\! 
S;=Re(CaCy*’ +ca'crrne| S4+—(—) 
3 3R\1+y7 


S2=Re(CaCy*+Ca’Cv™ )gx*(q/3) 
So= (¢2/24)gx*(|Cr|2+|Cr’|?) 


Si= (¢/20)gx? Re(Cr*Cr’) 
So= (7q*/120)gx*(| Cr|*+|Cr’ |?) 
S3= (¢°/20)gx* Re(Cr*Cr’) 


So= (g°/24)gx*(|Ca|*+|Ca’|*) 


Si= (¢/20)gx* Re(Ca’Ca*) 
Si= (¢/20)gx* Re(Ca’Ca*) 
S2= (7/120) ¢*gx*(|Ca|*+|Ca’|?) 
Sa= (G/20)gx* Re(Ca*Ca’) 
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related to Cii*(E,P) by the following equation: 
Cuv*(E,P)= YL Sylli'neT 1'|J;) 


l'hh’ aa’ 
x (J, One Ty" || J;) 


xS,2 (I/hh’; LL'). (49) 


Let us recall the definition of some of the symbols which 
appear in this formula. The quantity (J,||i'naT1'"\\J;) is 
the reduced matrix element of the tensor operator 
i'nal tm'*(o,r); the index takes the values 0 and 1, 
and one has 


Trw®=Cy"(r) 616mm; Tim™= do m(lmit| LM)Ci"(r)o1, 
with 
Ci" (4) = (4) +4 (214-1) "(n)r'. 

The reduced nuclear matrix elements have been defined 
in such a way that with an appropriate choice of 
the phase of the nuclear wave function they are real 
quantities : 
Jy | inal tm'"(o,r) | J;) 

= (—1) 4 47(27,4+1)-4(J,My| LMI M3) 


XJ ylimeT 1'*(e,8)\|J;3). (50) 


In this table there appears the following geometrical 
factor’: 
Vy" (Whh'; LL’) 
=[(Z1 L’—1]|d0) (2/—1) !!(2/’—1) 11}? 
K (—1) 1S , [(27 +1) (2k+1) }! 


eo er Ae 
X (k0r0 | \0) cro? h’ ae (51) 
et ok 


For the purpose of numerical computation it is useful to 
express Y,” in terms of 6-7 symbols: 


¥,"(U/hh'; LL’) 
=[(L1 L’—1]n0) (27—1) 11(20'—1) 1! 
x (— 1) 444-1 ,(/0r0| j0) (10 0X0) 


¥ hh’ ¢ - & ® . 
XC 2i+0p § px i}. (52) 
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One has to note the important symmetry property: 


Yy"('hh!; LL’)=¥y"(U'li'h; L'L). (53) 


When h’=0, Y," is reduced to the simple form 


Y,"(ll'hO; LL’) 
=[ (LAl/—1|d0) (2/—1) !!(27’—1) !! 
« (2£+1)(2L’+1) F4(—1) 44+ 


X (L’01'0'X0) (10h0! LOS ry. (54) 


The following abbreviations have been also introduced: 
h*®(E,P)= Eq} (P’+¢?— P*), 
fo® (E,P)= —v3[Eq+3 (P?—- p’—¢)], 
A@LE,P]= E(P’+¢— p’)+ (P’+p—¢—)q, 
fo(E,P) = (1/24/6)[ P!+ 2P?(p?+ @?) — 3 (p?— 9°)? ]. 


The electron energy and momentum are denoted, re- 
spectively, by E and , while g is the neutrino momen- 
tum. If Eo is the mass difference between the parent 
and daughter nucleus, the expressions of p and g as 
functions of E are 


p=(F—1)!, g=Eo—E. 


APPENDIX II 


The particle parameter d;(Z,L’) describing the recoil 
effects in K capture is given explicitly in Table ITI for 
first forbidden transitions. Here we have used the 
familiar Cartesian notation for the nuclear matrix 
elements. The neutrino momentum is denoted by g 
and is given by g= Eo+1—£z, where EZ» stands for the 
available nuclear transformation energy and Eg for 
the atomic binding energy of the captured electron. 
The quantity y is equal to (1—Z*a’)!, while R is the 
nuclear radius. The large component gx of the electron 
wave function is given by 


1 


1+7\? 
gx=[I'(2y+1)] (=) (2Za)*4R-!, 
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The total absorption in carbon of the gamma rays from the T*(p,y)He! reaction was measured as a 
function of proton energy and hence gamma-ray energy. As the gamma-ray energy was varied from 20.3 to 
20.8 Mev, the total absorption cross section in carbon varied smoothly from 315+5 to 324+6 millibarns. 
The resolution was better than 70 kev and the sensitivity sufficient to detect narrow resonances of more 
than 0.8 Mev-millibarns integrated cross section, but no structure was observed although photonuclear 


resonances have been reported in this region. 





INTRODUCTION 


TRUCTURE in the giant resonance region of the 

photonuclear absorption has been reported from 
photoneutron yield curves,! from photoactivation yield 
curves,” from the photoalpha cross section,’ and from 
the photoproton cross section for ground-state transi- 
tions.‘ Breaks in the (y,m) yield curve were interpreted! 
as sharp resonances with widths of 25 to 35 kev con- 
taining most of the cross section even in the giant 
resonance region. A re-examination of the breaks in 
C!(y,m) suggested a much larger width.® 

Attempts to use monochromatic gamma rays to verify 
such structure have not been successful. Campbell® 
used the lithium gamma rays to measure the O!*(y,n) 
activation in the photon energy range from 17.52 to 
17.88 Mev. He found no resonances with apparatus 
sensitive to about 0.1 Mev-mb integrated cross section. 
Foster’ used the lithium gamma rays to examine several 
elements. He varied the 17.6-Mev gamma ray through 
120 kev by varying the Doppler angle. No resonances 
were found in O!*(y,m). 

Inverse reactions such as B!(p,7)C' should also 
give information about these highly excited levels in 
the giant resonance region. Of those light elements 
which have been examined in this fashion, only Li’(p,7) 
and possibly B"!(p,7) cover part of the giant resonance 
region. In neither case* have the sharp levels suggested 
by the (y,m) “breaks” been found.” 

The present experiment is a further attempt to 
measure the detailed photonuclear cross section with 


* Supported in part by the National Science Foundation and 
the joint program of the Office of Naval Research and the U. S. 
Atomic Energy Commission. 

1 J. Goldemberg and L. Katz, Phys. Rev. 95, 471 (1954). 

2 Katz, Haslam, Horseley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954); A. S. Penfold and B. M. Spicer, Phys. Rev. 
100, 1377 (1955). 

2F. K. Goward and J. J. Wilkins, Proc. Roy. Soc. (London) 
A217, 357 (1953). 

4Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev. 104, 108 (1956). 

5 C. Tzara, Physica 22, 1149 (1956). 

6 J. S. Campbell, Australian J. Phys. 8, 499 (1955). 
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8 Bair, Kington, and Willard, Phys. Rev. 100, 21 (1955) ; Bair, 
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monochromatic gamma rays. The T*(p,7) reaction used 
as a photon source produces highly monochromatic 
gamma rays of about 20-Mev energy. Both yield and 
energy of this gamma ray are smoothly rising functions 
of the proton energy. However, the small cross section 
for the process produces a limited number of photons. 
Consequently, a total absorption measurement was 
undertaken to utilize the photons most effectively. 

A preliminary account of these measurements was 
given at the Bureau of Standards Photonuclear Con- 
ference.® 


EXPERIMENT 


Figure 1 shows the arrangement of target, absorber, 
detectors, and a simplified block diagram of the count- 
ing circuitry. Proton currents of 10 to 20 microamperes 
with energies of 0.5 to 2.0 Mev from our electrostatic 
accelerator were focused on a target of tritium gas 
adsorbed in a thin layer of zirconium deposited on a 
silver disk” which was water-cooled. One of the two 
symmetrically placed NalI(TI) scintillation detectors 
served to monitor the photon intensity while the other 
measured the sample-attenuated photon beam. The 
lead collimators serve to define the Doppler width of 
the photon beam and to enhance slightly the photopeak 
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Fic. 1. Arrangement of the source, absorber, detectors, 
and electronic apparatus. 


® Wolff, Winhold, Stephens, and Carroll, Bull. Am. Phys. Soc. 
Ser. IT, 3, 173 (1958). 
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Ridge, Tennessee. 


890 





y¥-RAY 


in the pulse-height spectrum (Fig. 2). After amplifica- 
tion, a discriminator window selected only those pulses 
whose height fell between 12 and 22 Mev. Identical 
gains of the photomultipliers and amplifiers were main- 
tained by setting the steeply rising leading edge of the 
photopeak from Na” radiation into a preset narrow 
channel of a single-channel analyzer. This was done for 
each counter between each run. 

The thickness of the target for 1.1-Mev protons was 
determined by observing the onset of the T*(p,n)He’ 
reaction by counting the neutrons emitted in the 
forward direction with a long counter. The observed 
yield from 1.0 to 1.2 proton energy was compared with 
curves obtained by numerical integration (for various 
assumed target thicknesses) of the thin-target results of 
Jarvis ef al.'1 The thickness so determined was 65+ 10 
kev for 1.1-Mev protons. 

In the preparation for this experiment we used a gas 
tritium target, essentially the same as that used by 
Johnson and Banta.!* The photon yield of the gas 
target at 0.75-Mev proton energy into a 3 in.X4 in. long 
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Fic. 2. Photopeak of 20.5-Mev gamma rays using a 3 in.X4 in. 
long NaI (TI) scintillator. 


Nal crystal placed one foot from the source was 8+2 
counts per microcoulomb. This figure was obtained by 
extrapolation of actual yield data back to the date of 
installation. (The actual yield on the first day of use 
was 5 counts per microcoulomb.) This yield is equiva- 
lent to a differential cross section of 2.5X10-* cm? per 
steradian at 90 degrees with 0.75-Mev proton energy. 
This agrees well with, and hence confirms, the value 
reported by Perry and Bame" in contrast to the much 
larger value reported by Argo et al.™ 

The energy of the gamma ray is calculated from the 
Q value of 19.826+0.011 Mev, the proton energy, and 
the angle with respect to the beam, by use of the good 
approximation 


hv=(0+E,(1—-M,/Ma) [1+ (M,/Ma) 
X (2E,/M yc)! cos [1—Q/8M pc? ]. 


1G. A. Jarvis e al., Phys. Rev. 79, 932 (1950). 

2C. H. Johnson and H. E. Banta, Rev. Sci. Instr. 27, 132 
(1956). 

3 J. E. Perry and S. J. Bame, Phys. Rev. 99, 1368 (1955). 

“4H. Argo et al., Phys. Rev. 78, 691 (1950). 


ABSORPTION ON’ C 


TABLE I. Corrections to and uncertainties in 
the total absorption ratio. 


Relative 
uncertainty 
(%) 


Absolute 
uncertainty 


) 


Correction 
(%) 


Corrections: 
Scattered photons 
Compton electrons 
Counted pairs 
Counter asymmetry 
Uncertainties: (in each point) 
Gain calibration 
Beam shifting 
Counting statistics 
Net correction 
Standard uncertainty 


Additional error above the 
neutron threshold 


This gives 20.48+0.01 Mev for the mean gamma-ray 
energy at a proton energy of 1 Mev and an angle @ of 
90°. The spread in photon energy involves 30 kev of 
Doppler shift and 49 kev due to target thickness giving 
a trapezoidal line shape with 50-kev width at half 
maximum. 

The background from ordinary cosmic events was 
2-4%. Above the threshold for the T*(p,)He’ reaction, 
the roughly 7-Mev capture gamma rays in the I!’ of 
the scintillator produced, by coincidence, an additional 
0-2% background of pulses, predominantly at the lower 
end of the discriminator window. 


CORRECTIONS 


In order to obtain the true absorption ratio, four 
corrections which resulted from nonideal geometry were 
calculated and applied uniformly to all of the counting 
ratios. Three of the corrections involved subtracting 
out the extra counts due to (1) Compton-scattered 
photons which entered the crystal, (2) Compton elec- 
trons produced in the end of the sample which were 
able to enter the crystal and record counts, and (3) elec- 
tron-positron pairs produced in the end of the sample 
which were able to enter the crystal and produce counts. 
The fourth correction was for small mechanical and 


24—r 7 7 7 
a 


| neutron threshold“) 


| 330-5 


f 


Cress section(a 


early (y, 9) 
3X revised(y,n) os 
seitienat Ait Ni \ 


a i ~\ PN \ 

} ij 
ar ee ee ' “ *s ' - \ 
OF ee SE PE ee eee” SO Oe i 
25 20d BOOSTS 


Photon Energy—Mev 





Fic. 3. (A) Measured total cross section for carbon as a function 
of photon energy. (B) Various expectations of structure based on 
betatron (y,#) yield curve breaks. 





892 M. M. WOLFF 


TABLE IT. Comparison of expected total cross section 
with this experiment. 





Cross section (millibarns)* 
20.3 Mev 20.8 Mev 
179.641 176.5+1 
116.6+0.5 117.6+0.5 
14.6+1.5 14.8+1.5 

9 +4 14 +4 


Component 





Compton 

Pair production 

Triplet production 
Nuclear (y,m) and (y,p) 
323 +5 


Total: 320 +5 


This experiment 324 +6 





* Uncertainties are estimated. 


electrical asymmetries of the two counting systems. 
Table I is a summary of the corrections and uncer- 
tainties of the total absorption ratio. 


RESULTS 


The experimental absorption ratio for the carbon 
sample is plotted as a function of photon energy in 
Fig. 3 (A). Each point shown represents the average of 
four experimental runs, each of which consisted of 
roughly 5000 counts. The fluctuations of the points 
from a smooth curve was found to be consistent with 
that due to counting statistics alone, thus suggesting 
that the estimates of uncertainty for gain calibration 
and beam shifting are too large. 

Expected values of the non-nuclear cross section are 
shown on the plot by a broken line. The Compton cross- 
section values were obtained from tables of the Klein- 
Nishina formula.’® Pair production in the field of the 
nucleus was determined from the Bethe-Heitler calcu- 
lation.!* The triplet production in the field of the atomic 
electrons was obtained from a Borsellino-type curve’® 
normalized to an average of the experimental results of 
Phillips and Kruger” and the recent results of Frei.'* 
The nuclear cross section, which is subject to consider- 


6G. W. Grodstein, National Bureau of Standards Circular 
No. 583 (U. S. Government Printing Office, Washington, D. C., 
1957). 

16 E. Segre, Experimental Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1953), Vol. I, pp. 331-338. 

17 J. A. Phillips and P. G. Kruger, Phys. Rev. 76, 1471 (1949). 

18 C. Frei, University of Rochester (private communication). 
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able uncertainty, is estimated from recent experiments.” 
A comparison of the results of this experiment for total 
absorption, with the sum of the expected values, is 
made in Table II. 

Figure 3 (B) is a plot of various expectations of 
narrow structure based upon “breaks” in the betatron 
(y,m) yield curves. The dashed lines represent the 
earlier breaks reported,? and the solid lines the later 
revision™ of the earlier work. The dotted lines show 
structure three times as large as the solid lines. This is 
what might be expected if (y,z) resonances are super- 
imposed on (7y,p) resonances, since the total integrated 
cross section for proton events is about twice that for 
neutron events. 


CONCLUSIONS 


Structure in the total photonuclear absorption curve 
does not appear to the extent reported in reference 2 
for the reaction C!*(y,n)C™. Even the revised values 
seem large when it is remembered that it is probable 
that absorption levels combine the (y,m) and the (7,9) 
processes and hence should be of the order of three 
times the (y,#) intensity as indicated in Fig. 3 (B). 

For resonances in the total photoabsorption narrower 
than 75 to 100 kev, the upper limit for the integrated 
cross section that is consistent with this experiment 
appears to be 0.8 Mev-mb in this energy region. From 
the sensitivity of this experiment, about 10 millibarns, 
and from the nuclear data in Table II, it is evident that 
if small narrow resonances do exist in the photonuclear 


‘ absorption, then in order to make up the reported total 


of the integrated cross section such resonances would 
have to be superimposed upon an appreciable con- 
tinuum. Overlapping of wider resonances would also be 
possible. 
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Measurements on the v/c Dependence of the Beta-Circularly Polarized 
Gamma Correlation in Co*’ Using a Magnetic-Lens Spectrometer 
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Measurements have been made of the circular polarization of Co gamma rays in coincidence with beta 
rays whose momentum is defined by a magnetic lens spectrometer. The gamma rays are analyzed by a trans- 
mission-type Compton analyzer of new construction (toroidal geometry). At nominal 180° between beta 
and gamma, and accepting both of the gamma-ray lines, the degree of circular polarization is generally 
higher than the expected +0.330/c and markedly so for the smaller speeds. Proceeding downward in v/c 
from 0.71 to 0.33 there is no indication that the polarization falls off as fast as would be given by a “‘v/c law.” 


I. INTRODUCTION 


T was thought worth while to utilize the electron- 
gamma coincidence apparatus! for measurements on 
the v/c dependence of the beta circularly polarized 
gamma correlation, thus rigorously defining an incre- 
ment of beta momentum by means of the magnetic-lens 
spectrometer rather than relying on pulse-height dis- 
crimination alone as has usually been done.?~* For 
measuring the gamma polarization a transmission Com- 
pton analyzer of toroidal geometry was inserted in the 
apparatus. This device, from its symmetry, generates 
no stray magnetic field to influence beta trajectories; 
inasmuch as the main point of the experiment was to 
accomplish energy selection for the betas by means of 
a magnetic lens, it was felt that a photon analyzer which 
is intrinsically neutral towards this energy selection 
process would fit rather well. 

The transmission Compton method is often stated®’ 
to be inferior (as regards polarization efficiency or 
counting rate) to the widely used differential Compton 
scattering method.?*> Nonetheless, it has been possible 
in the past to obtain through use of the transmission 
method quite a number of significant helicity results.-” 

Co® was chosen, partly because it should be a well- 
understood source, and partly because it provides two 
gamma rays (to “double” the coincidence rate) both 
having the same helicity information. Runs were spread 
out over as wide a range in v/c as was practicable with 

* Visiting Guggenheim Fellow, permanent address: University 
of Pittsburgh, Pittsburgh, Pennsylvania. 

1T. R. Gerholm, Proceedings of the Rehovoth Conference on Nu- 
clear Structure, edited by H. J. Lipkin (North-Holland Publishing 
Company, Amsterdam, 1958), pp. 498 ff. 

2H. Schopper, Phil. Mag. 2, 710 (1957). 

3F. Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957). 

4Lundby, Patro, and Stroot, Nuovo cimento 6, 745 (1957). 

5R. M. Steffen, Bull. Am. Phys. Soc. Ser. II, 3, 205 (1958). 

° H. Schopper, Nuclear Instr. (to be published). 

7 Bernardini, Brovetto, DeBenedetti, and Ferroni, Nuovo 
cimento 7, 416 (1958). 

8G. Trumpy, Nuclear Phys. 2, 664 (1957). 

9 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

Deutch, Gittelman, Bauer, Grodzins, and Sunyar, Phys. Rev. 
107, 1733 (1957). 

“1 Culligan, Frank, Holt, Kluyver, and Massam, Nature 180, 


751 (1957). 
2 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 


(1958). 


no emphasis on the well-studied region around 0.60 to 
0.65. 


Il. METHOD 


Figure 1 shows schematically how the Compton 
analyzer was mounted with respect to the electron- 
gamma coincidence equipment. The analyzer is a toroid 
of rectangular cross section made of mild steel, having 
outer and inner diameters 12.5 and 5.0 cm. Its height 
(normal to the paper in Fig. 1) is 7.0 cm. The copper 
winding (1 mm wire) amounts to one smooth layer of 
turns on the “outer” cylindrical surface. The NaI(T1) 
crystai—2.5 inches in diameter and 2.0 inches long— 
appears as a rectangle as seen from the source position. 
The details of how one computes the circular polariza- 
tion efficiency for such an analyzer are given in Appen- 
dix A. 

It turns out that the two cobalt-60 “photolines” are 
still seen quite clearly through this iron absorber.” 
Figure 2 shows the gamma spectrum as seen through 
the toroid compared with the spectrum measured 
without iron. During the experiment proper, both the 
1.17- and the 1.33-Mev gamma lines were accepted, all 
pulses above a certain bias (the arrow in Fig. 2) being 
counted. 

The beta spectrometer (not shown in Fig. 1) was set 
at 12% resolution. The half-angle of its mean accept- 
ance cone is 12.5°. The precautions taken against drifts 
and systematic errors are given in Appendix B. 

All data were taken by hand, the analyzer magnet 
being reversed regularly every 2000 sec. The percentage 
difference, 5, between coincidences per counted gamma 
for opposite field directions in the iron analyzer was 
measured at various v/c settings at the nominal 180° 
position (actually the effective cos@ is estimated to be 
well within 5% of minus one) 


Ill. RESULTS 


Figure 3 shows the results. The measured 6 has been 
corrected before plotting for the measured accidental 


‘8 More clearly in fact than through a rectangular parallelepiped 
of iron, 7X7 cm in cross section, of a length which gives the same 
effective attenuation as the toroid itself. 
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Fic. 1. Sketch of the experimental arrangement; the beta-ray 
spectrometer is not included. 


coincidences per counted gamma (this correction ran 
about 1.35). No other correction is made to the data. 
The horizontal line drawn to indicate 33% right circu- 
lar polarization“ is based on the computed efficiency 


(see Appendix A). The 90° point is considered a satis- 
factory null check. 
As discussed in Appendix A, there seems no reason to 


N,/sec 
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Fic. 2, Co gamma-ray spectrum. Dashed curve is pulse-height 
spectrum as measured through the toroid. Solid curve is the 
ordinary spectrum. Arrow indicates bias setting during the 
experiment. 


14 See, for example, Alder, Stech, and Winter, Phys. Rev. 107, 
728 (1957). 
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suppose that the analyzer efficiency has been estimated 
too low, say by a factor two, inasmuch as a check made 
using the bremsstrahlung from Y” gave a quite reason- 
able result. It should be mentioned that the “33% 
line” has been drawn a little too high, for two reasons. 
No attempt was made to “correct” for first (and higher) 
order scattering in the iron. From the well-known pol- 
arization behavior of the differential Compton cross 
section with scattering angle, any slightly degraded 
gamma rays which are counted represent more than a 
simple dilution of the polarization to be measured. 
This is because in such a single-scattering act such a 
gamma ray would in fact be analyzed with the reverse 
sense to those that are truly transmission analyzed. 
Secondly, we have taken the number of aligned electron 
spins per measured Bohr magneton of magnetization 
to be simply unity, which is presumably a safe upper 








06 07 O8 


v/e 
90°CHECK POINT 


Fic. 3. Results. The measured percentage difference in coin- 
cidences per counted gamma for opposite field direction in the 
analyzer, corrected for accidentals. The circles denote the 180° 
data. The diagonal line represents the degree of right circular 
polarization +0.330/c. 


limit for ordinary mild steel—perhaps safe by 10%. 
Here we prefer not to choose unknowingly too low a 
value for spins/Bohr magneton. It should be added 
that no backscattering corrections have been applied. 
Even if such were possible the effect would of course be 
in the same direction as the other two possible correc- 
tions just mentioned. 

As for source thickness, the points shown in Fig. 3 at 
v/c values of 0.71, 0.55, and 0.42 were run with a source 
made by depositing the active solution on an aluminum- 
coated mylar foil (backing thickness 1 mg/cm’, source 


_ thickness ~0.15 mg/cm?). A second source (0.12 mg/ 


cm?), prepared by electroplating the activity onto a 
0.9-mg/cm? Mylar foil coated by an electrically con- 
ducting platinum layer, was used for the points at v/c 
values 0.50 and 0.33. 

In summary, no possibilities have suggested them- 
selves which would enable the experimental points as 





MEASUREMENTS 


a whole to be reconciled with the »/c line.’® Thus the 
result here is not in agreement with the recent conclu- 
sion of Steffen’ that for Co® in particular the circular 
polarization measured at 180° to the beta follows the 
line +0.330/c.t It might therefore be desirable if more 
experiments were done, with particular attention paid 
to the lower 2/c region. 


APPENDIX A. TOROIDAL ANALYZER 


The toroidal shape for a transmission analyzer offers 
two advantages: Along a given ray one knows the value 
of the magnetization vector, and thus can calculate the 
transmission probability (allowing no collisions, e.g.) 
without the necessity of estimating an “end correction.” 
Also no stray field is generated, granting a homogeneous 
core and ideal winding. (Of course if the toroid is situ- 
ated in a nonzero field, since it has finite ampere-turns 
per cm, then it may “reflect” a different field depending 
on its state of magnetization.) 

The magnetization along a given ray necessarily 
changes direction. It is, however, relatively easy to 
have the magnitude of magnetization essentially 
constant—one runs as far above the knee of the B/H 


curve as necessary. The computation of the efficiency 
for analyzing circular polarization (still for a given ray) 
in closed form is then not at all difficult, and in 
practical circumstances the loss occasioned by the 
spins not lying completely parallel to the ray is 


not excessive. Figure 4(a) shows the relative effi- 
ciency ¢ taking into account exactly the obliquity of 
the spins, as a function of distance R of the ray from 
the center of the toroid. For comparison the thickness 
of iron traversed is also shown, and the disparity be- 
tween the two curves represents just the effective cosine 
between spin and photon momentum. The transmission 
is unfortunately a steep function of R. We have used 
the detailed counting efficiency of the detector (meas- 
ured without iron), multiplied by the computed ordi- 
nary transmission through the toroid—see the curve 
labelled “‘Crystal response” in part (b) of Fig. 4. The 
effective polarization efficiency then emerges readily 
after we perform some arithmetic. 

By fluxmeter measurements on the analyzer, the 

16 Granting that the Co®—Ni® spin sequence is 54-2-0, then 
the v/c line of greatest possible slope is the one we have drawn. 
By imagining a ridiculously large negative (real) Fierz interfer- 
ence term the data could be “fitted” to be sure. Or, imagining a 
different spin sequence, say 4~4-2-0, then with fortuitous Gamow- 
Teller—Fermi interference without the aid of Fierz terms we 
could expect as much polarization as +0.500/c—physically, a 
gamma cascade 4-2-0 following an allowed transition tad there- 
fore having either gamma ray unaligned) can yield no more than 
50% photon-helicity of course. At this time we think it is best not 
to pursue the speculations further, into “Coulomb effects” for 
example. 

t Note added in proof.—Professor Steffen in private communica- 
tion has pointed out that the results referred to (reference 5) cannot 
be taken as conclusive verification of a v/c law. Rather, it is better 
stated that these results do not disagree with such v/c dependence. 
We thank Professor Steffen for kindly reminding us that this 
alternative inference may be taken from that paper (see refer- 
ence 5). 
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CRYSTAL RESPONSE THROUGH IRON 








Fic. 4. Analyzer efficiency. Part (a) shows relative efficiency 
for analyzing circular polarization for a ray at distance R from 
center of toroid (toroid outer radius is unity). The vertical scale 
is such that if the path length in iron were equal to the outer 
diameter of the toroid and if the spins were aligned with the ray, 
e would be unity. The quadrant of a circle sketched indicates a 
fictitious « which ignores obliquity of the spins. Part (b) shows 
the counting rate distribution over the detector crystal superim- 
posed on the computed e. 


average flux density B from inner to outer radius is 
known as a function of magnetizing current J. Similar 
measurements were made on a second toroid of small 
cross section which had been machined from the same 
piece of stock from which the analyzer was made. From 
the shape of the latter B/I curve, taken to represent 
the material and not the geometry, it was clear that the 
analyzer at its chosen operating current indeed had 
essentially constant magnetization from inner to outer 
radius—that is, the number of ampere-turns/cm fur- 
nished even at the larger radius was sufficient to main- 
tain the magnetization there well above the knee. Of 
course, by comparison of the absolute flux density 
measured on the thinner sample only, at the ampere- 
turn/cm value corresponding to the outer radius of the 
analyzer, with the average flux density in the analyzer, 
one has a double check. 

The computed polarization efficiency of the toroid- 
plus-counter arrangement as used in the present ex- 
periment, at 1.24 Mev, at 17.3 kilogauss, is 0.034 
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Fic. 5. Y® bremsstrahlung. The measured 6 is compared with 
the response computed for the toroid if the gamma rays were 100% 
left circularly polarized (solid curve). The dashed curve is our esti- 
mate for Y® based on the bremsstrahlung calculations of C. 
Fronsdal and H. Uberall, Phys. Rev. 111, 580 (1958). 


(based on the usual Compton formulas'*). That is, the 
change in transmission on reversing the analyzer field 
for 100% polarized gammas would be 3.4% (and this 
value is represented in Fig. 3). 

Immediately after the Co™ data-taking was finished, 
the cobalt source was replaced by a Sr®— Y™ source so 
arranged that the bremsstrahlung produced in Pb was 
analyzed. The 6 so measured is exhibited in Fig. 5, and 
is in line with the Y® results first obtained by Gold- 
haber ef al.® 


APPENDIX B 


Singles gamma rays.—Any change in this counting 
rate was effectively taken out by dividing always the 
recorded coincidences by the total number of gamma 
rays counted during that same interval. In this con- 
nection, it had been ascertained by separate tests that 


16 For example, see Appendix A of S. B. Gunst and L. A. Page, 
Phys. Rev. 92, 970 (1953). 
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the number of coincidences per gamma was a mean- 
ingful number: from data over a considerable range of 
gamma-ray rate obtained by offsetting the photomulti- 
plier high-voltage supply (a factor two on either side of 
the normal rate during the experiment proper), a plot 
of coincidence rate versus gamma-ray rate was highly 
linear and had zero intercept. Noticeable coincidence 
loss came in only at quite high gamma-ray rate, at 
least a factor three above normal. For the bias setting 
used (see Fig. 2), there was an influence on singles 
gamma-ray rate on reversing the field in the toroid 
(1.5%). A compensating winding in series with the 
toroid winding was installed near the photomultiplier 
and adjusted so as to nullify this effect. Whether or not 
the compensator is used should make no difference to 
the measured number of coincidences per gamma, be- 
cause of the proportionality just discussed and because 
(see below) we know that the toroid either with or 
without compensator does not influence the singles beta 
rate. In Fig. 3 the point at o/c=0.71 was run entirely 
without compensator; the point at 0.42 was run one- 
half without and one-half with the compensator acting. 
All other points were run with the compensator 
connected. 

Single betas.—At each 0/c value run, the beta count- 
ing rate was monitored frequently and no drift of any 
consequence was found. Also, several times during the 
period over which the data for each v/c value were 
being accumulated, an hour would be set aside to 
measure by rapid reversal of the toroid field the influ- 
ence of such reversal on the singles beta rate. This in- 
fluence was found to be less than 0.05%. For these two 
reasons it was not necessary to divide coincidence rate 
by singles beta rate. 
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Thin targets of natural indium were bombarded with 7.04-Mev protons, and the scattered particles were 
analyzed with a magnetic spectrograph. Inelastically scattered protons were observed corresponding to ex- 
cited states in In™ at 1.078, 1.135, 1.292, and 1.982 Mev. Measurements were made on the variation of the 
absolute cross sections for elastic and inelastic scattering, and it is concluded that a direct interaction 


process is important in the excitation of these states. 


I. INTRODUCTION 


REVIOUS investigations, at somewhat lower bom- 

barding energies than used in the present experi- 
ment, have shown that inelastic scattering in nuclei 
neighboring indium, including the several isotopes of 
cadmium, proceed mainly by Coulomb excitation.!? 
Initial cross-section measurements on the inelastic 
scattering of protons from indium* were inconsistent 
with this excitation mechanism. The angular distribu- 
tion of the inelastically scattered protons was measured 
in an attempt to obtain more information about the 
process. 

The angular distribution of the elastically scattered 
protons was separately measured for the purpose of 
normalizing the inelastic measurements. The 7.04-Mev 
bombarding energy is about three-fourths of the barrier 
height of indium, and the elastic distribution deviates 
substantially from Rutherford scattering. 


II. APPARATUS 


The apparatus used in these experiments has been 
described in some detail in previous publications.*® 
The source of protons was the MIT-ONR electrostatic 
accelerator. The protons scattered from the target were 
analyzed by a broad-range magnetic spectrograph. The 
unscattered part of the beam passed through the thin 
target and was collected in a Faraday cup and measured 
with a current integrator. 

The targets were prepared by the evaporation in 
vacuum of spectroscopically standardized natural in- 
dium onto thin films of Formvar supported on wire 


frames. A tantalum boat was used in the evaporation 


* This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Now at Lockheed Missile Systems Division, Palo Alto, 
California. 

1R. D. Sharp and W. W. Buechner, Phys. Rev. 109, 1698 
(1958). 

( 2G. M. Temmer and N. P. Heydenberg, Phys. Rev. 104, 967 
1956). 

*R. D. Sharp and W. W. Buechner, Bull. Am. Phys. Soc. 
Ser. II, 2, 179 (1957). 

‘Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956). 

5C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 


procedure. Natural indium consists of 95.8% In"® and 
4.2% In", 


Ill. PROCEDURE 
Angular Distribution Measurements 


Long bombardments, generally 1000 to 3000 micro- 
coulombs at a rate of about two or three hundred per 
hour, were made at each of six angles of observation: 
45, 60, 75, 90, 106, and 1175 degrees. The spectrograph 
field was adjusted so that the protons elastically scat- 
tered from indium appeared at the upper ends of the 
photographic plates used for detection. Four inelastic- 
ally scattered groups, together with those groups repre- 
senting protons elastically scattered from the lighter 
elements present in the target (carbon, nitrogen, oxy- 
gen, and sulfur in the Formvar backing), were recorded 
at positions on the plates corresponding to lower proton 
energies. Typical data are shown in Fig. 1. 

The groups associated with elastic scattering from 
indium were so dense as to be uncountable in these long 
exposures. Short exposures were made in separate zones 
of the photographic plate such that these groups could 
be counted. A current integrating circuit was used to 
measure the total current collected in the Faraday cup 
during the exposures. The circuit was only approxi- 
mately calibrated for absolute current measurements 
and was used only to determine the relative lengths of 
the short to the long exposures. By varying the field 
of the spectrograph, two short exposures could be 
placed in each of the two other zones of the photographic 
plate without interfering with each other. These ex- 
posures were generally made before, after, and either 
once or twice at intervals in the period of the long 
exposure. The consistency of the results of the various 
short exposures was checked to detect any variations 
in target thickness or current measurements during the 
experiment. 

The total number of proton tracks in the various 
inelastic and elastic groups were counted. From these 
data, the ratio R(@) of the inelastic to the elastic 
scattering cross sections at the various angles was ob- 
tained. A correction factor was applied to account for 
the variation in the spectrograph solid angle with dis- 
tance along the plate. This variation arises because 
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Fic. 1. Representative data for three of the angles observed in the angular distribution of inelastically scattered 


protons from In"™*, The incident proton energy was 7.04 


Mev. Peaks corresponding to elastically scattered protons 


are marked with the elements from which they are scattered. Peaks eer y oe to inelastic scattering in In" 


are marked with the energy of the corresponding level. In the position of t 


e (uncountable) indium elastic peaks 


are shown the peaks obtained from one of the short exposures made to normalize the data. The exposures are 


given in microcoulombs (ucoul). 


different positions on the plate correspond to different 
trajectory lengths in the magnetic field and, hence, 
different distances from the target. A geometrically 
derived correction factor was verified by measuring 
the variation in intensity of the elastically scattered 
group from a thin gold target as it was moved along 
the plate in 5-cm steps by varying the spectrograph 
field. 

Since the inelastic scattering experiments were done 
with several different targets, it was necessary to relate 
the results of these measurements at the various angles 
by the measurement of the angular variation of the 
elastic cross section at this same energy. For this meas- 
urement, the target was inclined at 45 degrees to the 
beam. For the forward angles of observation from 30 to 
90 degrees, the protons scattered through the target 
were examined. For the back angles from 90 to 130 
degrees, the target was rotated by 90 degrees, and the 
protons scattered from the bombarded side were ex- 
amined. The two runs were normalized to each other 
at 90 degrees. Exposures were made at the same angles 
as in the inelastic measurements. Two exposures were 
made at each position and each of the two runs was 
started and finished at 90 degrees. Thus, any changes 


in the target or the current measurements would have 
been detected. A total of eight exposures were made at 
90 degrees, the normalizing angle. The exposures were 
adjusted so that approximately 3000 tracks were in 
each peak. This is about the maximum number that 
can conveniently be counted with peaks of the width 
used in these experiments. The number of protons 
observed in the two exposures at each angle agreed 
with each other within the expected statistical varia- 
tion, and the totals were used in the calculations. The 
resultant curve of the angular distribution of the elastic 
scattering cross section was used with the inelastic 
measurements to obtain the relative angular distribu- 
tions of the inelastic cross sections: 


da;(6) do,(0) 
aa 6) 
dQ 


’ 


dQ 


where do;(6)/dQ2=relative differential inelastic cross 
section at the angle 6, do,(@)/dQ=relative differential 
elastic cross section at the angle 6, and R(@)=experi- 
mentally determined ratio of the inelastic to the elastic 
scattering cross section at the angle 0. 

A careful alignment of the spectrograph had pre- 





ANGULAR DISTRIBUTIONS 
viously been performed to insure that the beam spot 
was on the axis of rotation of the magnet® so that the 
solid angle subtended by the spectrograph did not vary 
with the angle of observation. As a further check on 
this important factor, as well as on the general experi- 
mental techniques, the angular distribution was es- 
sentially repeated at 5.0 Mev with a thin gold target. 
Exposures were taken only at the extremes of the dis- 
tribution: two at 45 degrees; four at 90 degrees, the 
normalizing angle for the target shift; and two at 130 
degrees. The results were compared with Rutherford 
scattering which should be completely dominant in 
this region, and within the experimental errors were 
in agreement with its predictions. 


IV. ABSOLUTE MEASUREMENTS 


The cross-section measurements were made absolute 
by experimentally determining the ratio of the elastic 
scattering cross section at the various angles to the 
cross section for Rutherford scattering. At sufficiently 
low energies and small scattering angles, the deviations 
of the elastic cross section from Rutherford scattering 
become negligible, and the absolute cross section can 
be calculated. 

The angular variation of the elastic scattering cross 
section at 7.04 Mev was found to approach the predic- 
tions of Rutherford scattering at the forward angles, as 
can be seen in Fig. 2. Protons scattered to these angles 
have made collisions characterized by large impact 
parameters and thus are least affected by the short- 
range nuclear force. At these forward angles, it was 
assumed that the magnitude of the cross section, as 
well as its angular variation, was given by the Ruther- 
ford scattering formula. 

The variation with energy of the 90-degree elastic 
scattering cross section was measured from 7.0 Mev 
down to 5.0 Mev, where the characteristic 1/* depend- 
ence of Rutherford scattering was observed. The rela- 
tive cross section (times #*) is shown in Fig. 2. Because 
of the presence of some unexplained data outside the 
expected statistical deviations, the experiment was 
repeated with the aid of a scintillation counter inserted 
in the spectrograph in place of the plateholder. Points 
were taken at 25-kev intervals in order to determine 
whether or not there were any sharp resonances in the 
elastic scattering cross section. No such resonances were 
found, and the counter data were in agreement with the 
solid curve shown in the figure. This figure shows the 
data from the photographic plate measurements only. 
No satisfactory explanation for the variations in the 
region of 6.5 Mev was found. The elastic cross section 
at 7.04 Mev is 11% below the Rutherford scattering 
cross section as determined by the asymptotic portion 
of the curve. This is to be compared with 9% from the 
corresponding point of the angular distribution. This 
is considered to be within the experimental errors. 

Each of these two procedures effectively measures 
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Fic. 2. Elastic cross-section measurements on In", The upper 
curve shows the variation of the 90-degree elastic cross section 
with energy. The Rutherford scattering energy dependence of 
1/Ej,? has been removed. The lower curve shows the variation of 
the 7.04-Mev elastic cross section with angle. The Rutherford 
scattering angular dependence of 1/sin‘(@/2) has been removed. 
The size of the points represents the standard deviation of the 
data. K is a factor correcting for the change in the solid angle 
subtended by the spectrograph with the distance along the plate 
at which the peak is recorded. 


the product of target thickness and the spectrograph 
solid angle for the conditions of the elastic exposures. 

As a check on the results of the previous procedures, 
a direct determination of the absolute elastic cross 
section was made at 7.04 Mev and 90 degrees, using a 
weighted target and absolute current measurements. 
For this a layer of indium was evaporated onto an 
aluminum foil through a circular aperture of known 
radius in a brass shield. The foil, together with a control 
foil which had been shielded during the evaporation 
process, was weighed both before and after the evapora- 
tion. The weight of the control foil remained constant. 
The radius of the circular area of indium on the foil 
was checked in a microscope equipped with a traveling 
stage whose movement was measured by a dial gauge. 
It agreed with the measurements on the brass shield. 

The foil was mounted on a rigid target rod projecting 
through the roof of the target chamber with a 7-in. 
diameter protractor mounted on its top, and the angle 
of the foil to the beam line was carefully set. 

The current integrating circuit previously described 
was replaced by a system designed to make absolute 
current measurements, in which a charged condenser 
was discharged by the beam current. A Lindemann 
electrometer examined with a low-power microscope 
was used as a null instrument to determine when the 
condenser was completely discharged. The exposure 
length was set by the voltage to which the condenser 
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was initially charged. This voltage was measured with 
a precision voltmeter. 

The solid angle subtended by the spectrograph was 
calculated from the slit system dimensions assuming 
simple trajectories. This assumption is justified by the 
coincidence of the experimental and geometrically cal- 
culated relative solid-angle curves of the spectrograph 
(see section on angular distributions). If the fringing 
field had any large effect on the trajectories, it would 
presumably affect the relative as well as the absolute 
solid angle. The total number of tracks in the indium 
elastic peak were counted, and the absolute cross sec- 
tion was computed from the following expression : 


=) 
: 


where C is the total number of tracks in the peak, p is 
the number of indium atoms per cubic centimeter in 
the target, 6 is the angle between the beam direction 
and a normal to the target, (¢/cos@) is the effective 
target thickness, w is the solid angle of acceptance of 
the spectrograph in steradians, and V is the number of 
protons in the incident beam throughout the exposure. 

The average of the results of three different exposures 
at 7.04 Mev and 90 degrees gave a cross section 12% 
below the value expected from Rutherford scattering. 
This is in surprisingly good agreement with the other 
measurements. Considering the weighing uncertainties, 
nonuniformity of the target, current integration errors, 
and the uncertainty in target angle, a probable error of 
about 10% is estimated for this measurement. 

The first two procedures for the determination of the 
absolute cross section are expected to be more precise, 
since the above factors do not enter. The important 
uncertainties in these measurements are felt to be the 
uncertainty in the relative solid angle determination 
which was used as a correction, errors in the shorter 
exposure which were due to the finite time necessary 
to turn off the beam (the current integrator read to the 
next lower tenth of a microcoulomb), and the statistical 
deviations in the peaks. This statistical uncertainty is 
shown plotted in Fig. 2. 


V. RESULTS 


Four groups of protons were observed whose energies 
varied with angle of observation and incident energy in 
the manner to be expected for inelastic scattering from 
indium. On the basis of intensity, it is assumed that 
the groups arose from In™* (abundance 95.8%). The 
energies of the corresponding excited states are 1.078, 
1.135, 1.292, and 1.982 Mev. The estimated precision 
of these measurements is +10 kev. 

Many levels have previously been observed in indium 
in various processes, such as 8 decay of Cd"®,® inelastic 


6 J. Varma and C. E. Mandeville, Phys. Rev. 97, 977 (1955). 
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neutron,’ alpha,* and photon’ scattering, and Coulomb 
excitation.” The correspondence in energy values among 
the results of the various experiments is not good, and 
it is difficult to determine which of the levels reported 
are actually the same. 

The 1.292-Mev level observed here has been observed 
in the B decay of Cd"® and identified as an 11/2* state.* 
The 1.078-Mev level could correspond to the 1.04 
+0.02-Mev level reported by Waldman and Miller 
from a (y,y’) process.’ The 1.135-Mev level may cor- 
respond to the 1.15-Mev gamma ray of unspecified 
origin seen by Scherrer, Allison, and Faust" after 
neutron bombardment of indium. Day ef al.’ report a 
1.11-Mev gamma ray from inelastic neutron scattering 
that could correspond to either of the levels seen here 
at 1,078 or 1.135 Mev. 

The variations of the absolute cross sections for in- 
elastic scattering, do,;(@)/dQ, are shown in Fig. 3. The 
values were calculated from the expression 


da;(0) R(@)S(0) dor(@) 


’ 


dQ I { 


where J is the isotopic abundance, S(@) is the experi- 
mentally determined ratio of the elastic scattering to 
the Rutherford scattering cross section at the angle @, 
and dopr(@)/dQ is the calculated Rutherford scattering 
cross section. 

As can be seen in Fig. 1, the cross sections for inelastic 
scattering were so low that at some angles various of 
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Fic. 3. Experimental angular variations of cross sections for 

inelastic proton scattering in In"*, The incident proton energy 
was 7.04 Mev. The bars through the points represent standard 
deviations. For the angles indicated by the arrows, only upper 
limits are indicated. The curves are drawn for the best fit to the 
data. 

7 Elliot, Hicks, Beghian, and Halban, Phys. Rev. 94, 144 (1954); 
Martin, Diven, and Taschek, Phys. Rev. 93, 199 (1954); A. A. 
Ebel and C. Goodman, Phys. Rev. 93, 197 (1954); Day, Johnsrud, 
and Lind, Bull. Am. Phys. Soc. Ser. II, 1, 56 (1956). 

®R. R. McLeod, Phys. Rev. 100, 1265 (1955). 

9B. Waldman and W. C. Miller, Phys. Rev. 75, 425 (1949); 
Burkhardt, Winhold, and Dupree, Phys. Rev. 100, 199 (1955). 

1 Alkhazov, Andreyev, Greenberg, and Lemberg, Physica 22, 
1129 (1956). 

1 Scherrer, Allison, and Faust, Phys. Rev. 96, 386 (1954). 
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the groups were close to the lower limit of detectability 
of the equipment, and targets thin enough to give a 
sharp peak distinguishable from the background re- 
sulted in yields almost too low to be observed. Because 
of the increasing background with decreasing angle, no 
usable data were obtained for angles less than 45 de- 
grees. Over the angular range covered, three peaks 
were obscured by the background, and upper limits for 
the corresponding cross sections were calculated. These 
points are indicated by arrows in Fig. 3. For the other 
points, the standard deviations are plotted. The curves 
are drawn for the best fit to the data. 

The major errors involved in the inelastic scattering 
measurements were due to the statistical uncertainties 
and the error involved in estimating the background to 
be subtracted from the peaks. An idea of the magnitude 
of this error can be obtained from Table I, where the 
percentage change in cross section for a 25% error in 
the background estimate has been computed for some 
typical exposures. 


VI. CONCLUSIONS 


Inelastic scattering is expected to proceed via one or 
more of three mechanisms; Coulomb excitation, com- 
pound nuclear formation, and direct interaction. The 
only Coulomb excitation processes of sufficient proba- 
bility to be considered here are electric dipole and quad- 
rupole transitions. An estimate of the electric dipole 
transition probability can be made for single-particle 
transitions in a spherical well.” Neglecting spin factors 
and other factors of the order of unity, one obtains 
B(F1)/é@=0.8X10-** cm?. Collective effects would be 
expected to decrease this value. 

An example of the expected angular distributions 
calculated with the semiclassical Coulomb excitation 
theory of Alder and Winther,” using this transition 
probability, is shown in Fig. 4. Only the 1.078-Mev 
level could be fitted with a dipole distribution, and this 
would involve using the upper limit of the transition 
probability. In practice, the relatively few electric di- 
pole transitions that have been observed have had 
transition probabilities from 10~* to 10~7 of this limit." 

A similar single-particle estimate can be made for 
the electric quadrupole transition probability, yielding 


TaBLE I. Percentage change in inelastic cross sections for 25% 
error in background estimate. 


Levels in Mev 


2 A, Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16, 105 (1953). 

18 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

4G, M. Temmer and N. P. Heydenburg, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6. 
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Fic. 4. Theoretical curves calculated for the angular distribu- 
tions of inelastically scattered protons in In"*, The direct inter- 
action curves are calculated for ro>=1.9X10~% cm. An arbitrary 
isotropic background has been added. The £1 Coulomb excitation 
curves are claculated for a reduced transition probability corre- 
sponding to the single-particle limit B(#1)/e?=0.8X 10 cm’. 
The £2 Coulomb excitation curves are calculated for a reduced 
transition probability B(£2)/e?=0.1X 10-8 cm‘ as estimated from 
the properties of neighboring nuclei. For comparison, the experi- 
mental points of Fig. 3 are repeated. 


B(E2)/e=0.008 X 10~* cm‘. In this instance, collective 
effects are expected to enhance the transition. Indium 
is in the region of the periodic table in which nuclei 
have approximately spherical equilibrium shapes and 
collective excitations take the form of vibrations. If one 
neglects the coupling between the’ intrinsic nuclear 
motion and the vibrations, one can obtain an estimate 
of the reduced quadrupole transition probability from 
the vibrational parameters of neighboring even-even 
nuclei. Using the one-phonon quadrupole excitation 
probabilities of the even-even cadmium isotopes, one 
obtains a reduced transition probability of approxi- 
mately B(E2)/e?=0.1X 10~* cm‘, again neglecting spin 
factors of the order of unity. Theoretical distributions 
calculated with this value are shown in Fig. 4 for the 
1.135- and 1.982-Mev levels. The E2 process could con- 
tribute more or less to the cross sections of the four 
states, but the shapes of the measured distributions for 
levels 2 and 3, in particular the minima at about 75 
degrees, indicate the importance of other mechanisms 
in the excitation of these states. 

On the basis of the statistical model, the angular 
distribution for a reaction proceeding through the com- 
pound nucleus is expected to be symmetric about 90 
degrees if the compound nucleus is formed in a region 
of many broad overlapping states whose various phase 
relations cancel each other. For a nucleus as heavy as 
Sn"* at an excitation of 18 Mev, the compound nucleus 
might be expected to be of this nature. The shape of 
the distribution for the 1.982-Mev level and perhaps 
for the 1.078-Mev level could be accounted for by this 
mechanism or by a combination of this mechanism and 
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E2 Coulomb excitation. Under the statistical assump- 
tion, interference effects between these processes will 
cancel, and the asymmetric distributions for levels 2 
and 3 cannot be accounted for in this way. The most 
likely alternative explanations are the breakdown of 
the statistical assumption in this region, with the reac- 
tion proceeding through the compound nucleus and with 
interference effects causing the asymmetric distribu- 
tions, or the breakdown of the compound nucleus 
assumption, with a direct interaction process becoming 
important. 

An estimate of the expected contribution of com- 
pound nucleus formation to the reaction can be made 
from the cross section for compound nucleus formation 
calculated from the penetration of the Coulomb bar- 
rier.!® If one estimates the level densities of the various 
relevant residual nuclei from the Fermi gas model, one 
can calculate the expected proton-to-neutron emission 
ratio.!® This approximation is undoubtedly not accurate 
in this energy range but can serve as an orientation 
with respect to magnitudes. 

The expected total cross section for proton emission 
to all available levels can be estimated in this way to be 
roughly 0.05 millibarn. By estimating average values 
for the measured cross sections extrapolated through 
180 degrees, one obtains a total proton emission cross 
section of roughly 3 millibarns. It thus appears likely 
that the contribution to the distributions from com- 
pound nucleus formation is small. 

Direct interaction, the third process considered, re- 
sults in distributions characterized by large forward 
maxima for low angular momentum transfers. The 
angular distributions are functions of the orbital angu- 
lar momentum transfer involved in the interaction, 
and an interaction radius parameter r=1oA!X 10-" cm. 
The parameter ro is usually somewhat larger than the 


15 J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 352. 

16P. Morrison, Experimental Nuclear Physics, edited by E. 
Segré (John Wiley and Sons, Inc., New York, 1953), Vol. 2, p. 106. 
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value for the nuclear radius obtained from other 
methods.” 

The spin and parity of the 1.292-Mev level have been 
determined® from the 8 decay of Cd"* as 11/2+. Thus, 
the direct interaction process can take place only with 
even / values 0, 2, . . . , etc. The best fit to the experi- 
mental distribution, using a radius parameter in the 
usual range for direct interaction, is obtained with 
ro= 1.9. The shape of the experimental distribution can 
be accounted for by either an /=2 interaction or some 
combination of /=0 and 2 interactions. The curves are 
shown in the figure as computed from the theory of 
Austin ef al.!* They are plotted with an isotropic back- 
ground added. 

The results of attempts to fit the other distributions 
using the same value of the radius parameter ro are 
also shown in the figure. One obtains values of 2 and 
perhaps 0 for the 1.078- and 1.135-Mev levels. The 
1.982-Mev level distribution is more or less isotropic, 
although it could have a small amount of /=4 or higher. 

These values should not be taken too seriously, since 
the theory is not expected to give precise angular dis- 
tributions in a region where interference effects with 
competing processes are likely to be important. This 
fact, coupled with the experimental uncertainties, 
makes any assignments rather doubtful. Qualitatively, 
however, it is reasonable to expect that the forward 
maxima of the experimental distributions can be ac- 
counted for by an interaction mechanism of this type. 

In conclusion, it appears more. likely that the dis- 
tributions with the characteristic forward maxima for 
three out of four levels are caused by a direct interac- 
tion process rather than by chance phase relations 
among the levels in the compound nucleus. This and 
the large magnitudes of the cross sections, in compari- 
son to the expected compound nucleus values, indicate 
that the direct interaction process is probably important 
in the formation of these states. 

17S. T. Butler, Phys. Rev. 106, 171 (1957). 

18 Austin, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
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The mean life of the first excited state of F!” has been measured using a pulsed-beam technique. The mean 
life is definitely <0.5 mysec. The result obtained is (0.35+-0.15) musec with the upper limit more firmly 
established than the lower. A value of 495+ 15 kev was obtained for the excitation energy in F!’. A measure- 
ment of the mean life of the first excited state of B® gave a value of (0.90+0.1) mysec. 


INTRODUCTION 


HE mirror nuclei O"’ and F"’ have been treated 
extensively because of the essential simplicity of 
a structure which consists of a closed shell plus a single 
nucleon. A sensitive measure of the validity of this 
simple picture for these nuclei is provided by a knowl- 
edge of transition probabilities for the low-lying levels. 
If the core is relatively inert, the lifetime of the first 
excited state in F'’ or O' should be approximated 
closely by the pure £2 lifetime for transition of a proton 
or neutron between the single-particle levels s; and dy. 
Hence, the lifetime for F'’ would be very much shorter 
than for O'’. At the other extreme, a large interaction 
with the core would tend to equalize and shorten both 
lifetimes. These effects have been treated quantita- 
tively by a number of authors.!” 

From the measured mean life® of (0.25+0.1) mysec 
for the first excited state in O'’, it was already apparent 
that some collective motion must be invoked to explain 
the very short lifetime. To test the explanations ad- 
vanced for this case, a measurement on the mirror 
level in F"’ is very desirable. Unfortunately, any recoil 
technique such as the one used for O" is difficult to 
apply since the energy of the radiation from F!* 
(~500 kev) coincides so closely with the energy of the 
annihilation radiation which results from the positron 
decay of the ground state of F'’. In the hope that the 
lifetime might lie in the region accessible to an elec- 
tronic technique, which would effectively suppress this 
background, a measurement was attempted with the 
timing method available in this laboratory. During the 
course of this work a successful measurement of the 
lifetime was reported by Lehmann eé al.4 

The nucleus B” does not present the structural 
simplicity of F'’ and O', but the success achieved in 


t This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953); J. P. Elliott and B. H. Flowers, 
Proc. Roy. Soc. (London) A229, 536 (1955); F. C. Barker, Phil. 
Mag. 1, 329 (1956); R. J. Blin-Stoyle, Proc. Phys. Soc. (London) 
A70, 532 (1957); B. J. Raz, Phys. Rev. 107, 1201 (1957); S. 
ios) and R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 3, 49 

1958). 

2G. Barton, Nuclear Phys. 6, 100 (1958). Revised ratios of 
matrix elements given by G. Barton in a private communication. 

8 J. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953). 

4 Lehmann, Lévéque, Grjebine, Picou, and Barloutaud, Compt. 
rend. 245, 2259 (1957); Lehmann, Lévéque, Barloutaud, and 
Grjebine, J. phys. radium 19, 44 (1958). 


describing the location and character of the low-lying 
levels has stimulated a study of their transition prob- 
abilities.*:* In this case also, the reported measurements 
on the lifetime of the first excited state indicate the 
presence of collective motion in the £2 transition. 
These measurements have used both recoil and elec- 
tronic techniques. As seen in Table I, the results are in 
qualitative agreement but there is possibly a quantita- 
tive disagreement, especially between the results of the 
two different techniques. Because of the importance of 
this lifetime, we present here a measurement utilizing 
the same method as used for F''’. 


EXPERIMENTAL PROCEDURE 


The excited state in F'’ was produced by proton 
capture in O'* which is followed by a cascade through 
the level of interest. A thick target of ice (HO) was 
mounted at the end of the proton beam tube on a gold 
foil which was in contact externally with a reservoir of 
liquid nitrogen. The radiation was detected in a Nal 
crystal, 0.5 in. thick by 1.0 in. in diameter, mounted as 
close as practicable to the target and shielded from 
radiation from the accelerator. 

The technique of measurement is described in more 
detail elsewhere.’ The proton beam, E,=3.0 Mev, was 
pulsed by passing it through an oscillating electric field 
which swept it back and forth across a slit situated at 
a distance of 200 cm from the field. The frequency of 


TABLE I. Measurements of the mean life of 
the first excited state of B™. 








Mean life 
(mysec) 
0.7 +0.2 
0.85+0.2 
1.05+-0.1 
1.16+0.3 
0.90+0.1 
0.94+0.06 


Method Reference 





Recoil (collimator) a 
Recoil (stopper) b 
Electronic (p,y) c 
Electronic (y,7) 
Electronic (p,y) 
Weighted average 


Present work 


® See reference 3. 

b J. C. Severiens and S. S. Hanna, Phys. Rev. 104, 1612 (1956). 
¢ See reference 10. 

4S. Gorodetzky and A. Knipper, J. phys. radium 19, 83 (1958). 
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6D. Kurath, Phys. Rev. 101, 216 (1956), and 106, 975 (1957). 
7R. E. Holland and Frank J. Lynch, Argonne National Lab- 
oratory Report ANL-5818, 1957 (unpublished), p. 11. The method 
is similar to the one used and described by Weber, Johnstone, and 
Cranberg, Rev. Sci. Instr. 27, 166 (1956). 
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Fic. 1. The time spectrum for radiation from the first excited 
state of F!? in the reaction O!"(p,7)F!, compared with the time 
spectrum for radiation from the proton bombardment of alumi- 
num. The difference in the centroids of the two curves is denoted 
by A, and the value is given in millimicroseconds. The ordinate is 
logarithmic. Each channel is equivalent to 0.15 mysec. 


oscillation was 7.50 megacycles/sec and the maximum 
value of the field was 9.5 kilovolts/cm. The pulses thus 
produced on the target were separated in time by 
62 musec, their width was approximately 0.6 mysec, 
and the average current on the target was usually 
0.2 ya. 

The measurement consists essentially in determining 
the time of arrival of a gamma ray in the detector, on a 
time scale established by the pulsing of the beam. The 
characteristic time for each event is converted into a 
pulse height which can then be used with conventional 
circuits to obtain a variety of information. 

The following spectra, all displayed on a 256-channel 
analyzer, were obtained: 


(1) The total, ungated spectrum of pulse heights 
from the detector. This spectrum consisted chiefly of 
the capture radiation from O'*(p,yy)F"’, the annihila- 
tion radiation from the positron decay of F'’, and x- 
radiation from the accelerator. The radiation from the 
first excited state of F'’ and the annihilation radiation 
produced a strong photopeak at 500 kev. 

(2) The spectrum consisting only of those gamma 
rays which are produced promptly in the target (within 
about 4.0 musec) after the arrival of each proton pulse. 
This spectrum was obtained by gating the output of 
the detector with “time pulses” whose amplitudes were 
selected so as to correspond to prompt radiation. From 
this spectrum, in which the annihilation radiation was 
greatly suppressed, an energy of (495415) kev was 
obtained for the radiation from F!™*. 

(3) The spectrum of those gamma rays which are 
essentially uncorrelated with the proton pulse. In this 
case the spectrum was gated by time pulses with am- 
plitudes corresponding to some time delay (>4 mysec). 
In this spectrum the annihilation radiation appears 
with the random background since the lifetime of F"’ 
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is very much longer than the interval between proton 
pulses. 

(4) The spectrum of the time pulses for those gamma 
rays which produce 495-kev pulses in the detector. In 
this case, pulses from the detector which pass a channel 
set at 495 kev were used to gate the output of the time- 
to-pulse-height converter. It is the analysis of this time 
spectrum which yields the value of the mean life. 

(5) A spectrum similar in every way to (4) except 
that the oxygen (H,O) target was replaced by an 
aluminum target. This time spectrum of prompt radia- 
tion’ (chiefly from Al*’(p,p’7)AP”) was used as a stand- 
ard with which the curve for F'’ was compared as 
shown in Fig. 1. In order to minimize possible electronic 
drifts, the data were accumulated by interchanging the 
H,O and Al targets many times without otherwise 
altering the experimental arrangement. Both targets 
were mounted in the target chamber, which was hinged 
to the main beam tube by means of a Sylphon bellows, 
so that either target could be readily rotated into 
position. 

Before obtaining the final spectra in Fig. 1, a series 
of tests was carried out to investigate the distortions 
produced by excessive counting rates or by the varia- 
tion of pulse height over the channel of acceptance. — 
By stringently limiting the counting rate and using a 
very narrow channel, spanning a pulse-height interval 
equivalent to about 24 kev, spurious shifts in the time 
spectrum were reduced so that they were small, 
though not negligible, compared to the shift observed 
for F'’. As a test of the criteria which were used, the 
time spectrum for radiation from the first excited state 
of Na*, obtained from the reaction Na™(p,p’y)Na™, 
was compared with the time spectrum from the alu- 
minum reaction, as shown in Fig. 2. Since the lifetime 
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Fic. 2. The time spectrum for radiation from the first excited 
state of Na® in the reaction Na*(p,p’y)Na* compared with the 
spectrum for radiation from the proton bombardment of 
aluminum. 
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of Na** is much less than 0.1 mysec,® the shift ob- 
served in this case is presumed to be instrumental 
and sets a lower limit on the capabilities of the equip- 
ment as presently constituted. 

The measurements on B' were obtained in a com- 
pletely anologous fashion to those on. F"’ and the final 
data are shown in Fig. 3. 


RESULTS 


The centroid of each time spectrum was computed 
and for each pair of curves in Figs. 1-3 the shift in 
the centroid A, is tabulated in millimicroseconds. 
In Figs. 1 and 3 the shifts’ are taken as a measure of 
the mean lives of the excited states of F'’ and B". 
The spurious shift in Fig. 2 is indicative of the error 
in the measurements. 

In the case of F!’, it is necessary to correct for the 
prompt background of primary capture radiation of 
higher energy which produces pulses in the acceptance 
channel through Compton scattering in the crystal. 
First, the spectrum described in (3) above was sub- 
tracted from the spectrum in (2), after suitable normal- 
ization, in order to obtain a prompt spectrum free of 
any random component. This spectrum was then anal- 
yzed to determine the fraction f of pulses in the accept- 
ance channel produced by the 495-kev radiation from 
the first excited state. Then 


r=A./f, 


where A, is the measured shift of the centroid in Fig. 1 
and r is the shift with the background removed. With 
the value 0.75 found for f, we obtain r= (0.3540.15) 
mysec. The error covers the uncertainty in f as well as 
the uncertainty in the measurement of the centroids. 
Since the measured shift A. is only about 2 or 3 times 
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Fic. 3. The time spectrum for radiation from the first excited 
state of B” in the reaction B°(p,p’y)B" compared with the 
spectrum for radiation from the proton bombardment of 
aluminum. 
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Bie 
the value of a possible spurious shift, as seen in Fig. 2, 
we feel that the upper limit given by the error is more 
reliable than the lower limit. 

For B'* the correction for background is negligible 
and hence we take r= A,= (0.9040.1) musec. 


DISCUSSION 


The mean life obtained for F'* is in reasonable agree- 
ment with the value of (0.25+.0.07) musec obtained by 
Lehmann ef al.‘ These investigators observed gamma- 
gamma coincidences in the same capture process and 
measured a delayed coincidence curve. The two experi- 
ments are therefore similar; in one case the time of 
emission of the second gamma ray is determined rela- 
tive to the emission of the first gamma ray and in the 
other it is determined relative to the proton capture. 

A weighted average of the two results for F!* is 
r= (0.29+0.07) musec, and the ratio of the lifetimes 
for F'** and O'™* is then 1.2+0.6. Of more interest is 
the ratio of the reduced matrix elements, which is 
equal to 3.7+1. This result emphasizes the deviation 
from a pure single-particle model for which the ratio 
would be 

A*/Z = 36. 


Barton? gives for this ratio a value of 3 for the collective 
model and 2.4 when configuration mixing is assumed. 
The matrix element for the transition in F" is roughly 
equivalent to four Weisskopf units. 

All the results which have been obtained for the 
transition in B'° are summarized in Table I. The present 
result appears to reduce the possibility that there is a 
systematic difference between the results of the two 
different techniques. The weighted average (0.94+0.06) 
musec is in fair agreement with the various measure- 
ments. If the value obtained by Thirion and Telegdi’ is 
actually too low, there might also be a systematic 
deviation in their measurement of the shorter lifetime 
of O'*, It would therefore be very desirable to have a 
comparison of the lifetimes of O'* and F'!* based on 
the same technique. 

As pointed out in earlier papers,*° the lifetime of 
B'* is too short to be entirely compatible with a model 
based on intermediate coupling in the p shell. The 
strength of the £2 transition from this level as well as 
from some of the higher levels*-" indicates the presence 
of collective motion even in such a light nucleus as B™. 
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A generalized perturbation theory is developed in such a way . 


that it can be applied to a many-body problem with strong forces 
between the particles. The Brueckner expression for the energy is 
shown to be the first-order term in a particular case of this ex- 
pansion. Some of the higher-order terms in the expansion are 
studied, and the importance of self-consistency in the energy 
denominator of Brueckner’s equation and of the use of the ex- 
clusion principle in intermediate states is assessed. A possible 
simplification of the methods used is suggested, which involves 
solving the Brueckner equation for the hard core, and using normal 
perturbation theory for the attractive part of the potential. The 
methods developed are used to analyze some details of previously 
published calculations. 

The lack of equality between the Fermi energy and the binding 
energy in the nuclear matter calculations shows that there must 


1. INTRODUCTION 


HE object of the program of Brueckner and his 
collaborators! is to derive the properties of com- 
plex nuclei from the two-body forces which act between 
nucleons, as some of the properties of atoms have been 
calculated by Hartree and others’ using the Coulomb 
interaction. It is only recently that high-energy scat- 
tering and polarization experiments have begun to show 
the details of nuclear forces, but it has been known for a 
long time that the forces have a short range, unlike the 
forces between electrons. For both the atom and the 
nucleus the particles have spin one half, and they obey 
the Pauli exclusion principle, but the nuclear particles 
have isotopic spin one half (two charge states) so that 
each state in coordinate space may be occupied by four 
particles, instead of only two. It is not certain that the 
forces between nucleons are simply the two-body forces 
observed in scattering experiments, but there is no 
definite evidence against this, and it is assumed in the 
above-mentioned calculations that they are. 
The difficulties of making a calculation for particles 
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be a rearrangement energy. A simple formula for the rearrange- 
ment energy is derived, and its importance for single-particle 
excited states, such as occur in the optical model, is shown. The 
relation between the rearrangement energy and the departure of 
the system from a degenerate Fermi-gas state is shown. The effect 
of the rearrangement energy on the ground-state energy is indirect, 
but it is as important as the self-consistency condition. The 
rearrangement energy seems to come mainly from the hard core, 
and simple numerical estimates of the rearrangement energy from 
a hard core potential show that it is somewhat less than 16 Mev 
at the Fermi surface. The ground-state energy is reduced by 
perhaps 1 Mev. There seems to be a discrepancy between the 
calculated and observed energy dependence of the real part of the 
optical model potential. 


interacting by strong short-range forces are great, and 
the simplest system to study is nuclear matter, since its 
translation invariance reduces the problem consider- 
ably. Only for the case of nuclear matter has much 
progress been made so far, but a detailed calculation has 
now been made by Brueckner and Gammel.’'* Ideally 
we wish to solve the Schrédinger equation for a system 
of A particles interacting through short-range two-body 
forces, and it is clairned that the method they use 
provides an approximate solution of the problem. A form 
of perturbation theory will be developed here which 
displays the degree of approximation involved in their 
calculations. It also shows how some simpler calcula- 
tions might be made using similar methods. 

There are two major difficulties in the application of 
perturbation theory to the nuclear matter problem. The 
first is that some forms of perturbation theory give rise 
to a spurious dependence on the total number of par- 
ticles in the system, so that convergence problems arise 
which are absent from single-particle perturbation 
theory; the way to overcome this trouble has been 
shown by Goldstone” and by Hugenholtz." The second 
difficulty is that the observed forces between free 
nucleons are strong, with a repulsive core, and perturba- 
tion theory will not converge for such forces; this is the 
trouble which is overcome by the use of Brueckner’s 
reaction matrix. The Rayleigh-Schrédinger perturbation 
theory will be used to illustrate the first of these diffi- 
culties, and it will then be shown how it can be extended 
to include also the solution of the second difficulty. The 
method used was suggested by the paper of Tobocman™ 
on the subject. 


1 J, Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957) 
uN. M. Hugenholtz, Physica 23, 481 (1957). 
12 W. Tobocman, Phys. Rev. 107, 203 (1957). 
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APPLICATION OF 


2, RAYLEIGH-SCHRODINGER PERTURBATION 
THEORY 


The difficulty about applying perturbation theory to 
a many-body problem is that the individual terms in the 
expansion may have an unsuitable dependence on A, the 
total number of particles in the system. Even if the 
expansion formally converges for all A, it may still be 
necessary to include A terms of the expansion to get 
approximately correct results. An example of this is 
given by the Brillouin-Wigner perturbation theory,” in 
which the Hamiltonian is H= H)+Hr. ® is an eigenstate 
of Ho, V is an eigenstate of H with eigenvalue E, and P 
is the projection operator off @. The expansion is ob- 
tained by iterating the equation for ¥, 


V=0+ P(E— Ho) "Hy. (1) 


This gives the energy as 


P 
P= (Hd) + (0H) + (4 H,— Hie) +o (2) 
= 0 


The first two terms in the expansion of E are propor- 
tional to A, but the third term is not, since the non- 
diagonal elements of H; are proportional to A~!: the 
number of momentum-conserving intermediate states is 
proportional to A*, but the elements of E— Hp are pro- 
portional to A for all excitations of just a few particles. 
The succeeding terms will also be constant, but there 
will be a number of order A which are of comparable 
importance, so there will be further corrections to E of 
order A. In the limit of an infinite number of particles, 
an infinite number of terms in the series must be taken 
into account. 

The Rayleigh-Schrédinger expansion does not suffer 
from this trouble.”:" In the third term on the right of 
(2), E—Hp is replaced by Eo—Ho, where Epo is the 
eigenvalue of Ho corresponding to , and this is not 
proportional to A, so the whole term is proportional to 
A. This does not prove that there are not terms which 
depend on a lower power of A, for example transitions 
which do not conserve momentum, but whose cumu- 
lative effect is proportional to A. This seems unlikely 
when it is realized that the Rayleigh-Schrédinger ex- 
pansion is a simple expansion in powers of a coupling 
constant g. If the Hamiltonian is written as 


H(g)=Ho+¢H1, (3) 


an eigenstate, subject to some subsidiary conditions, can 
be found for all values of the coupling constant g be- 
tween zero and one, and so the energy of the system can 
be expressed as a function of g in this range. If the 
density of the particles is constrained to be constant, it 
seems likely that the total energy will vary with g in a 
simple manner that does not depend on A in the limit 
of large A. If the energy is an analytic function of g, and 


19H, A. Bethe, Phys. Rev. 103, 1353 (1956). 
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if the power series converges uniformly for | g| <1, then 
there is no trouble with the terms of very high order, 
since these are only important for values of g very close 
to the circle of convergence. For the same reasons, the 
expectation values of operators corresponding to physi- 
cally observable quantities should be given in a satis- 
factory way by the Rayleigh-Schrédinger expansion. 
The observable is written as a power series in g, and its 
value can be obtained if the radius of convergence is 
greater than one. 

The wave function is not a physical observable, so it 
is not surprising that its expansion in powers of g does 
not give satisfactory convergence. If the amplitude of 
the ground-state component of the wave function is 
chosen to be unity, then the amplitude of the first term 
in the expansion is of order A, the next of order A? and 
so on. In fact, as was pointed out by Bethe,” the proba- 
bility of the system being in its ground state falls off like 
e~4, This is what gives rise to what has been called the 
“unlinked-cluster problem,” and it is analogous to the 
problem in classical statistical mechanics which is over- 
come by the use of Mayer’s cluster integrals. In classical 
statistical mechanics it is also extremely unlikely that a 
system of interacting particles will be in the ideal gas 
state, even if the interactions are very weak. The wave 
function can still be used for the calculation of observ- 
ables, since there is a cancellation of terms between the 
matrix element of the operator and the normalization 
factor. This has been treated in some detail by 
Goldstone” and Hugenholtz." 

The translation invariance of the nuclear matter 
problem dictates the choice of basis wave functions, so 
that Hartree-Fock self-consistency is no problem; if the 
unperturbed wave function is a determinant of single- 
particle states, then these states must be plane waves. 
It would be possible that the best choice of an unper- 
turbed wave function were not the condensed Fermi gas, 
but it is likely to be. There are solutions which corre- 
spond to an unstable state in which the density is less 
than the equilibrium density, and in which condensation 
has not occurred (condensation of a dilute system would 
imply the existence of long-range correlations in the 
wave function). These are states of negative pressure, 
and are unstable, although there must be some pertur- 
bation to make such states condense. 

In the generalization of this method that must be 
used here, (3) is replaced by 


H=H(g), (4) 


where H(0)=Ho and H(1)=H, so that the simple 
Rayleigh-Schrédinger expansion is a special case of this 
expansion. We expand in terms of g, and, for the same 
reasons as before, we can expect that observables will be 
given satisfactorily by the power series, if the elements 
of H(g) can be expressed as a power series in g. Even if 
the elements of H(g) cannot be expressed as a power 
series in g, it is quite possible that the expansion of some 
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other quantity will converge to the right answer. If 
H(g) is analytic, and the expansion of an observable 
converges, its sum should be the actual value of the 
observable. It is of course hoped that only a very few 
terms in the expansion need be taken into account if the 
form of H(g) is chosen correctly. 

The form of the Schrédinger equation which is used is 


|v (g))=|#) 


r 
t [H(g)— Ho—E(g)+Eo]|¥(g)), (5) 


0 470 


where the symbols have the meanings which were given 
earlier in this section. The energy is given by 


E(g)=(®| H(g)|¥(g)) 
= Eot+ (®| H(g)—Ho| ¥(g)), (6) 
if |) is normalized to unity. The notation 
H,,=([0"H (g)/dg" |,-0/n! 
is used, and similarly 
Vn= [dW (g)/dg" ]o—0/n!. (8) 


A power series expansion of E(g) can now be made by 
using (6) and (5). The solution is written as 


E(g)= Lo Eng". (9) 


The nth derivatives of (5) and (6) give 


Pr. (H,- E,) Par) 


o— Ho r= 
P 


> (Hk,— Ex) 
Eo— Ho kit-:-+hke=n 
ki>0 


P 


x - (Hk,— Ex,)|®), 
Eo— Ho Eo— Ho 





(10) 


E,= ¥ | H, |e). 


r=] 


(11) 


These can be combined to give the general formula 


E.= 2 pe (Ni+1)> 


lit-+++ha=n kit--+-+km1 =m —1 
k>0o kizO 


X(®| HyGisH te: + X--+Giem—1Him|®), (12) 
where 


Go= — |X| = P—1, 
Gi=P(Eo—Ho)-*, k>0, (13) 


and NV, is the number of times Go occurs in the term.” 
The advantage of this generalization of the method is 


4B. S. DeWitt, University of California Radiation Laboratory 
Report UCRL-2884, 1955 (unpublished), p. 115. 
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that the elements of H do not have to be finite for the 
method to converge. It has not been assumed that the 
power series for H (g) converges at g= 1, or even that the 
elements of H(g) are regular for |g| <1, but only that 
E(g) is regular for |g|<1, which could be a weaker 
condition (it could also be a stronger condition). 


3. EXPOSITION OF THE BRUECKNER METHOD 


The actual Hamiltonian of the nuclear system is 


A 
H= > Te+L 55, 


i=] ij 


(14) 


and is the sum of a single-particle part, the kinetic 
energy, and a two-particle part, the potential energy. 
The second summation on the right of (14) denotes a 
sum over all distinct pairs of particles, and this notation 
will be used throughout the work. To keep ® as a de- 
terminant of single-particle wave functions, Ho need not 
be chosen as a sum of single-particle operators, but the 
analysis is very much simpler if it is so chosen. It need 
not be a local operator, and it is not in the Hartree-Fock 
method. In fact, to preserve translation and rotation 
invariance in the nuclear matter problem, Ho must be 
diagonal in momentum space, with elements equal to 
DLT (k)+V (k) J]. The correct choice of Ho is very im- 
portant in order to get rapid convergence of the ex- 
pansion, and it will be chosen much as the Hartree-Fock 
Hamiltonian is chosen. 

It would be possible to choose H (g) in such a way that 
it included many-particle operators to take account of 
many-particle correlations at any early stage of the 
expansion, but such a choice will not be considered here, 
and H(g) will be a sum of one- and two-particle opera- 
tors for all values of g. In order to study the Brueckner 
method, a reaction matrix G is defined which satisfies the 
equation 

Ga=0+0P ata 'Ga, (15) 
where P, is some projection operator, diagonal in the 
single-particle states, e, is the sum of two single-particle 
operators with the dimensions of energy; all these 
operators are acting on antisymmetric two-particle wave 
functions. The subscript a denotes that the choice of Pa 
and é,, and hence of G,, may depend on the context in 
which G occurs; this will be explained in detail later. 
We want to express 2 in terms of G, and to do this we 
define the potential to be the function of g which 
satisfies 

Va(g) = gGa—Ba(g) Pata ‘Ga. (16) 
G, is kept constant, independent of g, and is defined by 
(15). v(g) is then only equal to », the real potential, for 
g=1, and is zero for g=0. The Hamiltonian is then 
written as 


A(g)=2X (Ti+ Vi-gVi+X r15(8), (17) 
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Fic. 1. Representation of the 
propagator —Paea'. 


which is in the same form as (4), so that the ideas de- 
veloped in the previous section can now be applied. 
This is the basis of the treatment which will be given 
here. 

In the calculations made by Brueckner and his 
collaborators,'~* the energy has always been worked out 
to first order in g, and the value of this is 
(kike|Ga ki k2), 


Extki= X T(k)+ >¥ (18) 


k<kp ki, ka<k p 


where the ket | k:k2) is used to denote an antisymmetric 
two-particle wave function. Only if P, and eg are chosen 
suitably will this be a good approximation, and thr 
choice of these depends on the choice of V, since we shall 
require some of the lower order terms in the expansion 
to be small; a variety of choices of P, and eg have been 
made in previous work, and some of these will be 
described later. The sums in (18) are over all momentum 
states with momentum less than the Fermi momen- 
tum kr. 

In analogy with the Hartree-Fock method, a single- 
particle energy, the model energy, is defined for a particle 
with momentum & as 


M(k)=T(k)+ SX (kk’|G.| kk’) 
k’<kp 


=T(k)+V(k), (19) 
and this defines Ho. It was suggested above that Ho need 
not be a sum of single-particle operators, and an ex- 
ample of this would be for the definition of the G matrix 
used in (19) to depend on the state of excitation of the 
nucleus. Combining (17), (18), and (19), we get 


20 
V(R). is 


Equation (12) as it stands is not in a convenient form 
for discussing the general terms of the perturbation ex- 
pansion, for the many-body problem, but it can be 
shown that it is equivalent to a linked-cluster expansion 
like the one used by Goldstone.” The modification of his 
formalism for the Rayleigh-Schrédinger expansion which 
must be made is due to the terms H, with />1 which 
occur in (12). The H;, defined by (7), are given term by 
term by the iteration of (16). At every place where 
there is a v interaction in the diagrams for the Rayleigh- 
Schrédinger expansion, there can be a series of G 
interactions, arising from Eq. (16), in the new expan- 
sion. The propagator —P,e,-' which must be used 
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Fic. 2. A series of ladders of the same order. 























between these G interactions is represented by a cross, 
as shown in Fig. 1. It must be remembered that the 
operator P, does not necessarily exclude states below 
the Fermi surface, and such states, behaving as particles 
and not as holes, will be shown by broken lines if there 
is any need to distinguish them. ® is treated as the 
vacuum state in this formalism, so that a hole is created 
by removing a particle from the Fermi sea. 

An important concept for this theory is the ‘‘/adder”’ 
part of a diagram. It must be remembered that the 
vertices of these diagrams are ordered to understand 
this definition. A ladder consists of two particle lines (not 
hole lines) joined by a series of G interactions—the 
rungs of the ladder—so that no interaction occurs any- 
where else in the diagram between the levels of the first 
and the last rung. Figure 1 can only occur as part or the 
whole of a ladder. The ladder may end in either particle 
lines or hole lines. The order of the ladder is one less 
than the number of rungs. A series of possible ladder 
diagrams of a certain order is shown in Fig. 2. The 
definition of P, and é,, and hence of Ga, will always be 
constant in a particular ladder, because we will wish the 
ladder diagrams to cancel with one another as nearly as 
possible, and each diagram of Fig. 2 will have the same 
set of G-matrix elements, but different propagators. 
These ladders are not identical with the ladders defined 
in Goldstone’s paper.” Of particular interest is the 
“diagonal ladder” which begins and ends on the same 
pair of states. 

Rules for computing the energy by means of diagrams 
in the Rayleigh-Schrédinger expansion have been given 
by Goldstone.” Certain modifications come from the 
use of a different expansion, so the rules are repeated 
here, with the necessary modifications. Particles are 
represented by lines going upwards, and holes by lines 
going downwards. One line must go into each vertex and 
one line out, and there are no external lines in the 
diagrams representing the ground-state energy, so that 
the particle and hole lines together form a system of 
closed loops. A vertex may be joined to itself or to 
another vertex at the same level only by a hole line, not 
by a particle line, and such an arrangement is called a 
bubble. G interactions are represented by wavy lines, and 
they always join two vertices through which fermion 
lines pass. A V interaction is represented by a dashed 
line ending in a cross , and the other end goes to 
a vertex through which a fermion line passes. Both G 
and V lines are always drawn horizontally, so that a G 
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Fic. 3. The elements of graphs which will compensate one another 
by the definition of V. 


interaction must join two vertices at the same level, 
called a vertex pair; otherwise the vertices must all be at 
different levels. Between the rungs of a ladder there may 
either be a cross or no cross. Both the G and V inter- 
actions conserve total momentum, spin, and charge in 
the nuclear matter problem. All distinct diagrams of any 
order, which are not composed of two or more parts not 
joined by any lines (unlinked clusters), must be drawn, 
and the fermion lines are given all possible combinations 
of momentum, charge, and spin. Two diagrams are 
distinct if the only difference between them is that the 
vertices occur in a different order. The order of a diagram 
is equal to the total number of G and V interactions 
which occur in it. 

The contribution of a particular diagram is the 
product of the following factors. Each wavy line gives 
the matrix element of G and each dashed line gives the 
matrix element of V. The part of the diagram be- 
tween two successive interactions gives the element of 
(Eo— Ho) unless it is part of a ladder with a cross to 
denote the factor — P.e¢,!; the (Ho— Eo) gives the sum 
of all the energies of the particle lines at that level, less 
the sum of all the energies of the hole lines at that level. 
Finally, each hole line gives a factor — 1, and each closed 
fermion loop gives a factor of —1. 

The scheme used by Goldstone” to describe the 
Brueckner theory is the following. P.e.' is defined in 
such a way that all the ladder diagrams cancel exactly. 
For this to happen, P, must be unity for states above 
the Fermi surface, and zero for states below the Fermi 
surface. —é_, must be equal to the unperturbed energy 
of the two-particle state on which it acts plus the 
excitation energy of the rest of the diagram at the same 
level as the ladder. Then P(Eo— Ho) will have the 
same value as P,e,', and the sum of all the diagrams 
indicated in Fig. 2 will be zero. Therefore all diagrams 
which contain a ladder part can be dropped out. The G 
matrix depends on just one parameter, which is the 
excitation energy of the rest of the diagram at that level, 
—W, and so it will be written as G(W). e. then satisfies 
the equation 


€q|mm2)=[W—M(m)—M (mz) ]|mym:2). (21) 


The difficulty we are now faced with is this : how is the 
self-consistent energy to be determined? The operator 
V which occurs as part of Ho was originally defined by 
(19), but the G which occurs there is a function of W, 
and the value of W to be used has not been stated. The 
diagrams shown in Fig. 3 can only cancel exactly for the 
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right value of the excitation energy of the rest of the 
diagram. 3(b) is just the exchange part of the bubble 
diagram. It can be seen that if any hole states enter or 
leave the vertices between which the G matrix acts, 
their energies must be subtracted from the energy of the 
rest of the diagram to get —W, since the hole lines 
overlap the ladder parts which were made to cancel by 
the definition of G, as is illustrated in Fig. 4. It is there- 
fore tempting to define the energy of a hole by using 
W=M(k)+M(l) to cancel the diagrams shown in 
Fig. 3. Only if this definition is used will (20) hold, but 
(18) is true anyway, so this definition is not necessary. 
The simplest corrections to (18) come from diagrams 
like those shown in Fig. 5, and 5(a) and 5(b) do not 
cancel with this definition, so it might seem better to 
define the hole energies to give some better cancellation 
of these terms. It will be shown in the next section, 
however, that there are further diagrams which do give 
exact cancellation when added to 5(a) and 5(b) if the 
hole energies are defined with W=M(k)+M (i). The 
particle energies are defined to give some sort of average 
cancellation between 5(c) and 5(d). The G interaction 
in the middle of 5(c) is defined by the sum of certain 
ladders cancelling, and the rest of the diagram at that 
level (the rest of the diagram is everything at that level 
except the two particle lines in the ladder, as was ex- 
plained above) consists of one excited pair, one hole line, 
and another hole line of momentum / from the bubble. 
V can be defined to cancel the G interactions only for a 
particular value of the energy of the pair and the hole. 

The contributions of the type of diagrams shown in 
Fig. 5, and generally the difference between bubble and 
V interactions at the same place, can be written formally 
in a simple way. We suppose that a particular bubble 
diagram would have been cancelled by the corresponding 
part of the V matrix if the energy of the rest of the 
diagram had been —Wo, but in fact the energy of the 
rest of the diagram was —W. The remaining interaction 
therefore contains an element of G(W)—G(Wo) as a 
factor. If the two-particle Hamiltonian is denoted by M, 
substitution of (21) in (15) gives 


G(W)=1—»P(M—W)“G(W). 
This can be written formally as 
G1(W)=014+ P(M—W)-. 


(22) 


(23) 


A combination of this with the same equation with W 

replaced by Wo gives 

G(Wo)=G"'(W)+ P(M —Wo)"'— P(M—W) 
=G"(W)+ P(Wo—W) 


X(M—Wo)(M—W)-, (24) 


Fic. 4. A ladder part with one 
hole line and one particle line at 
each end. 
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and so 
G(W) = G( Wo) 
P(W.—-W) 
=G(W.)—— ——-—G (Wo) 
(M—W,)(M—W) 


P(Wo-W) te 
— cs .) = 


x{1- sian 
(M—W,)(M—W) 


This expression can be developed as a power series in 
G(W,), and if this is done a series of ladder-like dia- 
grams is obtained which must be included in the com- 
plete diagram. 

If complete cancellation of all bubble diagrams, as 
well as complete cancellation of all ladder diagrams, is 
required, then we must remove the condition that Hp is 
a sum of single-particle operators, retaining, of course, 
the condition that it be diagonal in the representation 
which we have been using. We can still write it as the 
sum of operators V, but the V matrices will depend on 
the excitation of the rest of the diagram, since they are 
meant to cancel with the bubble diagrams. Since the 
energy of the rest of the diagram depends on the 
definition of V, there is a complicated self-consistency 
requirement. This problem of self-consistency is not the 
one which is solved in Appendix A of Brueckner and 
Gammel’s paper,® as can be seen immediately from the 
fact that they do not modify the definition of hole 
energies on account of the excitation of the rest of the 
diagram, and so Figs. 5(a) and 5(b) do not cancel with 
one another. 


4. CHOICE OF THE ENERGY DENOMINATORS 


Since complete self-consistency, in the sense discussed 
in the last paragraph, seems very difficult to attain, all 
the calculations reported so far have used less stringent 
conditions to define the G and V matrices. In order to 
show how to assess the importance of self-consistency in 
the choice of the energy denominators, we will discuss a 
model in which the exclusion principle in intermediate 
states is treated exactly (in the defining equation of G), 
but the energy denominator is not made to satisfy any 
self-consistency principle. The perturbation expansion 
can be carried out as before, but there will be less 
cancellation of terms than there was in the previous 
section. A study of the low-order terms in the expansion 
will show how the energy denominators should be chosen 
without the requirement of exact self-consistency. 

In the model which will now be discussed, an energy 
e(k) is associated with each particle state and with each 
hole state; the form of this function e(k) is as yet 
arbitrary. G(W) is defined by (22), where M is just the 
sum of the e(k) for the two-particle states on which it 
acts. If G occurs as part of a ladder, the W which is used 
to define G depends only on the four states with which 
the ladder begins and ends. If G does not occur as part 
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Fic. 5. The simplest ground-state diagrams which compensate one 
another by the definition of V. 


of a ladder, the W which is used depends in just the 
same way on the four states which enter and leave the 
vertices at which it acts. A bubble counts as one hole line 
entering and one hole line leaving the vertex. We will 
only be concerned with diagonal ladders at present, so 
there are only two different lines at the vertex. If both 
lines are particle lines, as in Fig. 2, we put W=—2A, 
where A is a constant. If one line is a particle line, and 
the other a hole line of momentum /, as in Fig. 4, we put 
W=-—A+e(/). If both the lines are hole lines, we put 
W=e(l,)+e(/.). This definition of the G matrices will be 
justified and a suitable value of A chosen later, when we 
try to make an approximate cancellation of certain low- 
order diagrams. 

The first-order energy is given by (18), and there is no 
need to define Ho in order to evaluate that. The G which 
occurs there acts between two bubbles of momentum k; 
and ke, and so, in accordance with the rules given in the 
previous paragraph, W=e(k:)+e(k2). V will now be 
defined so that it exactly cancels all bubble diagrams as 
shown in Fig. 3. The rules of the previous paragraph 


give | 
VO= YX WGle(l)+e(?’)]|W), 
V<kp 


V(m)= ¥ (m|G[e(!)—A]| Im), 


l<kp 


(26) 
(27) 


where I is a hole state and m is a particle state. The 
propagators to be used in the perturbation expansion 
are now defined, since (19) gives the single-particle 
energies in the unperturbed system. 

The first thing to do is to combine the ladder diagrams 
of the same order, as shown in Fig. 2, into one term. 
This is quite simply done by using as a propagator the 
sum of the two propagators which occur, which is 


P(Eo— Hot M—W)(Eo— Ho) "(M—W)-. (28) 


An asterisk is placed between the rungs of a ladder to 
show that this has been done. This was made possible by 
keeping the definition of G constant within a ladder. 
In Fig. 6 are shown a number of types of diagram 
which give corrections to the energy. Figures 6(a), (b), 
(c), and (d) give all the second- and third-order dia- 
grams, since (e) is an exchange part of (d). It must be 
noticed that only (a), (b), (f), (g), and (n) would be zero 
in the completely self-consistent scheme, and all the 
other diagrams would give contributions. (c), the scat- 
tering of a hole from a hole, is a kind of four-particle 
cluster, and (d), (e), and (k) are three-particle clusters, 





912 Ds F. 


as are some of the other diagrams shown.** (0) is an 
example of a case in which there is no cancellation of 
what would otherwise be a ladder part, because of an 
interaction which occurs in another part of the diagram 
at the same level. This is an unsatisfying feature of the 
theory as it has so far been developed, and will be dis- 
cussed in a forthcoming paper. It must be observed 
however, that if there were no asterisk in the ladder part 
of (n), it would give a larger contribution than (0), since 
the extra energy denominator which occurs in it is larger 
than the one which occurs in (0); this gives some 
justification for the scheme in which a ladder is only 
called a ladder if no other vertex occurs at the same 
level. Figures 6(g) and 6(m) would cancel exactly if 
e(k)= M(k), which is the justification of the definition 
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of the hole energies by (26). 6(h) and 6(i) might be 
important, and these will be discussed in Sec. 10. 

The impression given by a study of Fig. 6 is that the 
cancellation of the ladder diagrams becomes less and 
less important as the excitation of the rest of the dia- 
gram becomes higher, since there will be more and more 
similar diagrams which are not cancelled even in the 
completely self-consistent scheme. If we can cancel out 
(a), (b), and higher order ladders of that kind, and (f) 
and higher order ladders of that kind, and also (g) and 
(n), then we will have got the theory as refined as is 
reasonable in its present form. 

The propagator in a ladder diagram like 6(a) or 6(b) is 
obtained by substituting the rules for W in (28), and the 
result of this is 


M (1,)+M (l2)— M (m,) — M (mz) +e(my)+e(mz) — e(1;) — e(l2) 


(29) 





[M (1,:)+M (12) ae M (m,)— M (mz) |[e(m,)+e(mz) — e(1;) ~- e(Is)] 


where /;, /2 are the hole states and my, m: are the particle 
states. This expression shows at once the importance of 
self-consistency in the definition of the energies, since, 
if e(k) is exactly the same function as M(k), then (29) 
is exactly zero. It is often more convenient not to 
attempt exact equality of these functions, but to take 
e(k) as a quadratic function which fits M (k) near k= kp; 
this is known as the effective mass approximation, and 
has been used by several authors.‘:*-*.15 Expression (29) 
should then be used to check whether the contribution 
of diagrams 6(a), 6(b), and so on is small. If 6(a) gives 
a contribution less than the three-particle cluster terms, 
then there is no point in improving the self-consistency. 








If we denote the G matrix defined by the use of a func- 
tion e(k) by G{e}, then we can get the not very sur- 
prising result that the sum of diagrams 6(a), 6(b), etc., 
is just G{M}—G{e}. This can be proved by using (23) 
to get an equation similar to (25). 

Next we try and reduce the contributions from dia- 
grams like 6(f) by a suitable choice of A. It will be 
assumed that e(k) is the same as M(k) for this discus- 
sion, since, if this were not true, the modification would 
be much less than it was for 6(a) and 6(b). If the hole 
and particle lines are labeled 1, 2, 3 from left to right, 
and the intermediate state of the second particle is mz’, 
then the propagator is, by use of (28), 


M (l;)—M(m)+M (lz)+A 


(30) 





{M (1) —_M(m;)+M (2) — M (ms’)-+M (Is) — M (ms) (M (mz!) +M (ms)—M(1s)+4) 


A should be chosen so as to make this expression small 
on the average, so it should be equal to the excitation 
energy of a typical pair less the energy of a typical hole, 
and — M (0) should be a good order of magnitude for it. 

Now let us make a small change in A. This will alter 
the particle energies and hence the G matrices, and so 
produce a change in the first-order energy. This change 
in the first-order energy must be exactly compensated 
by a change in the higher-order energies, since the total 
energy is not changed merely by a change in the pertur- 
bation procedure. The most direct effect it could have, 
which is also likely to be the most important higher- 
order effect, is to alter (30) by an amount determined by 
taking its partial derivative with respect to A, equal to 
—[M (m')+M(m;)—M(l;)+A]}°, and so to make a 
change in the contribution from 6(f). If these assump- 
tions are correct, it can be seen that an increase in A 
should lead to an increase in Eo+;. Moreover, if we 


16H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 
A238, 551 (1957). 





multiply the derivative of (30) by M(kr)—M(0), we 
should get a quantity greater in magnitude than (30). 
Therefore, if we vary A about a reasonable value by an 
amount M(kry)—M(0), the change in the first-order 
energy provides an outside estimate of the contribution 
from 6(f). Something very like this has been done by 
Brueckner and Gammel,’ and they do indeed find that 
the effect is very small. 

It can be shown quite simply that if we sum over all 
the ladder parts which can occur in a diagram, we get 
back to the expansion proposed by Goldstone, which 
was explained in Sec. 3. We suppose that each of the 
series of elements shown in Fig. 7 is part of a larger 
diagram, that the energy of the rest of the diagram at 
that level is W, and that the G matrices were defined 
with W=Wo; the two-particle Hamiltonian will be 
understood for Ho, and M will denote the two-particle 
operator used in the definition of G by (22). If K is 
written for the sum of the diagrams in Fig. 7, and is 
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regarded as an operator, it obeys the equation 

K=G—GP(H)—W)7?K+GP(M—Wo)'K. 
This reduces to 

G = K+ P(M—W>)— P(Mo—W), = (32) 

and comparison with (24) shows that K is just the G 
matrix used by Goldstone.” The two ways of estimating 
the corrections to the first-order energy are therefore 
equivalent. In the first, the ladder diagrams were made 
to cancel exactly by making G depend on the energy of 
the rest of the diagram ; this made us unable to cancel all 
the bubble diagrams. In the second, all the bubble 
diagrams were eliminated by making G independent of 
the rest of the diagram, but the ladder diagrams would 
not all cancel. 


(31) 


5. THE EXCLUSION PRINCIPLE 


The operator P, which is used in (15) has so far been 
defined so that it excludes all states below the Fermi 
surface. The methods used previously can be extended 
to treat the case in which P, is some other single-particle 
operator, with eigenvalues between zero and one, and 
the only difference will be in the propagators which 
must be used in the ladder diagrams. To illustrate how 
such a case is treated, we will take P, to be just the 
principal-value operator, which is unity unless the 
denominator is zero. Particles may now propagate in a 
ladder part below the Fermi surface, and such “par- 
ticles’ are denoted by broken lines in the diagrams. 
Figure 8 shows some of the new diagrams which now 
contribute to the energy. Figures 8(a) and 8(b) seem to 
be the most important corrections, and their total 
contribution is 

> > | (ily G| Iym;) |? 

I, da, Ia <ke mi >ke M (13) +M (m,)—M(l,)—M(lL,)+3D 
| (lils| G | Isls) | * 


+ : (3 
Ii Indu de<ke M (I5)-+M (14) — M (hh) — M (le) 


eee 


(f) (9) 
(j) (k) 
(n) (0) 


(e) 


(i) 


(m) (p) 


Fic. 6. Some of the simpler ground-state diagrams which re- 
main after the bubble parts have been cancelled by use of (26) 
and (27). 


where 4D is a constant which is added to the particle 
energies in the energy denominator which defines G, for 
reasons which will become clear. Owing to the presence 
of this constant D, the contribution of Fig. 6(a) is now 


| (Lile| G| myms) | *D 





Iite<ke mi, ma>ke [M (om;)-+-M (1ms)— M (1,)— M (ls) JM (m;)-+M (m:)—M(1,)—M (1) +D] 


If D is zero, then the second term of (33) vanishes,*® the 
first term is positive, and (34) is zero. As D is increased, 
the first term of (33) gets smaller, going to zero when D 
becomes large, and (34) goes steadily to a negative 
limit. The approximation will therefore be improved if 
D is made equal to some positive constant, probably 
less than the Fermi kinetic energy, but it is only by 
trial that a suitable value can be found. 

For D=0 the terms represented by 8(c) and 8(d) are 
also positive, since, even if some of the particles in the 
intermediate state are below the Fermi surface, the 
total energy is positive, and the rest of the diagram just 
gives the square modulus of some matrix element. 
Therefore they cannot cancel with the first term of (33), 


and the convergence would be better if 6(f) were made 
to help to cancel them. This means that the convergence 
would be better if the model energies were the ones 
proposed by Bethe and Goldstone,” with the exclusion 
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Fic. 7. A series of ladder"parts of successive orders. 
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Fic. 8. Some simple ground-state diagrams when the exclusion 
principle is neglected in intermediate states. The broken lines 
represent particles propagating below the Fermi surface. 


principle used in intermediate states. This appears to 
contradict the remark of Brueckner and Wada‘ that the 
change in self-consistent energy largely compensates for 
the neglect of the exclusion principle. The reason for 
this will be discussed below, but it is essentially just 
because the lower effective mass has a similar effect to D 
in (33) and (34) that they got this result. 

The choice of P, as the principal-value operator has 
been made in a number of different calculations, since 
(15) can then be transformed into a differential equa- 
tion, and it has been discussed in some detail here to 
show what effect the choice of P, has on the validity of 
the approximation. It is also convenient and much more 
accurate to choose P, so that it is a function of the 
relative momenta of the two particles only, and it will 
then be chosen from geometrical considerations as some 
function varying smoothly between zero and one. Such 
a scheme can be treated in the same way, and there will 
be a tendency for Figs. 6(a) and 8(a) and 8(b) to cancel. 


6. THE SUM OF TWO POTENTIALS 


Equation (15) is not a linear equation, so it is not 
solved by separating the potential into the sum of two 
parts and solving for each part separately. However, 
such a separation might be used as the starting point for 
a perturbation calculation. The solution of (15) for a 
pure repulsive core is well known,*!*"* and it is also 
known that the potential itself is a good solution of (15) 
below the Fermi surface for a nonsingular potential.”:!7 
If the actual potential » is the sum of a potential w for 
which (15) can be solved to give the solution G and a 
nonsingular potential u, then we can replace (16) by 


w(g)= gG— gw(g)Pe"G, (35) 
o(g)=w(g)+gu, (36) 


and use (36) as the basis of the expansion. If we still 
denote the G interaction by a wavy line, and the u 
interaction by a dashed line, then the diagonal elements 
of « must be added to (18), and, in addition to the 
diagrams of Fig. 6, there will be diagrams like those of 
Fig. 9 as corrections to the energy. 

The single-particle energy M(k) which is used in the 
perturbation expansion will be defined so as to cancel 
the bubble diagrams with both G and w interactions, so 
the correct energy denominator to be used is not given 


16 TP). J. Thouless, Proc. Roy. Soc. (London) A239, 108 (1957). 
17P—. J. Thouless, Phys. Rev. 107, 559 (1957). 
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by the self-consistent solution of (15), but by the self- 
consistent solution of the whole problem. The most 
important class of corrections to the energy is likely to 
be the one shown by Figs. 9(a), (b), and (c), and the 
higher-order diagrams consisting of just a single ladder. 
Figure 9(a) is known to be unimportant for a well- 
behaved potential; the addition to the energy of 9(b) 
and 9(c) is equivalent to replacing the expectation value 
of u in the model state @ by its expectation value in the 
state (1+PeG)®. Since this is the solution of the 
Schrédinger equation which is solved to find the G 
matrix, this correction would be quite convenient to 
make. 

It is also possible to use the solution of (15) for the 
potential w as a starting point for an iterative solution 
with the potential 0; the solution with w will be called F 
and the solution with »=#-+w_will be called G. The 
equation for F gives 


w=v—u= (1+F Pe)“, (37) 


and substitution of this in the equation for G gives 


G=[1—uPet— (14 FP) FP} 
[ut (1+ F Pe) F] 


= (1—uPe"— FPeuPe)(ut+-F+FPeu), (38) 


which can be expanded as an iterative equation for G. 


7. DISCUSSION OF PUBLISHED CALCULATIONS 


A number of calculations of the energy of nuclear 
matter at various densities have been made on the basis 
of Eqs. (15) and (18). They have used various defini- 
tions of P, and e, in order to simplify the completely 
self-consistent scheme. The validity of all these ap- 
proximations can be discussed in terms of the theory 
which has been presented here, and a brief discussion of 
several of them will be given. 

(a) Brueckner and Gammel.’:*—The calculations by 
these authors come closer than any others to satisfying 
the self-consistent energy condition, and use the po- 
tentials deduced by Gammel, Christian, and Thaler'*® 
from nucleon-nucleon scattering data as their starting 
point. The exclusion principle was used in intermediate 
states, although, for a given center-of-mass momentum 
and relative momentum, its effect was averaged over 
angles; this should indeed be a very good approxima- 
tion. The energy denominators were defined in a way 
very similar to the scheme described in Sec. 4, with the 
self-consistency condition e(k) = M(k) obtained by iter- 
ation. The main difference is that they treated the 
particle energies more precisely, so that their energies 
depend on the hole which was created with them. In 
diagram 6(f) the second hole energy has been allowed 
for exactly, and the only reason that this diagram is not 
exactly zero is that the excitation energy of the pair on 
the left has been allowed for in the definition of G only 


‘8 Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957). 
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by an average value. That this is unimportant was 
shown by the fact that the total energy was very 
insensitive to the choice of this average excitation 
energy. The sign of the energy change was the one 
derived in Sec. 4, and its magnitude shows that the 
contribution of Fig. 6(f) cannot be more than 1 Mev per 
particle. 

(b) Bethe and Goldstone.“\—The calculation for a re- 
pulsive core carried out by these authors used P,=0 for 
relative momenta of the two particles less than kr and 
P,=1 for relative momenta greater than kr. This was 
only done for center-of-mass momentum zero, and for 
other values of the total momentum corrections would 
have to be taken into account. They used the effective 
mass approximation for the energy denominator. 

(c) Brueckner and Wada.*—This paper describes 
calculations done with a square well potential outside a 
repulsive core. The exclusion principle is neglected for 
the calculation of G, and P, is taken to be the principal- 
value operator. The exclusion principle is then taken 
into account by using the value of G found initially in an 
expression which is stationary to first order in G. Al- 
though the procedure is not equivalent, it is as good as 
evaluating the contributions of Figs. 8(a) and 8(b). The 
remark that the effect of the exclusion principle is small 
must be treated with caution, as was pointed out in 
Sec. 5. Almost the same value for the total energy was 
obtained with and without the exclusion principle, but 
a different effective mass was used in each case, on 
grounds of self-consistency. It was pointed out in Sec. 5 
that, even if the exclusion principle is neglected in 
intermediate states, the same energy denominators 
ought to be used. Brueckner and Wada used the varia- 
tion of the hole energies from momentum zero to the 
Fermi momentum to find the self-consistent energy, 
although what is actually wanted is the variation in the 
region of the Fermi surface. When the exclusion prin- 
ciple is not used, the second term of (33) makes an 
important contribution to the hole energy, being posi- 
tive for zero momentum and negative for the Fermi 
momentum, although averaging out strictly to zero. If 
this term is neglected, as it is if only first-order terms are 
considered, the energy is lowered at zero momentum and 
raised at high momenta, so the “self-consistent” effec- 
tive mass is lowered. Although this choice of effective 
mass cannot be justified on grounds of self-consistency 
as better than the higher effective mass obtained when 
the exclusion principle is used, it does have much the 
same effect as adding a constant to the particle energies, 
which certainly should improve the approximation. Such 
a treatment of the exclusion principle has been used in 
Appendix B of Brueckner and Gammel.* 


8. EQUATION FOR THE SEPARATION ENERGY 
ON THE FERMI SURFACE 


It can be shown quite simply that the condition for 
matter to be in equilibrium at zero pressure is that the 
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Fic. 9. Some simple ground-state diagrams when (36) is used as 
the basis of the expansion. 


average energy of the particles is equal to the energy 
required to remove one particle at constant volume™; 
this is just a thermodynamic relation. The average 
energy of a particle in nuclear matter is the coefficient 
of A in the semiempirical mass formula. The energy 
required to remove one particle at constant volume is 
the separation energy of a particle on the Fermi surface, 
since changing the number of particles at constant 
volume has the effect of changing the Fermi momentum. 

The results of Brueckner and Gammel* do not give 
equality of the average energy, Eg, and the model 
energy at the Fermi surface, M (kr), but the two differ 
by about 15 Mev at equilibrium density, with M (kr) 
less than Ex. This means that the model energy cannot 
be interpreted as the energy lost by the removal of the 
particle, but there is also a rearrangement energy. This 
rearrangement energy must correspond to the change in 
the correlation structure of the nucleus when a particle - 
is removed, and it is manifested by a change in the 
effective interaction between the particles, given by the 
operator G. 

The model energy of a particle with momentum k, 
M(k), is defined by (19) as the kinetic energy k?/2m 
plus the sum of the expectation values of the operator G 
over all pairs of particles which contain the one particle. 
G is defined by 

G=0+2PeG, (39) 
where v is the potential energy operator, P is the projec- 
tion operator which excludes pair states with one or 
more particles in the Fermi sea, and e is a diagonal 
matrix equal to the energy of the initial state minus the 
energy of the intermediate state of the two particles. We 
are interested in the diagonal element of G for a pair of 
particles both in the Fermi sea, since the total energy is 
the total kinetic energy plus the sum of the diagonal 
elements of G for all distinct pairs of particles in the 
Fermi sea. This definition of G and its applications were 
discussed at length in Secs. 3, 4, and 5. 

If G were kept constant after a particle on the Fermi 
sphere, of momentum kr, had been removed from the 
medium, with the volume kept constant, then the 
energy loss computed would be the kinetic energy plus 
the interaction energy of the particle with all the other 
particles, and this is just the model energy M (kr) as it 
is in the Hartree-Fock theory. To be consistent it is 
necessary to recalculate the G matrix, since both P and e 
in Eq. (39) are changed by removing the particle. Only 
if this is done will the equality of separation energy and 
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average energy be obtained, since the optimum density 
was found by Brueckner and Gammel* calculating the 
form of G appropriate to each density. Since the change 
in G made by removing one particle is of relative order 
A (A is the total number of particles), only first-order 
changes need be considered, and the separation energy 
is 


M(kr)— > 


li, lo<kp 


(hil, 8G| 1,1.)+O(A ae, 


=M(kr)—R(kr)+O0(A), (40) 
where R(k,r) is the rearrangement energy. 
Differentiation of (39) gives 


6P ae P 
5G = v—G — »—-4e—G +04, 


é 6. -@ e 


and the solution of this is 


sP PP 
’G=G—G—G—8e—G. 


e  2¢ 


(42) 


The first term on the right of this expression represents 
the effect of the change in the exclusion principle, and, 
if G were defined without the exclusion principle in 
intermediate states, as it is in part of the paper by 
Brueckner and Wada,* this term would be absent. 6P is 
equal to 1 for pair states in which one member of the 
pair has momentum ky, and the other is outside the 
Fermi sea, since such an intermediate state is now 
allowed, but it was forbidden before the particle of 
momentum kr was removed. 6P is zero for all other 
states. Explicitly this gives a contribution to the 
diagonal part of 6G equal to 


| (le |G| mk p) |? 


X[M (11) +M (12) —M(m)—M (kr) }' (43) 


for m>kr, where 1, +l=m+kp. If m<kp, the change 


in the matrix element is zero. The contribution to the 
rearrangement energy is obtained by substituting this in 
(40). It is important to notice that (43) cannot be 
positive, and so the energy required to remove a particle 
is reduced by this term. In Goldstone’s notation,” it can 
be represented by a diagram like Fig. 10, together with 
some diagrams obtained from this by interchanging the 
labels of the lines. 

The second term in (42) gives the effect due to the 
change in energy of the initial and intermediate states 
which results from the removal of one particle. To a first 
approximation the energy change comes from the loss of 
the interaction with the particle kr, which is represented 


Fic. 10. Graph representing the 
contribution to the rearrangement 
energy due to the exclusion princi- 
ple in intermediate states. 


k, 4, 


THOULESS 


by diagrams like Fig. 11. There are also higher order 
terms which come from the change in G producing a 
change in the particle and hole energies in intermediate 
states, and these are represented by diagrams like those 
in Fig. 12. If the rearrangement energy is small com- 
pared to the potential energy, these terms will be small 
compared to the rearrangement energy, and can be 
neglected. This seems to be the case in Brueckner and 
Gammel’s calculations. 


9. EXCITED STATES 


We know that states of nuclear matter with a finite 
number of particles excited above the Fermi surface are 
not stable, and must always decay in such a way that 
more particles are excited. The statistical weight of 
states with an extra particle excited increases indefi- 
nitely with A, so that the only stable excited states are 
those with a number of particles of order A excited; this 
is true unless there is an energy gap at the Fermi 
surface, so that an excited particle cannot lose enough 
energy to excite another without going back to the 
Fermi sea. There is some evidence that such an energy 
gap exists in nuclear matter,’® and it is an essential 


(q) (0) 


4y 


Fic, 11. Graphs representing the lowest-order contribution to 
the rearrangement energy due to the change in the energy 
denominator. 


feature of theories of superconductivity.” We will not 
consider the existence of an energy gap here, but will 
assume that all these excited states are unstable. If 
there is an energy gap, it will have a serious effect on 
particles whose excitations are comparable with the 
magnitude of the energy gap, but the situation will not 
be changed by the gap for more highly excited particles. 
If these states decay slowly, their energy will be of 
interest, and can be calculated by Brueckner’s methods. 
The excitation energy E(m) of a state m outside the 
Fermi sea is defined as the energy of a system which has 
one particle of momentum m in addition to the de- 
generate Fermi gas, less the energy of the undisturbed 
Fermi gas. The excitation energy E(/) of a state inside 
the Fermi sea is the energy of the undisturbed Fermi 
gas, less the energy of a system with a particle missing 
from the state I. The rearrangement energy of a state 
with an extra particle is the excitation energy less the 
model energy, and the rearrangement energy of a state 
with a particle missing is the model energy less the 


°C, De Dominicis and P. C. Martin, Bull. Am. Phys. Soc. Ser. 
II, 3, 224 (1958). 

*” Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

*N. N. Bogoljubov, Nuovo cimento 7, 794 (1958). 
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excitation energy : 
EQ=M()—R(, 
E(m)=M(m)+R(m). 


(44) 


If only a few particles are excited, the excitation energies 
can be added, since their mutual interactions and their 
effect on the medium are both of order A~', and so the 
interference between them is negligible, in general. The 
energy of an excited state is calculated by adding to- 
gether the excitation energies of the particles and then 
subtracting the excitation energies of the holes. This is 
equivalent to adding together the model energies of the 
particles, subtracting the model energies of the holes, 
and then adding the rearrangement energies of the holes 
and particles. A change in the volume of the system can 
be simulated by removing particles from or adding 
particles to the Fermi surface, and, for excited states as 
well as for the ground state, this gives no first-order 
change in the energy at optimum density. This remark 
implies that the density of the nucleus cannot adjust 
itself when an excited particle is added to give a lower 
energy. There can, however, exist excitations for which 
the energies are not additive, as, for example, when a 
hole and a particle are coupled together to give a state 


(a) (b) (c) 


Fic. 12. Higher order contributions to the rearrangement energy. 


of lower energy than the individual energies of the hole 
and particle. Such an excitation is called “zero sound”’.” 

The rearrangement energy can be obtained just as it 
was obtained in Sec. 8, and it is equal to 


R(k)= Da, (hy 6G! hb). 


li le< 


(45) 


If a particle of momentum I is removed from the Fermi 
sea, 6G is given by (42), where 6P is 1 for pair states 
with one particle of momentum I and the other outside 
the Fermi sea, and is zero otherwise. de is the interaction 
energy of the missing particle with the intermediate 
state less its interaction with the initial state (the sign 
comes from the definition of e as the energy of the initial 
state less the energy of the intermediate state). If a 
particle of momentum m is added outside the Fermi sea, 
4G is still given by (42), where 6P is —1 for pair states 
with one particle of momentum m and the other particle 
somewhere outside the Fermi sea, and is zero otherwise. 
de is the interaction energy of the added particle with 


#1. D. Landau, J. Exptl. Theoret. Phys. U.S.S.R. 32, 59 (1957) 
(translation: Soviet Phys. JETP 5, 101 (1957)]; V. M. Galitskii 
and A. B. Migdal, J. Exptl. Theoret. Phys. U.S.S.R. 34, 139 (1958) 
(translation: Soviet Phys. JETP 7, 96 (1958) ]. 
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Fic. 13. Simplest contributions to the excitation energy of a 
particle with momentum m. 


the initial state less its interaction with the intermediate 
state. The diagrams which give the rearrangement 
energy for these excited states are Figs. 10, 11, and 12 
with kp replaced by I or m. It must be noticed that, in 
the calculation of R(k), the state k comes into the 
diagrams as a bubble or as a particle line, never as a hole 
line, whether the state was initially occupied or un- 
occupied. 

There is another way of deriving the equation for the 
rearrangement energy which sheds light on the reason 
for the difference between model energy and excitation 
energy. In Sec. 8 it was treated as if it came from a 
change in the interaction between the other particles, 
firstly because of the alteration of the exclusion principle 
in intermediate states, secondly because of the change 
in the energy spectrum which in turn changed the G 
matrices. The method developed in Sec. 3, however, 
allows a perturbation expansion to be made with a 
variety of differently defined G matrices, so it is also 
possible to make the perturbation expansion for the 
system of degenerate Fermi gas plus one particle using 
the G defined for the undisturbed degenerate Fermi gas. 

Since the G matrix is the same as it was for the ground- 
state calculations, there is now no change in the inter- 
actions between the particles in the Fermi sea, and we 
just have to consider the interaction between the 
additional particle and the rest of the nucleus. Graphs 
of this can be made by representing the extra particle as 
an external line, just as the scattering of a real particle is 
represented in field theory. The simplest diagrams which 
contribute to the excitation energy are shown in Fig. 13. 
Figure 13(a) represents the simple interaction of a 
particle with the rest of the nucleus, and is the major 
part of the potential energy. Figure 13(b) is a ladder 
diagram ; it would give zero if the A of (27) were zero, 
and this shows that the off-energy-shell propagation 
which was allowed for in the definition of M(m) no 
longer occurs. The model energy defined on the energy 
shell is the right energy to use here. Figure 13(c) is 
equivalent to Fig. 10; it represents the fact that we had 
allowed for a ground-state excitation, in the definition 
of the G matrix, which is now forbidden because one of 
the intermediate states is occupied by the extra 
particle. 

In order to calculate the expectation value of a single- 
particle operator O (for example, the magnitude of the 
momentum), which is (¥|O|)/(¥|W), it would be 
necessary to add to its expectation value in the model 
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Fic. 14. Simplest 
graphs representing the 
ground-state expecta- 
tion value of a single 
particle operator O. 


(a) (b) 


ground-state wave function (the degenerate Fermi gas) 
a sum of linked graphs, each of which contains the 
operator O once. The two most important graphs are 
shown in Fig. 14, where a square on a line means that 
the expectation value of O for the single-particle state 
represented by that line must be multiplied by the usual 
contributions from the rest of the diagram; the square 
counts as a vertex, and so the energy denominator comes 
twice in each of the diagrams of Fig. 14. The sum of 
diagrams like 13(a) and 13(d) then gives approximately 
the expectation value of the potential energy of the 
additional particle not in the model ground state, but in 
the true ground state. This gives a more directly 
physical interpretation of Fig. 11. 

Figure 13(b) has one very important feature which 
must be observed. The intermediate state can have 
either less or more energy than the initial state, and so 
the propagator has a singularity. If the singularity is 
removed, following the example of scattering theory, by 
adding a small imaginary quantity to the denominator, 
an imaginary contribution to the energy is obtained. In 
fact, if the model energy of the particle state is defined 
on the energy shell, so that 13(b) gives zero, the G 
matrix itself has an anti-Hermitian part, and the model 
energy has an imaginary part. If the anti-Hermitian 
part of G is small, it is equal to —iwGé(e)G, where 6(e) 
implies that the intermediate states have the same 
energy as the initial state. This imaginary part of the 
energy comes naturally as a result of the possible 
transitions to the other states of the same energy, and 
gives the inverse lifetime of the state. The expression has 
been used by Bethe and Shaw” to calculate the imagi- 
nary part of the optical-model potential for nuclear 
matter. 

The configurations in which one state in the Fermi sea 
is unoccupied can be treated in the same way. The 
empty state is represented by an external hole line, and 
some of the diagrams which contribute to the excitation 
energy are shown in Fig. 15. Figures 15(a) and (d) 
together give the expectation value of the potential 
energy in the true ground state. Figure 15(b) gives zero, 
since the hole-state energies were defined on the energy 
shell by (26). Figure 15(c) represents the hole scattering 
into another hole state by creating a pair (exciting one 
other particle), and then scattering back into its original 
state; this is a process not compensated by the defini- 
tion of G. Again the propagator has a singularity, which 
contributes an imaginary part of the energy, and a hole 
state is not stable. 

% H. Bethe and G. Shaw (private communication), also reported 


by H. Bethe at the Pittsburgh Conference on Nuclear Structure, 
1957 (unpublished), p. 137. 


It is interesting to notice that there is no gap in the 
excitation energy spectrum at the Fermi surface, since 
the same sort of terms arise in the evaluation of excita- 
tion energy for both holes and particles near the Fermi 
surface. There must be no gap if the average energy is a 
continuous function of density, since the excitation 
energy at the Fermi surface is equal to the energy gained 
by adding one more particle, or the energy lost by 
removing one particle. An energy gap can only exist if 
the excitation energies are not simply additive. 


10. GROUND-STATE ENERGY 


The ground-state energy in the Brueckner theory is 
the sum of the kinetic energies plus half the sum of the 
potential energies. For this to be true, the model 
energies must be used, and there is no justification for 
using the excitation energies. In the Hartree-Fock 
theory there does exist this relation between the ground- 
state energy and the excitation energies of hole states, so 
that the extent of its failure in the Brueckner theory 
represents the deviation from a true independent- 
particle system. The hole excitation energy is, in 
principle, a measurable quantity, so that there exists a 


| a ) 0 
(a) (b) (c) (d) 


Fic. 15. Simplest contributions to the excitation energy of a hole 
with momentum I. 


physically measurable rearrangement energy of the 
nucleus equal to twice the total energy less the kinetic 
energy of the Fermi gas less the sum of the hole excita- 
tion energies. This would be zero if the Hartree-Fock 
theory were exact. Some interesting results have been 
obtained by several authors who use the assumption 
that it is zero.*-** There is a simpler way of expressing 
the deviation of the system from an independent- 
particle model, which is the density matrix in mo- 
mentum space (probability distribution of a momentum 
state being occupied), which would be a step function if 
there were no deviation. The arguments of the previous 
section show that there is some indirect connection be- 
tween the two. Experimental evidence for the form of 
the density matrix in momentum space has been dis- 
cussed by a number of authors,?’:** and there are several 
lines of evidence which suggest that the deviations from 
the Fermi distribution are considerable, although none 


* V. F. Weisskopf, Nuclear Phys. 3, 423 (1957). 

**R. B. Hall and R. J. Eden, Nuclear Phys. 6, 157 (1958). 

26 G. R. Satchler, Phys. Rev. 109, 429 (1958). 

27 Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955). 

28 G. F, Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950); 
J. S. Levinger, Phys. Rev. 84, 43 (1951); E. M. Henley, Phys. 
Rev. 85, 204 (1952); P. A. Wolff, Phys. Rev. 87, 434 (1952). 
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of them gives much evidence about the very high mo- 
mentum components which are of particular importance 
for the rearrangement energy. A theoretical argument 
by Migdal® shows that there is a discontinuity in the 
momentum distribution at the energy at which the 
excitation energy equals the average energy Ez. 

The effects we have discussed in this chapter do not 
alter the ground-state energy in the lowest orders, but 
they do have some relation to fourth- and higher-order 
terms in the perturbation series. For example, Figs. 
13(c) and (d) can occur as insertions into a particle line 
just as 13(a) can. The simplest types of ground-state 
diagrams in which these insertions occur are shown in 
Fig. 16. Figures 16(a) and (e) are the same as Figs. 6(i) 
and (h) which are mentioned in Sec. 4. Any of these 
insertions can be made any number of times in the same 
line, and so they can be taken into account by a 
redefinition of the self-consistent particle energies which 
are used in the definition of G, just as the insertion of 


(a) (b) (c) (d) 


(> (a 


(e) (f) (g) 


Fic. 16. Some ground-state diagrams involving Figs. 13 and 15 
as insertions. 


Fig. 13(a) was originally taken into account. Figures 
16(a) and (b) are each different ways of inserting Fig. 
13(c), but the energy denominator is larger for the 
central region of 16(a) than it is for 13(c), so the energy 
change due to this is equal to the energy change pro- 
duced by 13(c) evaluated off the energy shell. Figures 
16(a) and (b) can be added together, however, and then 
they give a change of the self-consistent particle energy 
equal to 13(c) evaluated on the energy shell. Figures 
16(a) and (b) contain the same matrix elements as 13(c), 
but the propagators add together to give this simple 
result, just as Figs. 6(g) and 6(m) exactly cancelled in 
Sec. 4. Figures 16(c) and (d) represent ways of inserting 
13(d) into a ground-state diagram, where again 13(d) 
must be evaluated off the energy shell. It is not in 
general possible to add together combinations of such 
diagrams so that the off-energy-shell effect disappears, 
but it is possible in the limit of a small contribution 
from 13(d), so that only the lowest-order diagrams, 
shown in Fig. 16, are important. If we add to 16(c) and 


*” A, B. Migdal, J. Exptl. Theoret. Phys. U.S.S.R. 32, 399 (1957) 
(translation: Soviet Physics JETP 5, 333 (1957)]. 
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(d) the two diagrams obtained by interchanging the 
order of the top two vertex pairs, the off-energy-shell 
effect cancels out. Since the diagrams are symmetrical, 
this process includes every diagram twice, so we should 
divide by two. The lowest-order effect of 13(d) on the 
ground-state energy can then be obtained by adding to 
the self-consistent particle energies half its effect on the 
excitation energies. This factor of a half shows that the 
best self-consistent energy is not equal to the excitation 
energy of a particle, although this is probably better 
than the model energy. 

Figure 16(e) shows the only way of inserting 15(c) 
into the lowest order ground-state diagram. The inser- 
tion is definéd off the energy shell, and therefore raises 
the self-consistent hole energy less than 15(c) on the 
energy shell would. This means that the hole self- 
consistent energies are lower than the excitation ener- 
gies, and so an extra energy gap is introduced by the 
off-energy-shell effect. This makes the theory more 
symmetrical, since in Sec. 4 the model energies were 
defined on the energy shell for holes and off the energy 
shell for particles, but now there is a correction added 
which must be calculated off the energy shell for holes 
and on the energy shell for particles. Figures 16(f) and 
(g) are similar to 16(c) and (d), and again can be taken 
into account to lowest order by adding half the effect of 
15(d) to the self-consistent energies. 


11, ESTIMATION OF THE REARRANGEMENT 
ENERGIES 


From the calculations that have already been made 
by Brueckner and his collaborators,’ it is possible to 
make some estimate of the rearrangement energy de- 
fined by (44) and (45). The most direct evidence is the 
difference between the Fermi energy and the average 
energy which was mentioned earlier. Table I gives, for 


TaBLE I. The results used by Brueckner, Gammel, and 
Weitzner® (private communication from K. A. Brueckner) for 
the energy as a function of momentum at three different den- 
sities, and for the binding energy. The Fermi energy is extra- 
polated from these figures, and then the difference between this 
and the binding energy is given. The rate of change of binding 
energy with density is calculated on the basis of a quadratic fit. 
R(kr) is given by Eq. (47). Momenta are in inverse fermis 
(1 fermi=10~" cm), energies in Mev. 


kr =1.420 kr =1.357 


“—61 68 
—814 


— 88.5 

—77.1 —71.3 

— 60.8 — 56.7 

—40.0 —37.9 
— 13.78 


— 14.43 

— 28.2 —27.1 
13.8 13.3 
—3.6 —5.9 

10.2 7.4 


*® Brueckner, Gammel, and Weitzner, Phys. Rev. 110, 431 


(1958). 
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three different densities near the optimum density, the 
energy for five momenta less than the Fermi momentum, 
the binding energy, and some other figures deduced 
from these. The extrapolated value of the Fermi energy 
is compared with the binding energy; the difference be- 
tween the two is steadily just below 14 Mev, and its 
nearly constant value is quite a surprising result. The 
fact that the difference is about 14 Mev at equilibrium 
density means that the value of R(kr) is about 14 Mev 
at that density. To interpret the difference between 
Fermi energy and average energy away from equilibrium 
density, we notice that the addition of one particle at 
constant volume on the Fermi surface can also be 
regarded as a change in density. This leads to the 
equation 


AEs(p)+E(kr)= (A+1)Es(pt+p/A), 
and substitution of (44) in this gives 
R(kr)=Es(p)—M (kr)+pdEs/dp. (47) 


The value of pdEg/dp in Table I is found by making a 
quadratic fit to get the binding energy as a function of 
kr. These values of pdEg/dp probably vary too much, 
since Brueckner, Gammel, and Weitzner® give the 
compressibility modulus as 172 Mev, and this quadratic 
fit gives the compressibility as 200 Mev. However, the 
rearrangement energy is clearly a very rapidly varying 
function of the Fermi momentum, and it seems to vary 
approximately as kr’. 

Since a nonsingular potential such as a Yukawa po- 
tential does not cause much higher momentum excita- 
tion, and Figs. 10 and 11 both depend on the high- 
momentum components of the wave function, we expect 
a large part of the rearrangement energy to come from 
the repulsive core. At equilibrium density the product 
of the core radius, r.=0.4 fermi, and the Fermi mo- 
mentum is 0.6, so that the method of Bethe and 
Goldstone should give a good qualitative picture of 
what happens. We will consider only an S-state pure 
repulsive core, and pairs of particles with total mo- 
mentum zero. The formulas derived by the author" for 
general angular momentum in the limit of small ker, 
will be used here, although it would not be very labori- 
ous to make a better approximation than this. These 
formulas give 


(k|G| ko) = 4x(sinkr,)/m*k 


before averaging over spin and isotopic spin states, and 
this will be taken as the form of the G matrix. Ko is the 
initial relative momentum, less than kr, and k is the 
intermediate relative momentum, which will be greater 
than kr. (48) could be written more symmetrically, but 
it has been assumed that kor, is small, whereas it may be 
necessary to take kr, large. The derivation of this ex- 
pression is not valid for ko near to kr. 

We now use (48) to evaluate (43). The matrix 


(46) 


(48) 


31 W. J. Swiatecki, Phys. Rev. 103, 265 (1956). 
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elements involved are all approximately equal to 
16kr*r./3m*rA for singlet-triplet and triplet-singlet 
(spin and isotopic spin) states, and zero otherwise, be- 
cause of the antisymmetry requirement and the S-state 
potential used. The contribution to R(k») is then 


(4k p®r2/3a*m**) 

X (LM (m)+M (ke)— M (h)—M (he) Pym, 
where the average is taken over energy denominators 
which satisfy the exclusion principle and momentum 
conservation. In the effective-mass approximation this 
is a quantity which can be evaluated explicitly. The 
general expression which gives this average not only for 


the contribution to R(kr), but for R(l) where | is 
anywhere in the Fermi sea, is 


36m* i(k ptl) (4p*+12—k p?)/4pl 
| f pdp f dz 
i 1 


kp® k p—l) 
kp 1 
- rap is} 
(k pt) all 
pare q°dq 
ll at 


J “ar glk —P—¢)dg 
k 


(49) 


p> — 2p(P-+P—2pls—¢) 
= (3m*/80k p®) {I-"(— 52k r°+- 60Pk * — 161°) log(k r—) 
+I-'(52k°— 60Pk x*— 161°) log(ke +1) +321 logl 
+ (15ke*—30Pk +311) log2 
+I\(16k p*— 16Pk p?+-41')\/ (2k? —P) 
Xlog((3k r?— 3ly/ (2k r?—P) ]/ 
[3ke?+43h/(2kr’—P) ])—10kr*+ 12k e* 


+60Pk p> — 341}. (50) 
In the integral, 2p is the total momentum of a pair, 
cos~'z is the angle between the total momentum and I, 
and q is the initial relative momentum. This expression 
is equal to 1.52m*/k»r* for /=0 and 0.84m*/k,r* for /= kr. 
The contributions to R(/) are 9.8 Mev at /=0 and 5.5 
Mev at /=k,p, for kr=1.5 fermi and m*=0.7m. 

This method probably gives an overestimate of the 
contribution to the rearrangement energy, since the 
attractive part of the potential will interfere destruc- 
tively with the hard core for momentum transfer less 
than the reciprocal of the range of the potential. 
Brueckner has calculated the corresponding contribu- 
tion from a pure Yukawa force, chosen to fit low-energy 
scattering data, and finds 7.5 Mev at zero momentum 
and 1.4 Mev on the Fermi surface.” This confirms that 
the repulsive core does dominate above the Fermi sur- 
face, although the attractive part of the potential seems 


®K. A. Brueckner (private communication). 
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to be important for the evaluation of (43) below the 
Fermi surface. The dependence of (49) on kr is a fourth 
power dependence, which is in qualitative agreement 
with the strong dependence of the calculated rearrange- 
ment energy on the Fermi momentum. The attractive 
part of the potential will not give a contribution which 
behaves in this way, since the matrix elements decrease 
as the momentum transfer required to excite a pair 
above the Fermi surface increases. 

The type of contribution shown in Fig. 11 depends 
even more on the high-momentum components of the 
ground state, and so the use of a pure repulsive-core 
potential to determine their values should be rather 
better than in the foregoing evaluation of Fig. 10. The 
deviation of the ground state from a Fermi gas is given 
to first order by the wave function Pe'G|®). The 
probability of a particular particle lying in the mo- 
mentum range between k and k+-6k is, for k> kr, 


3k Sky? \? 3A 
—N(k)dk=3A ( — —) 
k 3 


P 3rm*Al 2ke* 


k+ok m*® sin?kr, 
x f —— —— dk, 
4 ee 


(51) 


N(k) is the probability of occupation of a particular 
state. The factor 3Ak*6k/kr® is the total number of 
states in the range considered. This gives 


N(k)= (4kr*/3x°k®) sin*kr,, k>kr, 
where the initial energy of the particle has been neg- 
lected. Integration of (52) shows that the probability of 


a particle being in an excited state, outside the Fermi 
sea, is approximately 


1—N(k)=4kp*r2/x’, 


(52) 


k<kr. (53) 
If we assume that a particle, once it has been excited, no 
longer interacts with a particle on the Fermi surface, we 
find that the loss of potential energy of a particle on the 
Fermi surface due to the excitation of the other particles 
is 


(4k rr 2/m*) V (Rr). (54) 


Although the particle on the Fermi surface will still 
interact with the excited particles, the interaction will 
be less, since the angular average of their relatge 
momenta is larger. The value of (53) for y= 1.5 ferng™ 
is 0.146, and so, since Table I gives V (kr) as —75 Mev, 
the contribution to R(kr) is 10.9 Mev. This is, of course, 
too large, since we have neglected the interaction of the 
particle on the Fermi surface with the excited particles, 
but it indicates that the contribution to R(kyr) from 
Fig. 11 is of the same order of magnitude as the contri- 
bution from Fig. 10, and possibly somewhat larger. The 
order of magnitude agrees with the value of R(kr) which 
was calculated.* Both terms are much smaller than the 
potential energy of a particle, so it is correct to neglect 
the contributions from Fig. 12. This term also is strongly 
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dependent on kr in the correct way, since — V (kr) 
increases rapidly with &r. 

The evaluation of the left-hand side of (53) can be 
confirmed by a very different method; if we define 


G(W)=0+0P(W+e)"G(W), (55) 


and differentiate this, we get 


G'(W)=—G(W)P(W+e)°G(W). (56) 
The expectation values of the matrix elements of G’ (0) 
summed over all pairs in the Fermi sea which contain 
the one particle just give the quantity on the left of (53). 
Brueckner and Gammel! have calculated G for different 
values of W, and the raising of the particle energy curve 
by about 24 Mev when W (which they call 2) is in- 
creased by 140 Mev indicates that this quantity is about 
2 for particle states, and it shows no signs of getting less 
for hole states. 

These estimates are too crude to give a quantitative 
estimate of the change in the ground-state energy due 
to the effects discussed in Sec. 4. The contribution to 
R(0) from Fig. 11 would be given by (54) as about 14 
Mev. Only half of this energy goes into the self-con- 
sistent energy (Sec. 10), so that the hole-state energies 
are raised by perhaps 10 Mev with respect to an average 
particle-state energy. If the elements of G’(0) summed 
over all pairs containing one particular particle are 
about — §, the ground-state energy may be reduced by 
about 1 Mev. A better estimate could be made if the 
ratio of the contributions from Figs. 10 and 11 were 
known. 

12. APPLICATIONS 

The optical model provides the most direct applica- 
tion of the theory of excited states. This was treated by 
Brueckner, Eden, and Francis*; and by Bethe and 
Shaw”* in the following way. When the nucleon has 
entered the nucleus, the state of the system is the 
metastable state with one particle outside the filled 
Fermi sea. The energy of the system less the energy of 
the undisturbed nuclear matter must equal the energy 
of the incident nucleon, but this is just how we defined 
the excitation energy of the state. The real part V of the 
optical-model potential is the energy of the excited 
state less the kinetic energy in the medium, 


E(k)=V+k/2m. (57) 


Measurement of the real part of the optical-model 
potential gives k as a function of E for E>0. Some 
corrections must be made for the imaginary part of the 
potential, but these are small at low energies. 
In the effective-mass approximation to the excitation 
energy, 
E(k)= Ept (k?—kr*)/2m**, 


where Ez is the average nuclear binding. Thus 
— V(E)=— Egpm**/m+kr*/2m—E(1—m**/m). (59) 
% Brueckner, Eden, and Francis, Phys. Rev. 100, 891 (1955). 


(58) 
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This agrees quite well with the potential at zero energy, 
but the potential falls off at higher energies at a rate 
which suggests that 1—m**/m is 3, whereas the model- 
energy effective mass is 0.7m, and the rearrangement 
energy tends to raise this even more. The critical way 
in which (59) depends on the deviation of the effective 
mass from the real mass makes it a useful way of 
measuring the effective mass. 

Another piece of evidence for a small effective mass is 
the giant resonance in the nuclear photoeffect.“ The 
variation of the position of the giant resonance with 
atomic weight has been explained by using an effective 
mass of half the real mass of a nucleon. It is clear that 
the excitation energy, not the model energy, should be 
used in Wilkinson’s theory, since it involves the excita- 
tion of a single particle to a higher state. 

The symmetry energy**:* involves this effective mass 
also, but, since it also depends on the details of the 
isotopic spin dependence of the reaction matrix, it does 
not provide good evidence for the value of the effective 
mass. 


13. CONCLUSIONS 


The perturbation theory developed in Secs. 2 and 3 
has been used to study various features of the nuclear 
many-body problem. It was shown how the seif-con- 
sistency problem was connected with the cancellation of 
certain terms in the perturbation expansion, and so 


corrections can be made for a failure of self-consistency. 
The neglect of the exclusion principle in intermediate 
states of the Brueckner equation can also be corrected 
by taking account of additional terms, but, in practice, 
it seems that this is a serious approximation, and the 
correcting terms which can be calculated easily are 
quite large. 

It seems that the validity of the Brueckner approxi- 
mation depends on the magnitude of the three- and 
four-body cluster terms, as has often been suggested. 
The departure of the true ground-state wave function 
from the model wave function has already largely been 
taken into account when the energy is calculated by use 
of the Brueckner equation, but it does have important 
effects on other quantities. The expectation value of 
some operator in the first-order correction to the wave 
function has occurred at several points in this discussion. 
The lowest-order effect of a departure from self-con- 
sistency of the energy denominators, the effect of off- 
energy-shell propagation, the effect of adding a constant 
to the energy denominators, and the rearrangement 
energy all involve such an expectation value. 

The importance of the exclusion principle in inter- 
mediate states is determined by a different set of terms, 
also of second order in the reaction matrix, but involving 
less momentum transfer in the interactions. Since the 


% See, for example, A. E. Glassgold, Revs. Modern Phys. 30, 
419 (1958). 

36D). H. Wilkinson, Physica 22, 1039 (1956). 

36 A. E. S. Green, Phys. Rev. 95, 1006 (1954); A. E. S. Green, 
Revs. Modern Phys. 30, 569 (1958). 
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attractive part of the nuclear potential dominates for 
low momentum transfer and the repulsive part for high 
momentum transfer, the exclusion principle’s impor- 
tance depends to a greater extent on the attractive 
potential. Part of the rearrangement energy comes from 
the use of the exclusion principle, and this could be large 
even for a purely attractive potential. 

The departure of the ground-state wave function 
from the model wave function involves interactions with 
a large momentum transfer, so the repulsive part of the 
potential will play an important role here. At inter- 
mediate momenta the attractive and repulsive parts 
interfere, but at high momenta the repulsive part 
dominates. For this reason the repulsive core has several 
important effects which cannot easily be obtained by 
standard perturbation theory, even if the hard core 
should affect the ground-state energy only slightly, but 
which can be derived simply by using the Brueckner 
theory. The rearrangement energy and the existence of 
high-momentum components of the wave function are 
its most obvious and important effects. Too much de- 
parture of the ground-state wave function from the 
model wave function would make even the Brueckner 
theory inapplicable, partly because of the difficulty of 
dealing with the off-energy-shell propagation, but the 
calculated departure is not alarmingly large. 

The rearrangement energy is as important as the rest 
of the potential energy for the setting up of a self- 
consistency condition, except that it is smaller in 
magnitude. In calculations made so far it has been 
neglected, but there is no doubt that it should be taken 
into account. It could either be allowed for in the 
definition of the single-particle energies, or it could be 
corrected for by calculating the higher order terms in 
the perturbation series. Either of these methods involves 
a calculation whose difficulty depends on the size of the 
rearrangement energy, since this determines the accu- 
racy required. A method of including the rearrangement 
energy in the self-consistent calculation will be treated 
in a further paper. 
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First Excited State of B" and Spin-Flip Stripping* 
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A theoretical treatment is presented of the anomalous angular distribution in the B°(d,p)B™ reaction to 
the first excited state of the fina] nucleus. The experimental distribution is characteristic of the orbital 
angular momentum of the captured neutron being 1. However, the known spins and parities of the target 
and final state nuclei do not admit this value. By coupling the spin of the stripped proton to the spin of the 
target nucleus + neutron, an extra unit of angular momentum may be imparted to this system allowing the 
final state to be reached. The angular distribution from such a mechanism is calculated and fits rather well 


the experimental curves. 


I. INTRODUCTION 


HE shell model predicts'? a spin of 4 and odd 
parity for the first excited state of B". The experi- 
mental evidence to support these assignments has been 
given in detail by Wilkinson® and seems to be conclusive. 
However, one is then left to explain the angular dis- 
tribution of the B"(d,p)B" reaction which leaves B™ in 
its first excited state.‘ This experimental cross section is 
best fit with a Butler stripping curve for a neutron 
captured with an orbital angular momentum of unity. 
Since the ground state of B™ is 3(+-), a final state of 
3(—) cannot be reached with this value of the orbital 
angular momentum. 

It was suggested® that this anomaly might be ex- 
plained by a nucleon exchange process, so that the 
outgoing proton could come from the target nucleus and 
not solely from the deuteron as conventional stripping 
theory implies. The derivation of an expression for the 
angular distribution from such a process has been 
given.® However, the assumptions made in this work 
are, as is pointed out in the paper, of a drastic nature. 
For example, it is assumed that there is no direct 
interaction between the two protons which exchange. 

Numerical calculations based on this analysis have 
been made.’ In order to simplify the calculations it is 
necessary to assign definite shell-model states to the 
various nucleons involved and the final cross section is 
brought into agreemerit with the experimental curve 
only by adding to the exchange stripping cross section 
an isotropic background. This is taken to come from 
“compound nucleus” formation and any interference 
effects between the two processes are neglected. 

A second suggestion has been made by Wilkinson* to 
explain the occurrence of the observed angular distribu- 
tion. This is the idea that the stripped proton, suffering 

* This work was supported in part by the University Research 
Committee with funds provided by the Wisconsin Alumni 


Research Foundation and in part by the U.S. Atomic Energy 
Commission. 

1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

2D. Kurath, Phys. Rev. 101, 216 (1956). 

3D. H. Wilkinson, Phys. Rev. 105, 666 (1957). 

4N. T. S. Evans and W. C. Parkinson, Proc. Phys. Soc. 
(London) A67, 684 (1954). 

5N. T. S. Evans, Ph. D. thesis, Cambridge, 1955 (unpublished). 

* A. P. French, Phys. Rev. 107, 1655 (1957). 

™N. T.S. Evans and A. P. French, Phys. Rev. 109, 1272 (1958). 


a close collision with the system of neutron + target 
nucleus, may flip over its spin and thus deliver an extra 
unit of angular momentum to the system. This is 
enough for a final state of }(—) to be reached. It is the 
purpose of this work to calculate the angular distribu- 
tion from such a mechanism. 


Il. THEORY 


Our starting point is the expression for the cross 
section for definite spin states in a (d,p) reaction’: 


er ae 
a(6)= — MyM} [ 17"(&ru0e)Xy"*(09) 


4h ky 


Xexp(—iky- rp’) (Vet V pn) 
XV (ETn, On Tp, Sp)dtndr dé) . (1) 


i 


Here r, and r, are the neutron and proton co- 
ordinates measured from the center of mass of the 
target nucleus. 

fp =fp—(M/My)tn. 


@,, @, refer to the spins of the proton and neutron. 
£ represents the space and spin coordinates of all other 
nucleons. k, and kg are the wave vectors associated 
with the proton and deuteron motions. The indices i 
and f refer to the target and final nuclei, respectively. 


M,s=M,M,/(M,+My);_ Mac=MaM;/(Me+M)9. 


V, is the interaction between the proton and target 
nucleus. Vp» is the interaction between the proton and 
neutron. WV is the state vector of the total scattering 
process and we shall make the approximation of 
replacing this by an incident plane wave of deuterons: 


W=exp{dika: (tatty) }ba(|ta—Pp| )X1™(wa)Xi™(E). 


It is well known® that this approximation gives good 
agreement with experiment for the normal stripping 
process. Thus, averaging over initial and summing over 

8 E. Gerjuoy, Phys. Rev. 91, 645 (1953). 

® A. B. Bhatia et al., Phil. Mag. 43, 485 (1952). 
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final spin states, we obtain 


Md, Mi, Mp, Ms 


1 
x —- —- 
2(2j:+1) 


1 ky 
@--—_—A Me. + 
4h! ka 


mpmgd | 2 
’ 


| I mgm; 
where 


Tingmrr™ = frre Graodei(or) 


Xexp(—iky-rp’)(Vp+V pn) 
Xexp{dika: (ta +t) }ba(|ta—Tp! ) 
XK X14 (wa) Xi" (E)dr,.dr dé. (2) 


In conventional stripping theory one neglects the 
contribution from the interaction of the proton with 
the target nucleus or allows the proton to interact with 
some type of single-particle potential” so what it is 
unable to transfer angular momentum to the other 
nucleons, this giving rise to the anomaly under 
consideration. 

We shall neglect therefore the term in V,, and parts 
of V, of the above-mentioned kind since these are 
incapable of leading to a final state of }(—). Instead 
we shall consider that V, includes a part which is 
capable of flipping the spin of the proton and giving up 
this unit of angular momentum to form the final 
nucleus. For simplicity, and since it is physically reason- 
able, we assume that this interaction takes place at the 
nuclear surface. Thus we write V,= f(o,,£)6(r,—R), 
where R is the radius of the target nucleus. 

We may then write 


Imm fl] fxs (eraondxvr(on) 


XflendXim(ydXm(Orctaradt| 
Xexp(—ik,-r,p’)5(r,—R) 
Xexp{idka: (ra+1,)}oa(|Ra—rp|)drdQn, 


or, expanding the square brackets in states of given 
orbital angular momentum of the captured neutron, 
Imymr7™4 = > 


(fx tenesoaxirt(on) 

la,mn 

flemBXimva)Xi(@Y nO, ) 
x (frie 12807,-R) 


Xexp{ sika: (R,+rp)} 
X¢a(|R.—r>|) ¥nm*(0,)dydte). (3) 


10 E.g., W. R. Cheston, Phys. Rev. 96, 1590 (1954). 
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Fic. 1. Comparison of theoretical and experimental cross sections 
for a deuteron energy of 6.2 Mev. 


In the incident plane wave of deuterons we have 
substituted R, for r,, where R,, is the value of r, on 
the nuclear surface. This follows Bhatia et al. by 
assuming that the stripping takes place at the nuclear 
surface. 

This expression may be simplified by coupling the 
spin of the outgoing proton to the spin of the final 
nucleus : 


Xj7™*(E,En,On)Xy"?* (Oy) = 2 Cai gy ror 35 4™, (4a) 
JM 


and by coupling together the spin of the deuteron, the 
spin of the target nucleus, and the orbital angular 
momentum of the neutron: 


X54 (E)X1™4(wa) Yi,""(Q,) 


=D Cait OC arm rj. 
J’, M' i,m 


(4b) 


Substituting this into (3) and summing over the 
intermediate indices leads to 


E_[Lmyminvmalt 
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1 
x<-—— 3 |a(Ln,mn)|?, (5) 
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FIRST EXCITED STATE 


If the neutron is captured into a state of given 
orbital angular momentum, then only one term in 
the sum over /, remains. We see that the factor 


2 


[vn fon Von dead 


gives us the strength of the interaction which flips the 
spin of the proton. 

For the particular case under consideration with 
l,=1, j7:=3, and j7=4, then only J/=1 contributes to 
the sum over J and only j=2 to the sum over j. 
These restrictions could have been inserted earlier 
in Eqs. (4). 


III. NUMERICAL RESULTS 


The angular distribution is determined by the factors 
a(1,m,). These may be calculated by expanding the 
exponentials as sums in spherical harmonics, putting 
in a Yukawa shape for the deuteron wave function and 
doing the integrals numerically. 

The results are shown in Figs. 1 and 2. The theoretical 
curves were normalized to give the best fit to the 
experimental data; however, the same normalization 
factor was used for both curves. The Butler curves are 
also shown for comparison. A pleasing feature is the 
reproduction of the high cross section at larger angles. 
It is probably possible to smear out the minima 
occurring in the higher energy theoretical curve by 
allowing the proton spin interaction to take place over 
a shell on the surface of the nucleus, i.e., by spreading 
out the 6-function interaction. 

The one free parameter in determining the angular 
distribution was the radius of the target nucleus 
appearing in the a’s, This was chosen to be R=5.45 
X10-" cm as compared to a value of R=6.0X10-" cm 
chosen® to fit the B'(d,p)B" (ground state) data with 
a Butler curve. 

The occurrence of the 6(r,—R) in the integral for 
a(1,m,,) will cut down contributions to this integral 
from high values of proton orbital angular momentum. 
This means that protons moving far away from the 
target nucleus suffer no interaction and cannot produce 
the final-state nucleus. This cutting out of the proton 
waves of high orbital angular momentum will reduce 
the dominance of the forward peak over the larger 
angle cross section given by the Butler theory. 


IV. MISCELLANEOUS CONSIDERATIONS 


Since we have shown that this type of mechanism 
will explain the particular angular distribution under 
consideration, one may ask whether this would also 
play a part in the cases where the reaction may proceed 
by normal stripping. 

As the mechanism requires both the neutron and 
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proton to move close to the target nucleus, the effect 
will be largest where the Q value of the reaction is large 
as in the case considered. In the case where normal 
stripping takes place, the stripped protons move far 
away from the nucleus and one would expect spin-flip 
stripping to make only a small contribution to the cross 
section. Even for the example now considered, the cross 
section is down in absolute magnitude by a factor of 
ten from a normal stripping curve. Thus any contribu- 
tion from this process would not alter the angular 
distribution in a normal stripping curve, and hence 
would not interfere with the assignment of the / value 
to the captured nucleon. 

The reduced neutron width as calculated by a straight 
fitting of a Butler curve to the experimental data should 
also be affected but little. However, a method of ex- 
tracting reduced widths which depends upon comparing 
the experimental and theoretical partial cross sections 
for high values of the proton angular momentum" 
should still give a better value for the neutron width 
since protons of high angular momenta do not interact 
with the nucleus. 

The polarization of the outgoing protons should be 
opposite in sign to the polarization in normal stripping 
and this seems to be borne out experimentally.” 

This type of process will be of importance when the 
normal stripping is inhibited. This will occur when the 
spin difference between the initial and final states is 
large and the parities are of such signs that a large /, is 
required for normal stripping. In this case the con- 
tribution from normal stripping will be cut down by the 
centrifugal factor and by the fact that light nuclei on 
the shell model do not contain states of large orbital 
angular momentum. An investigation of the presently 
known properties of the levels of light nuclei reveals 
that there is another case in which spin-flip may be 
important. This is the reaction O'8(d,n)F'® (2.8-Mev 


1 J. E. Bowcock, Proc. Phys. Soc. (London) A68, 512 (1955). 
(19s C. Hensel and W. C. Parkinson, Phys. Rev. 110, 128 
8). 
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level). The spin of O"* is 0(+-) and the shell model gives 
3(+) for the 2.8-Mev level; and indeed experiment” 
indicates that the spin is high, > }. If the level is } and 
the reaction goes by normal stripping, the / value of the 
captured proton should be 4; whereas by a spin-flip 
mechanism it could proceed by /=2. A level assignment 
of $(+) would allow the reaction to go by /=2 in the 
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normal stripping process. However, a polarization experi- 
ment might distinguish between the two mechanisms. 
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The cross section for the Li®(,t)He* reaction has been measured for 12.5- to 18.3-Mev neutrons. The neu- 
trons were obtained from the T(d,m)He* reaction and their flux density was determined by counting the 
recoil He‘ particles. A Li®I(Eu) scintillation crystal 14 inches in diameter by } inch thick served as both 
the Li® sample and the detector for the reaction products. The cross section is nearly linear from 34.3 mb at 
12.5 Mev to 17.6 mb at 18.3 Mev. It is 28.141.6 mb at 14.2+0.2 Mev. 


INTRODUCTION 


ALUES of the cross section for the Li*(,t)He‘ re- 
action have been reported up to 6.5 Mev! and at 

one higher neutron energy, 14.2 Mev.?* The reaction in 
the high-energy region is of general interest as it leads 
to the formation of Li’ at an excitation of about 21 Mev, 
and it is of some particular interest as the reaction of 
may be used within a Li®I(Eu) scintillation crystal for 
the quantitative detection of neutrons.*~’ The positive 
Q value of 4.78 Mev and the absence of excited states 
of the products make this reaction unusually suitable 
for this purpose. The present investigation was under- 
taken to extend the cross-section measurements over 
the range of neutron energies from 12.5 to 18.3 Mev. 


EXPERIMENTAL TECHNIQUES 


The Li® was contained in a Li®I(Eu) crystal, which 
as a component of a scintillation spectrometer made it 
possible to record the pulse-height distribution of the 
reaction products with a 100-channel pulse-height 
analyzer. The apparatus arrangement is shown in Fig. 1. 


* On leave of absence from the University of Kentucky, Lex- 
ington, Kentucky. 


1 Neutron Cross Sections, compiled by D. J. Hughes and J. A.- 
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Washington, D. C., 1955). Gorlov, Gokhberg, Morozov, and 
Otroshchenko, Doklady Akad. Nauk S.S.S.R. 111, 791 (1956) 
[translation: Soviet Phys. Doklady 1, 705 (1956). 

2 F. L. Ribe, Phys. Rev. 103, 741 (1956). 

3G. M. Frye, Jr., Phys. Rev. 93, 1086 (1954). 

4 J. Schenck, Nature 171, 518 (1953). 

5 Good, Kunz, Muckenthaler, Neiler, and Schenck, Oak Ridge 
National Laboratory Report ORNL-1798, 1954 (unpublished), 


p. 32. 
6 J. Schenck and J. H. Neiler, Nucleonics 12, No. 3, 28 (1954). 
7 R. B. Murray, Oak Ridge National Laboratory Report ORNL- 
2081, 1956 (unpublished), p. 191, and private communication. 


The neutrons were monitored with either a KI crystal 
recoil alpha-particle counter or a Li®I(Eu) scintillation 
counter, with the output pulses in each case being re- 
corded with a 100-channel pulse-height analyzer. 

Nearly monoenergetic neutrons were obtained from 
the T(d,n)He‘ reaction, with the variation in energy 
being arrived at by varying the deuteron energy from 
0.43 to 2.0 Mev and the angle of observation relative 
to the deuteron beam’s axis from 0 to 150 degrees. The 
differential cross-section values of Bame and Perry*® 
were used to correlate the data at different angles. The 
tritium target consisted of approximately 0.4 curie of 
H? in a 1-mg/cm? layer of zirconium, circular in form 
with a radius of 0.5 cm; the zirconium was evaporated 
onto a 0.25-mm-thick foil of platinum. The deuteron 
beam struck the target at a 45-degree angle, so the 
effective thickness of the tritium-bearing layer was 
1.41 mg/cm’. The deuteron energy loss in passing 
through the zirconium layer varied from 342 to 155 kev 
and was taken into account in determining the average 
values of the deuteron energy which are mentioned 
above. 

The time-integrated neutron flux density was deter- 
mined in part of the experiment by the counting of the 
recoil alpha particles from the T(d,m)He* reaction. An 
alpha-particle counter consisting of a 2-mm-thick KI 
crystal mounted on a DuMont 6291 photomultiplier 
tube was placed with the crystal in the vacuum system, 
as shown in the insert of Fig. 1. A circular aperture of 
0.132 in. in diameter in a 0.010-in.-thick aluminum foil 
was placed at a distance of 11.92 cm from the target to 
limit the solid angle of acceptance to 6.21 10~ stera- 


8S, J. Bame, Jr., and J. E. Perry, Jr., Phys. Rev. 107, 1616 
(1957). 
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Fic. 1. Arrangement of the neutron source and counters. The higher neutron energies were obtained by placing the Li*I(Eu) target 
crystal at “‘—@” angles from 0 to 70 degrees and the lower energies by placing it at “+6” angles from 80 to 150 degrees. 


dian. The aperture was covered with 1.10-mg/cm? 
surface density aluminum foil to absorb scattered deu- 
terons. In Fig. 2 is shown the alpha-particle pulse- 
height distribution as recorded by a 100-channel ana- 
lyzer. The alpha particles from Pu™ were used to 
calibrate the energy scale, with their energy having 
been calculated as 4.5 Mev after their penetration of 
the 1.10-mg/cm? aluminum foil. With this calibration, 
the T(d,n)He‘ alpha particles were found to have a 
peak energy of 1.13 Mev, which is sufficiently close to 
the calculated value of 1.09 Mev so that the peak is 
satisfactorily identified. There was a high-energy tail 
which is attributed to target contaminants and was 
subtracted, as shown, by extrapolation under the peak. 
On the low-energy side of the peak there was an over- 
lapping with the pulse-height distribution of the scat- 
tered deuterons. In order to determine the alpha-particle 
count from the pulse-height distribution the high- 
energy side of the peak was mirrored on the low-energy 
side, as shown. The number of counts under the sym- 
metrical peak, after subtraction of the background and 


correction for the dead time of the counting system, 
was taken as the number of recoil alpha particles. In 
most of the data-taking cycles, the amplifier gain was 
increased by a factor of two, the peak as displayed in 
Fig. 2 was recorded, and the summing under the peak 
was done as described above. The number of neutrons 
per unit solid angle at the Li® sample has been calcu- 
lated with the aid of the T(d,n)Het relative differential 
cross sections* and the angular conversion tables of 
Blumberg and Schlesinger. For deuteron energies 
above 0.43 Mev the thicker foils which are required 
to stop the deuterons reduce the pulse height of the 
recoil alpha-particle peak, so that rapidly the resolution 
of the peak becomes unsatisfactory. For this reason the 
neutrons were counted at each of the higher deuteron 
energies (0.97, 1.48, 1.74, and 2.00 Mev) with the 
Li‘I(Eu) neutron monitor counter of Fig. 1. At its 
angular position of 110° the neutron energy changes 
only slightly with changes in the deuteron energy. The 


~*L, Blumberg and §S. I. Schlesinger, Atomic Energy Commis- 
sion Report AECU-3118, 1956 (unpublished). 
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Fic. 2. The T(d,n)He! recoil alpha particle and the Pu alpha-particle pulse-height distributions using the KI scintillation counter. 
Both groups of alpha particles have been degraded in energy by passing through the 1.10-mg/cm? surface density aluminum foil which is 
provided to stop the scattered deuterons. The energy scale is based on 4.5 Mev for the degraded Pu® alpha particles. 


integral number of counts above a discriminator level 
which allowed the detection of only the high-energy 
neutrons was recorded for each angular position of the 
target crystal. From these data and the T(d,n)He‘ 
relative differential cross sections*® the relative number 
of neutrons incident on the target crystal referred to the 
neutron monitor counts was determined for each target- 
crystal position. This was done separately for each 
value of the incident deuteron energy. 

The Li®I(Eu) scintillation crystal, shown in Fig. 1 as 
the Li®I target crystal, was 1} in. in diameter and } in. 
in height, with a Li® enrichment of 96.1% of the lithium 
present, and was obtained from the Harshaw Chemical 
Company in their standard scintillation crystal “pack- 
age.” It was attached to a DuMont 6292 photomulti- 
plier which was supported by a lightweight arm 
mounted on a turntable which permitted the rotation 
of the crystal about the target in a plane containing the 
deuteron beam’s axis. The face of the crystal was 12 in. 
from the target and subtended a plane angle of 7.04 
degrees. The Li*I detector pulse-height spectrum$was 
recorded for each data point by a 100-channel analyzer; 
a sample for neutron energy 17.0 Mev is shown in Fig. 3. 
The (n,t) reaction peak for these neutrons appears at 
pulse height 78 volts, and the peak for thermal neutrons 
at 13 volts. The flat region from 30 to 60 volts is ap- 
parently due to unresolved peaks from the Li®(n,d)He', 
Li®(n,p)He®, and I'*’+-n reactions. The identification of 


the peaks follows from the Q values for the Li®(n,t)Het* 
and competing reactions and from a detailed calculation 
of the high-energy neutron-peak shape. The high- 
energy neutron peak appears at a total energy of 21.78 
Mev, in an energy region where there are no reaction 
gamma rays, and since the ions responsible for the 
peak produce as large, or possibly larger, pulse height 
per unit energy as electrons in a thick crystal,® the 
gamma-ray background at the peak is negligible. The 
peaks are shown in more detail in Fig. 4. The yield of 
the (n,t) reaction was derived from the spectrum by 
taking the sum of the counts under the peak, after con- 
tinuing the peak on the low-pulse-height side as a 
normal error curve. 

The rather large width of the high-energy neutron 
peak was investigated through a calculation of the 
expected peak shape at a neutron energy of 17 Mev. 
The primary reason for the width being greater than 
that arising from the resolution of the crystal is that - 
the light-emitting efficiency is different for the two 
types of ions for a given energy, with the H* being the | 
more efficient. In addition, for the neutron energy of 
17 Mev, where the total energy available to the reac- 
tion products is 21.78 Mev, the triton may acquire as 
much as 18.9 Mev if it goes in the forward direction and 
only 5.0 Mev if it goes in the rearward direction, relative 
to the incoming neutron, with the alpha particle in each 
case taking the remainder of the 21.78 Mev. In the case 





Li*(n,t)He‘ 


where the triton goes forward, the resulting pulse 
height is due almost entirely to it and in the other case 
the alpha particle contributes but with a lower effici- 
ency, and thus the large width is produced. In order to 
check the width in a quantitative fashion it was as- 
sumed that the relative pulse heights for different ions 
would be the same as in a NaI(TI) crystal, for which 
data are available.” The relative values of pulse height 
vs energy for He‘ were used directly and the values for 
H?® were obtained by interpolation between the He* and 
H? data. With the further assumption that the reaction 
products are distributed isotropically in the center-of- 
mass system, the intensity of the tritons as a function 
of triton energy and of the alpha particles as a function 
of the alpha-particle energy can be calculated. By com- 
bining this information with the pulse height vs energy 
data, the intensity vs (H*+He*) pulse-height curve may 
be derived. After allowing for the crystal resolution of 
approximately 5%, and for the spread in incident neu- 
tron energy of 0.45 Mev, the predicted width of the 
distribution at the base line is approximately 5.5 Mev. 
This is in reasonably good agreement with the observed 
base-line width of approximately 6 Mev. The asym- 
metrical shape of the peak, with the maximum dis- 
placed toward the left, is also predicted. 

A typical data-taking cycle required 20 minutes 
bombardment time and resulted in 200 000 counts in 
the recoil alpha-particle counter and 4000 counts under 
the high-energy neutron peak of the Li®I(Eu) counter, 
with a deuteron beam current of 2.5 microamperes. 

The spread of the neutron energies ranged from 0.18 
to 0.79 Mev and was due in about equal parts to the 
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Fic. 3. Li*I(Eu) scintillation counter pulse-height response to 
17-Mev neutrons. The thermal peak is at 13 volts and the 17.0- 
Mev peak is at 78 volts. 


” Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 84, 
1034 (1951). 
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Fic. 4. Examples of the peaks in the pulse-height response of 
the Li*I(Eu) scintillation counter to neutrons. The thermal peak 
was obtained with well-moderated neutrons for the purpose of 
displaying the symmetrical shape in contrast to the asymmetrical 
shape at the higher neutron energies. 


deuteron energy loss in the zirconium target and to the 
angle subtended by the diameter of the scintillation 
counter. 


RESULTS AND DISCUSSION 


The pulse-height distributions obtained at the various 
neutron energies agree with earlier reported results,‘ 
with 9.6% width at half-maximum for the thermal 
neutron peak and about 18% for the higher energy 
peaks. The shape of the peak is unchanged from 12.5 to 
18.3 Mev except for small variations which appear to 
be due to changes in the angular distribution of the 
tritons. In the case of the data monitored by the recoil 
alpha particles, cross sections have been calculated and 
plotted in Fig. 5 (squares). The remaining data con- 
sisting of four sets taken at different times have been 
normalized to these points at 14.0 Mev or at 14.2 Mev 
(circles). 

In addition to the usual corrections for the dead time 
of the detecting systems, two other corrections to the 
basic data were made. A correction for the escape of 
ions from the Li‘I crystal resulted in an increase of the 
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Fic. 5. Cross section for the Li®(,t)He* reaction. The horizon- 
tal bars indicate the spread in neutron energy. The squares ((_]) 
indicate the points obtained with use of the KI recoil alpha-particle 
counter as a neutron monitor. The solid circles (@) indicate points 
from four sets of data taken with the Li*I(Eu) neutron monitor 
counter, each of which is normalized to the absolute curve 
(squares) at either 14.0 or 14.2 Mev. 


cross section of 4%. To correct for the attenuation of 
the neutron beam by the various reaction processes a 
further increase of 1% has been made. 


KREGER 


The principal sources of error are listed with an esti- 
mate of their magnitude: (1) standard deviation in the 
scintillation crystal counts, from 1.8 to 2.1%; (2) 
standard deviation in the monitor counts, from 0.25 to 
3%; (3) uncertainty in the T(d,n)He* angular distri- 
bution, 3.5%, from reference 5; (4) uncertainty in the 
positioning of the Li®I(Eu) scintillation crystal and the 
KI monitor crystal, each 1%; (5) uncertainty in the 
correction for the loss of ions from the Li*I crystal, 
1%; and (6) uncertainty in the volume of the Li‘I 
crystal, 2%. As all of the above quantities enter into 
the cross-section calculation in a multiplicative fashion, 
the uncertainty is obtained by taking the square root 
of the sum of the squares and at its maximum value is 
+5.7%. 

The previously measured value?* of 26+3.6 mb for 
cross section at E,,= 14.2 Mev is 7.5% below the present 
value of 28.1+1.6 mb, but there is a substantial overlap 
in the standard errors. It is evident that the Li®I(Eu) 
crystal scintillation counter can be used to advantage 
in the quantitative counting of monoenergetic neutrons 
in this energy region. 
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Search for Electric Monopole Pairs from the 7.6-Mev State of C+ 


T. H. Kruse Anp R. D. Bent* 
Columbia University, New York, New York 
(Received July 15, 1958) 


A search was made for weak 7.6-Mev electric monopole pairs from the reaction Be*(a,n)C™* using a thin 
target, 5.7-Mev alpha particles, and a scintillation pair spectrometer. No 7.6-Mev pairs were seen with an 
intensity as great as 1.6X10~5 that of 4.43-Mev gamma rays. This result gives a limit of T'y./Ttota:<1.3 
X10~ for the ratio of the partial width for pair emission to the total width of the 7.6-Mev state. If an esti- 
mated alpha-particle width of 0.5 ev is taken for the total width of the 7.6-Mev state, then an upper limit 


of ',.<7X10- ev is obtained for the partial width for pair emission of the 7.6-Mev state. 


I. INTRODUCTION 


N order to calculate the reaction rate of the con- 

version of helium into carbon in red giant stars, it 
is necessary to know the partial width of the 7.65-Mev 
state of C!* for decay to the ground state.!? Previous 
attempts to detect 7.6-Mev pairs from C!? have been 
unsuccessful.*;* The purpose of the present experiment 
was to search for electric monopole pairs from the 
7.65-Mev state of C!* which were too weak to have 
been detected in an earlier experiment.’ A preliminary 
report of this work was given at the New York Meeting 
of the American Physical Society, 1957.° 


Il. EXPERIMENTAL METHOD 


A gamma-ray three-crystal pair spectrometer® was 
modified to detect monopole pairs with high efficiency 
by replacing the center Nal crystal with a plastic 
“well” scintillator. This modified spectrometer has an 
efficiency of 1.6% for the detection of electric monopole 
pairs, and a resolution of 17% for 5-Mev pairs. The 
efficiency for detection of gamma rays is low because of 
the small pair cross section in plastic. A description of 
this spectrometer has been published.’ 


III. RESULTS 


Figure 1 shows the uncorrected pair spectrum ob- 
tained from the bombardment of a 0.1-mil beryllium 
foil with 5.7-Mev alpha particles from the Columbia 
Van de Graaff accelerator. A peak is observed corre- 
sponding to external pairs formed by 4.43-Mev gamma 
rays in the plastic scintillator. No pair line is observed 
at 7.65 Mev with an intensity as great as 0.4%"that 
of the 4.43-Mev line. 


t Work partially supported by the U. S. Atomic Energy Com- 
mission. 

* Now at Indiana University, Bloomington, Indiana. 
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The fraction of 4.43-Mev gamma rays which create 
external pairs in the plastic scintillator was calculated 
to be 1/250. This gives 


number of 7.6-Mev pairs 
-—————_—_—_—_— < 1.6K 10-6. 
number of 4.43-Mev gamma-rays 


This limit is a factor of 4 lower than that obtained by 
Bent, Bonner, McCrary, and Ranken’ using a thick 
target and 4.3-Mev alpha particles, and a factor of 7 
higher than that recently obtained by Goldring, 
Wolfson, and Wiener‘ using a thin target and 5.3-Mev 
alpha particles. 

The relative populations of the 7.6- and 4.43-Mev 
states of C!? are known from the neutron measurements 
of Guier, Bertini, and Roberts*® to be 1:8 under nearly 
the same experimental conditions as those of the 
present experiment. The limit obtained above for the 
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Fic. 1. Uncorrected pair spectrum obtained from the bom- 
bardment of a 0.1-mil beryllium foil with 5.7-Mev alpha 
particles. 


8 Guier, Bertini, and Roberts, Phys. Rev. 85, 426 (1952). 
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intensity of 7.6-Mev pairs therefore gives a limit of 
Pse/T rota < 1.3X 10°, 


for the ratio of the partial width for pair emission to 
the total width of the 7.6-Mev state. 
The 7.6-Mev state is known?**" to decay pre- 
® Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955). 
10 W. F. Hornyak, Bull. Am. Phys. Soc. Ser. II, 1, 197 (1956). 


1S. F. Eccles and D. Bodansky, Bull. Am. Phys. Soc. Ser. II, 
3, 188 (1958). 


PHYSICAL REVIEW VOLUME 


KRUSE AND R. D. 


112, 


BENT 


dominantly by alpha-particle emission. The partial 
width for alpha emission has been estimated!:? to be 
about 0.5 ev. If this is the case, then an upper limit of 


Pae<7X10- ev 


is obtained for the partial width for pair emission of 
the 7.6-Mev state. This limit is consistent with the 
value of 4X 10~ ev estimated!” from electron scattering 
experiments. 
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Differential Cross Sections for Photodisintegration of the Deuteron at 
Far Forward and Backward Angles* 


C. A. Tatro,t T. R. Parrrey, Jr., R. M. WHatey,t anp R. O. Haxsy§ 
Purdue University, Lafayette, Indiana 
(Received July 7, 1958) 


Direct measurements of differential cross sections for photodisintegration of the deuteron have been made 
at center-of-mass angles of 11°, 100°, and 176° using photons with energies near 200 Mev. 

The cross sections at 176° were found to be 3.80.6 uwbarns/sterad and 5.2+0.6 wbarns/sterad at a mean 
photon energy of 190 Mev and 238 Mev, respectively. These cross sections are higher than would be pre- 
dicted by extrapolation from the angular distributions measured by other workers. The cross sections at the 
other two angles were in satisfactory agreement with previous measurements or extrapolations of 


measurements. 


The behavior of the differential cross sections at the far backward angle is taken as additional evidence 
of the close relation between photoproduction of mesons and photodisintegration of the deuteron in this 


energy region. 


INTRODUCTION 


HE following experiment was performed for the 
purpose of obtaining direct measurements of 
differential cross sections for photodisintegration of the 
deuteron at far forward and backward angles, at photon 
energies near 200 Mev. 

Most of the previous data! concerned with the angular 
distributions for this process have been taken between 
the laboratory angles of 30° and 150°. Angular distri- 
butions were then assumed and extrapolation made to 
complete the plot of differential cross section versus 
center-of-mass angle at a fixed photon energy. The c.m. 
angular distribution laws often assumed for this purpose 
were 

da /dQ* = A+B cos6*+C cos*6*, (1a) 


do /dQ* = (A+B sin*6*)(1—B cos6*). (1b) 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at Department of Applied Mechanics, Michigan State 
University, East Lansing, Michigan. 

t On leave of absence to National Academy of Sciences, Wash- 
ington, D. C. 

On leave of absence to Midwest Universities Research Associ- 

ation, Madison, Wisconsin. 

1 J. C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 (1956); 
D. R. Dixon and K. C. Bandtel, Phys. Rev. 104, 1730 (1956); 
Whalin, Schriever, and Hanson, Phys. Rev. 101, 377 (1956). 


Although extensions of the existing measurements 
would have little effect on the total cross section, they 
could determine the validity of the above expressions 
or indicate the need for a more detailed theoretical 
approach. 


EXPERIMENTAL PROCEDURE AND APPARATUS 


Figure 1 shows the arrangement of the apparatus for 
the forward angle runs. The collimated 305-Mev 
bremsstrahlung beam strikes a 1-in. liquid deuterium 


Fic. 1. Elevation view of the target, magnet, and counter 
telescope arrangement for the 11° c.m. measurement. 
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target? and is monitored further downbeam by a thick- 
walled Cornell-type ionization chamber. Protons from 
the photodisintegration process are deflected an addi- 
tional 12° away from the photon beam through a 
channel in a small magnet, and are counted in a scintil- 
lation counter telescope placed behind the lead exit 
slit of the magnet. 

Details of shielding differed markedly at the three 
angles where measurements were taken. At 90°, shield- 
ing presented no serious problem. When measurements 
were taken in the backwards direction where the proton 
counter telescope was necessarily set for lower range 
particles, considerable additional shielding had to be 
used to reduce a background from the large high-energy 
neutron flux from the synchrotron itself. The most 
forward angle at which measurements were made was 
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Fic. 2. Block diagram of the coincidence and 
pulse display system. 


set by the electromagnetic background. At the forward 
angle finally selected, it was still necessary to place 
helium gas in the magnet gap and in the beam path 
downbeam from the vacuum chamber surrounding the 
deuterium target, and to shield the sides of the magnet 
channel heavily. 

In order to identify protons in the presence of a 
background of counts which were able to trigger the 
electronics, the following scheme was chosen. The 
counter telescope established the range interval of the 
particles counted. Last-dynode pulses from each of the 
counters were delayed from each other, displayed on an 
oscilloscope triggered by a coincidence signal, and 
photographed. These pulse heights were later measured 
and required to be consistent with the expected pulse 
heights for protons. The block diagram of the electronics 
is shown in Fig. 2. 


2 The desi 
Whalin and 


of this target follows closely that given by E. A. 
. A. Reitz, Rev. Sci. Instr. 26, 59 (1955). 
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TABLE I. Percentage corrections to observed counting rates. 


Pole-face Slit 
scattering transmission 


Nuclear 
attenuation 
+15 —2 —3 
142-156 +18 —1 —2 
156-166 +20 —1 —2 
64-73 +5 see tee 
73-86 +6 
86-101 +8 
51-59 +3 
59-69 +4 


Ep (Mev) 


126-142 





The expected pulse heights for protons were estab- 
lished at the beginning of each run. The deuterium 
target was replaced with another target (Li, C, and 
W at 11°, 90° and 176°, respectively) which would 
provide a high proton counting rate with a relatively 
low background. These proton pulses were photo- 
graphed and measured in the same way as the pulses 
from the deuterium target. Each event was located as 
a point on a plot of the pulse height in the ith counter 
against that in the (i—1)th counter. In these plots, 
with a few hundred events, the envelope of the accept- 
able region for protons became readily apparent. It was 
then required that, for the deuterium runs, al! events 
lie within the acceptable region on each plot. 

Runs were taken with and without liquid deuterium 
in the target thimble. 


CORRECTIONS TO THE DATA 


Corrections were made to the data for nuclear atten- 
uation of the protons in passing through the counter 
telescopes, and for two types of multiple scattering 
which were found to modify the spectrum of protons 
reaching the counter telescopes. 

The nuclear attenuation correction in the telescope 
was always less than 20% even in the forward direction 
where the proton ranges were greatest. 

The two multiple scattering effects were as follows. 
The first concerned transmission of protons through the 
backs of the magnet poles and proton exit slits (see 
Fig. 1); the second had to do with protons multiply 
scattered off the faces of the magnet poles. Both of 
these effects involved the possibility of a rather large 
energy loss of the particle during scattering. Numerical 
techniques were used to treat both of these processes. 

These multiple scattering corrections were important 
only for the 11° run, where laboratory proton energies 
TABLE II, Results 


(do /dQ) (e.m.) 
(ubarns/sterad) 





Mean photon 
energy (Mev) 


192 5.84+0.7 
211 6.42+0.6 
227 6.15+0.9 
146 5.90+ 1.0 
172 5.50+0.5 
206 5.92+0.5 
190 4.00+0.7 
238 5.42+0.6 
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Fic. 3. Comparison of the energy dependence of the Purdue 11° 
c.m. data with extrapolated values from other laboratories. 


were in excess of 100 Mev. The magnitudes of the cor- 
rections applied to the data are listed in Table I. 


RESULTS 


Table II lists the differential cross sections obtained. 

Uncertainties listed in Table IT are statistical only. 
Other uncertainties are estimated as follows: in the 
number of incident photons, 5%; in the nuclear atten- 
uation correction, 3% (estimated for 100-Mev protons) ; 
in the solid angle determination, 2%. 

There are no important competing processes from 
deuterium which would produce protons confusable 
with protons from photodisintegration of the deuteron 
under the kinematic conditions of this experiment. 

Figures 3 and 4 show a comparison of the results of 
this experiment with angular extrapolations from the 
data of three other recent experiments.' In Fig. 3 the 
Berkeley and California Institute of Technology data 
were extrapolated from 44° c.m. and 48° c.m., respec- 
tively, on the assumption that the data could be fitted 
by Eq. (1a). The Illinois data were extrapolated from 
36° c.m. on the assumption that the data could be 
fitted by Eq. (1b). In Fig. 4 the same analytical repre- 
sentations were used as for the 11° c.m. data in Fig. 3; 
in this case, however, the extrapolations were from 150° 
(Berkeley), 147° (California Institute of Technology), 
and 157° (Illinois). It is noticeable that there is a 
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Fic. 4.Comparison of the energy dependence of the Purdue 176° 
c.m. data with extrapolated values from other laboratories. 
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tendency to find a higher extrapolated cross section by 

measuring more nearly in the backwards direction. 
Figure 5 shows the 100 c.m. data from this laboratory, 

in this case compared to interpolations of the results of 


the same three other experiments. 


DISCUSSION OF RESULTS AND CONCLUSION 


Figures 3, 4, and 5 show that the measurements here 
are in reasonable agreement with those at other lab- 
oratories, except for the 175° data. In particular, the 
100° data, which were taken to establish the reliability 
of these measurements by comparison with the direct 
measurements of other laboratories, show agreement. 
The geometry of our target and magnet prohibited 
measurements at angles other than those near the lab- 
oratory angles of 0°, 90°, and 180°, so that the agree- 
ment near 90° is the principal measure of the validity 
of comparing these results to those at other laboratories. 

The high values for the differential cross section at 
175° raises doubt about the analytic forms of the 
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Fic. 5. Comparison of the energy dependence of the Purdue 100° 
c.m. data with interpolations of data from other laboratories. 


angular distributions usually assumed [Eqs. (1a) and 
(1b) ]. If, for example, some of the cross section for the 
photodisintegration of the deuteron arises through 
terms like the direct interaction term in photoproduc- 
tion of mesons, there is no reason to expect such a 
simple angular dependence of the cross section, and 
higher powers of cos6* should appear even at these 
modest energies. 

The complexity of the photomeson production prob- 
lem itself makes it difficult to deduce from the known 
photomeson cross sections the exact form of the angular 
distribution in the case of the photodissociation of the 
deuteron. On the other hand, a qualitative explanation 
of so gross a feature as an unexpectedly high backward 
cross section can be offered. From the composite angular 
distribution shown in Fig. 6, one can see that a high 
power of cos* is necessary to explain the observation. 

The most important term in meson photoproduction 
which has a suitable angular dependence to explain 
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these observations is the direct interaction term, some- 
times written in the form’: 


da 


— cx 
dQ 


pg’ sind 
2k*(1—B cos@)? 

In positive meson photoproduction from hydrogen, 
this gives a forward maximum for the pions. If the 
photodisintegration cross section may be viewed as 
coming in part from the pickup of the forward pion by 
the remaining neutron in the deuteron, then this term 
in photoproduction would give a forward maximum to 
the observed proton angular distribution. Conversely, 
the same effect for negative pion production would 
tend to give a backward maximum for the protons in 
the photodisintegration process.. The angular distribu- 
tion in the forward direction, experimentally, is indeed 
observed to remain relatively high—although no de- 
tailed structure could be inferred from the existing 
data. In the backwards direction, however, the effect 
is significantly more pronounced, presumably because 
the other contributing terms are relatively small. 

The principal result of this experiment is then to 
adduce additional evidence for the direct interaction 

§M. Moravesik, Phys. Rev. 104, 1451 (1956). The notation 
here is that of this reference. 
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Fic. 6. Comparison of angular distributions for 
a photon energy of 205 Mev. 


term in meson photoproduction as exhibited in the 
photodisintegration process. 
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Radio-Frequency Orientation of Sb’”’}* 
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Radioactive Sb donors in a doped silicon crystal have been oriented by saturation of forbidden tran- 
sitions and by the Overhauser method. Double-resonance experiments in which an electron and a nuclear 
transition were saturated simultaneously were used to determine the Sb’ hyperfine splitting. A short 
discussion is given of how the nuclear relaxation mechanisms affect the double-resonance orientation 
signals. The hyperfine splitting of Sb’ has been found to be —132.59+0.10 Mc/sec and its spin 2. The 


gyromagnetic ratio is —0.952+0.010. 


INTRODUCTION 


HE technique of radio-frequency orientation’ 
has been used to align the 65-hour Sb” donors 
in an antimony-doped silicon crystal. Experiments 
similar® to those on As’* were performed in which the 
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resultant anisotropy of the gamma rays emitted by the 
oriented nucleus was used to detect the nuclear reso- 
nance and hence to measure the nuclear hyperfine 
splitting of the radioactive isotope. The Sb’ forms an 
instructive contrast to As” in that the relaxation time 
for the nuclear orientation is much shorter for the 
antimony donors than for the arsenic donors.’ The fact 
that part of this nuclear relaxation is due to processes 
in which the nucleus and electron change their state 
simultaneously is demonstrated by successful experi- 
ments in which orientation was produced by the 
Overhauser method. 

The shorter nuclear relaxation time for the Sb” 


7J. W. Culvahouse and F. M. Pipkin, Phys. Rev. 109, 319 
(1958). 
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Fic. 1. Diagram showing the relative positions of the two 
counters with respect to the sample. 


donors made it difficult to use an experiment in which 
the orientation was first produced by the saturation of 
a A(m;+m,)=0 forbidden transition and subsequently 
destroyed by the application of another radio-frequency 
field to measure the frequency of the direct nuclear 
transitions. Instead a double-resonance experiment was 
performed ; one of the electron transitions was saturated 
while the low-frequency oscillator was swept over the 
region of the nuclear transitions. When certain of the 
nuclear transitions were saturated, there was a modu- 
lation of the Overhauser orientation. 

In order to understand the structure of the orienta- 
tion signals it seems necessary to invoke other relaxation 
processes than the direct electron relaxation and the 
cross relaxation in which the electron and the nucleus 
change their state simultaneously so that the component 
of the total angular momentum along the axis of 
quantization remains constant. The signals can be 
understood qualitatively through the introduction of 
the quadrupole relaxation or of a general tensor inter- 
action between the electron spin and the nuclear spin 
such as would be produced by a time-dependent: aniso- 
tropic hyperfine interaction.’ No detailed calculations 
of the effect of these additional relaxation mechanisms 
upon the dynamics of the orientation have been made; 
instead attention has been focused upon how they 
influence the equilibrium populations. Only enough of 
the theory is included in this paper to permit an 
understanding of the measurement of the nuclear 


magnetic moment of Sb”. For additional information . 


on the method of dynamic nuclear orientation other 
sources should be consulted.** 


APPARATUS 


Most of the apparatus used in this experiment has 
been described in the paper® on As’*. The only major 
$M. J. Steinland and H. A. Tolhoek, in Progress in Low- 


Temperature Physics, edited by C. J. Gorter (North-Holland 
Publishing Company, Amsterdam, 1957), Chap. 10, p. 292. 


PIPKIN 


modification was an enlargement of the magnet gap 
from 3 in. to 3.5 in. so that the number of gamma rays 
emitted in the direction of (# position) and perpen- 
dicular to (o position) the magnetic field could be 
observed simultaneously. The physical arrangement of 
the counters is shown in Fig. 1. The w counter consists 
of a 1-in. by 1-in. NaI(TI) crystal which is coupled by 
a 13-in. long, 1-in. o.d. Lucite light pipe to an RCA-6199 
photomultiplier. No stabilization is provided for the 
counter; it is considerably more unstable than the o 
counter. 

The antimony-doped silicon samples used in this 
experiment were obtained from the Bell Telephone 
Laboratories. They were cut into rectangular pieces 
0.170-in. by 0.420 in. by 0.485 in. and etched with CP-4 
until they fitted inside the rectangular waveguide 
cavities. The nominal doping was 4X 10'* donors per 
cm’. The crystals were irradiated in the Materials 
Testing Reactor at Arco, Idaho, for 24 hours in a flux 
of 10“ thermal neutrons/cm* sec. The samples were 
subsequently annealed in vacuum for 4 to 6 hours at a 
temperature of 1100°C. 


REVIEW OF THE THEORY 


A. Description of Nuclear Orientation 


122 


The decay scheme of 65-hour Sb’ has been exten- 
sively investigated by many workers, among whom the 
principal ones are Glaubman® and Farrelly e¢ al." The 
results of these studies are summarized in Fig. 2. The 
unique first-forbidden shape of the 1.987-Mev beta ray 
leads to the assignment of spin 2 and negative parity 
to the ground state of Sb”. This is also confirmed by 
the comparison of the experimental and theoretical K 
capture-positron ratios for the Sb'’*—>Sn' ground-state 
transition.” The 1.423-Mev beta ray is a first-forbidden 
transition with an allowed shape which displays beta- 
gamma angular correlation.” The existence of the 
angular correlation is attributed to an interference 
between the components of the decay which carry off 
angular momenta 0, 1, and 2. The spin and parity 
assignments for the excited states of Te!” have been 
made from a study of the beta-gamma and gamma- 
gamma angular correlations. The radiations y; and 
are pure electric quadrupole; the radiation 2 is a 
mixture of (92+-4)% electric quadrupole and (8+4)% 
magnetic dipole. The mean life of the 563-kev state of 
Te! has been found to be 1.5X 10~" sec by coincidence 
techniques“ and 1.4X10-" sec by a study of the 
Coulomb excitation" of the 563-kev level. 
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18 F, Lindqvist and I. Marklund, Nuclear Phys. 4, 189 (1957). 

4C. F. Coleman, Phil. Mag. 46, 1135 (1955). 

16 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 





RADIO-FREQUENCY 


In this orientation experiment the gamma rays are 
observed. An examination of the relative intensities of 
the gamma rays shown in Fig. 2 shows that 93% of 
them are due to y:. For the interpretation of the 
experiments in this paper it will be assumed that the 
other gamma rays can be ignored. If jo denotes the 
spin of the ground state of Sb’ and the amo are the 
populations of its nuclear substates normalized so that 
their sum is one, then the excess of the number of the 
quadrupole gamma rays, 71, emitted at an angle @ with 
respect to the magnetic field, over the number emitted 
with random nuclear orientation, expressed as a fraction 
of the number emitted with random nuclear orientation, 
is given by'® 
S()=— (10/7) feBoP2(cosé — (40 3) fsBsP4(cosd), (1) 


1 
f_= ? yom Moamy— 4 jojo +-] ) l, 
jo mo 


; 1 
fs=—LE metamo— (1/7) (6j0?+6jo—5) Lamome? 
jo! mo mo 
+ (3/35) jo( jo—1)(jo+1) (jo+2) ], 
and the spherical harmonics are given by 
P2(cos@) = }(cos*#— 4), 
P,(cos@) = (35/8)[ cos“@— (6/7) cos*@+ (3/35) }. 


gn'22 sb'22 qel22 























RADIATION ENERGY 
1.987 
1,423 
0.730 

~ 0.44 0.00! —_ 
0.3 8% — 
1.45 - _ 
0.563 73.0 9 EQ 
0.693 3.6 % 

1.256 0.8% EQ 
1,152 


INTENSITY 
26.5 % 8.6 
69.0 % 7.6 
4.4% 7.7 
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Fic, 2. Nuclear energy level diagram for Sb™. 


6S. R, DeGroot and H. A. Tolhoek, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), Chap. 19, Part III, p. 613. 
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The parameters B, and By, are attenuation factors 
which depend upon the character of the first forbidden 
transition 62. If ao, a1, and a2 represent the relative 
probabilities that the beta ray’ carries off angular 
momenta, 0, 1, and 2, respectively, normalized so that 
their sum is unity, then 


Bo=1—a1/2—17a2/14, (6) 
By= 1—5ay/3—5a2/7. 


The signals S(o) and S(a) which are defined as the 
fractional changes in counting rate for observation 
perpendicular to and along the direction of the mag- 
netic field, respectively, are given by 


SBefe/7—5Bafa (8) 


S(r) = —10Befo/7—40Bgfs/3. (9 
In this experiment no attempt has been made to 
determine ao, ai, and a2; for sample calculations to 
illustrate the effect of the relaxation mechanisms upon 
the signals it will be assumed that 82 carries away no 
angular momentum. 


B. Description of the Donor Atom 


The Hamiltonian for an antimony donor atom in its 
2S, electronic ground state in an external magnetic 
field H is 


R= —gyuo(J-H)—gu,(1-H)+A(I-J), (10) 


where gy is gyromagnetic ratio of the electron, gr is 
the gyromagnetic ratio of the antimony nucleus, A the 
hyperfine interaction constant, uo the Bohr magneton, 
and yu, the nuclear magneton. A convention has been 
adopted in which the electron gyromagnetic ratio is 


negative and A is positive for a positive nuclear 
moment. If the magnetic sublevels of the donor atom 
are designated by the number pairs (m,,m,), then to 
second order in the hyperfine interaction their energies 
are 


Emy,m1= — gsuoHms—giunHm,+ Amrmmy 

+ (A*/4uoH)ms(I— 2m sm) (I+2msm;+1). (11) 
Figure 3 shows the energy levels for nuclear spin 2 and 
a negative nuclear magnetic moment. 

If P(m,s,mr) are the occupation probabilities of the 
various substates of the donor atom normalized so that 
their sum is one andthe’ W(m,,mr|my’,my’) are the 
factors common to the (4,m;)—(—4, m;’) and the 
(—4, mr’)—>(4,mr) transition probabilities, then the 
change in time of the level populations can be described 


17 E. Konopinski, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (North-Holland Publishing Company, Amster- 
dam, 1955), Chap. 10, p. 292. 
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Fic. 3. Energy levels for donor atom with nuclear spin 2 and 
a negative nuclear magnetic moment in a large magnetic field. 
The arrow with the H indicates the order in which the lines are 
displayed as a function of magnetic field with a fixed oscillator 
frequency. The primes in the figure denote absolute values. 


by the set of equations 


P(ms,m)= > 


my’,my’ 


W (m ,mz|m,y',mr’) 


xe (uwoH /kT)(my—my’ »P( my’ mr’) 


— ¢~ (HoH /kT)(my’—m3) P(m > mz) | 


(12) 


For the calculation of the Boltzmann factors, the 
hyperfine contribution to the energy has been neglected. 
For this experiment, interest is centered on the equi- 
librium configuration of the level populations when one 
of the electron transitions is being saturated. In this 
case in addition to the relaxation processes there is a 
saturating radio-frequency field; it essentially cancels 
the effect of the Boltzmann factor for one of the 
electron transitions. 

For the antimony donors the following three mecha- 
nisms would be expected to furnish the principal means 
of nuclear relaxation. For an atomic spin of $ they can 
be conveniently expressed in terms of the Clebsch- 
Gordan coefficients. 

(1) The cross relaxation produced by modulation of 
the isotropic hyperfine interaction, 


W (my,mr| my’ mr’) =o (11 my'p| 111 mz)? 
X (1—bms, my')imi+-ms, mr’ +m)’; 


(2) nuclear quadrupole relaxation, 


(13) 


W (my, mr\ my’, mr')=ws3(L2mz'p| 12Imz)*6my', ms; (14) 
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(3) nuclear relaxation produced by the modulation of 
an anisotropic hyperfine interaction of the form 


3 


> Aasl aS s. 


a, B=1 


(15) 


Here Agg is a symmetric tensor and J, and Jg are 
components of the angular momentum operators for 
the nucleus and the electron, respectively. If Eq. (15) 
is decomposed in terms of Clebsch-Gordan coefficients 
into process yielding nuclear relaxation, it becomes 


(T1my'p | I1Im,)*{ (1 —dmy, my’) 
[wsdmy— my’, m;—my'+wsms+m1, ms'+mz7' | 
+wsdm zs, my'(1—édmr, my')}. 


(16) 


The ws contribution of the anisotropic hyperfine inter- 
action can be regarded as an addition to the relaxation 
from the isotropic hyperfine interaction. Relaxation 
mechanisms with a factor (1—ém,, m,’) can produce 
orientation when one of the electron transitions is 
saturated ; those with 6m,, m,’ cannot. 

For the Sb’ donors the nuclear relaxation time is 
much longer than the direct electron relaxation time; 
consequently, it is advantageous to introduce the new 
variables 


(17) 


(18) 


P+(m)= P(—4, m1)+P(3,mz), 


P-(m)=aP(—4, m;)— P(4,m1), 
where 
a= e~ (20H /kT) | (19) 
and m now refers to the nuclear substate. If it is then 
assumed that 


P-(m)=0 (20) 


the general relaxation equation, Eq. (12), reduces to the 
form 


P+(m) => m W (m|m’)[ P*+(m’) — P+(m)]. 


The W(m\|m’) will be called the reduced relaxation 
matrix. For the three nuclear relaxation mechanisms 
which have been considered, the reduced W’s are 


(21) 


(1) isotropic hyperfine relaxation, 


W (m| m’) =[at/(1+a) Jor(11m'u| 11m)? 


< (1—6m, m’); (22) 


(2) nuclear quadrupole relaxation, 
W (m| m’) = w2(12m'p| 12Im)*(1—6m, m’) ; 
(3) anisotropic hyperfine relaxation, 
W (m|m’)=((wstwas)a!/(1+a)+ws 
 (im'p|[1Im)*(1—dm, m’). (24) 


In terms of the Clebsch-Gordan coefficients there are 
only two types of relaxation-dipole and quadrupole. 
For situations where the reduced equations can be used, 
the change of the fz and f, parameters due to the 


(23) 





RADIO-FREQUENCY 


nuclear relaxation can be described by the equations,’ 
fe()= foe, (25) 
fi) = fs(VOe™, (26) 
where 
Ao= F{[a?/(1+a) ](wi+-we-t+ws) +w5} + (5/7) we, 
N= (5/3) {[a!/ (1+a) ](wit+wetws) tos} 
+ (17/14) we. 


(27) 


(28) 


For situations where a radio-frequency field is being 
applied to saturate the (},mr)—>(—}, mr) electron 
transition, the auxiliary variables 

P+(m)= P(—4, m1) +P(4,mz), 


P~(m)=aP(—4, m;)— P(4,mz), 


(29) 


(P. . 
| Ps | —10 
P, |\=- 0 6 
P, | 12(1+a) | 0 0 
P, |} ee 


(—4 4 
al (wrtws) | 4 
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can be introduced for m#mpr, and for m=mzp the set 


P+(mpr)= P(—4, mre) +P(4,mr), 


: (30) 
P~(mr)= P(—4, mr)— P(3,me). 


This makes it possible to obtain a reduced set of 
equations in which the effect of the saturation is 
automatically taken into account. In this experiment 
only situations where the central (— }, 0)—>(4,0) tran- 
sition is saturated are important. For this case the time 
dependence of the nuclear populations is given by 
the following equations: 
(a) For cross relaxations of the:form 


A(m;+m,y)=0 (31) 


(w; and w,), 


one has 


0 
3(1+a) 0 


—3(1+a)?/a 6 


3(i+a)/a -—10 
0 4 


(b) For cross relaxations of the form A(m;-+-m,)=+2, one has 


P_; 
P- 1 alw; | 4 
P, | =——— 0 
P, 12(1+a) 0 
P, j 0 


—4 4 
—10 


There is no change in the equations for the other 
mechanisms (ws and ws). 


C. Expected Form for the Orientation Signals 


In order to understand the experiments on the 
measurement of the spin and nuclear magnetic moment 
of the radioactive antimony, the manner in which the 
nuclear relaxation mechanisms affect the signals must 
be known. No detailed calculations have been made to 
determine the exact behavior of the nuclear populations 
as a function of time. Instead, interest has been focused 
on the general features of the development in time of 
the orientation signals and on the way the relaxation 
mechanisms influence the signals for double-resonance 
experiments. 

Unless the nuclear relaxation time is very short, 
orientation can always be produced by the saturation 
of the forbidden A(m;+m,)=0 transitions. Figure 4 
shows the expected form of the signals when a radio- 
frequency field is applied so as to saturate the forbidden 
transitions and the nuclear relaxation time is such that 
the orientation decays during the time spent in moving 
the magnetic field between adjacent transitions. That 
these are forbidden transitions can be ascertained by 
observing the manner in which the orientation develops 
after the saturation is started. Figure 5(a) shows the 
expected behavior for a forbidden transition. There is 


0 
3(1+a)/a 0 


—3(1+a)?/a 6 


3(ite)  —10 
0 4 


an initial fast rise followed by a slow increase deter- 
mined by the relaxation time for (—%3, m)—(},m) 
transitions. 

The mechanism for the observed nuclear relaxation 
can be studied by experiments in which it is attempted 
to produce orientation through the Overhauser effect. 
If part of the nuclear relaxation is due to processes in 
which the nucieus and electron change states simul- 
taneously, then it may be possible to produce orien- 
tation by the saturation of an electron transition. The 
development in time of the orientation signal for 
saturation of the (— 4, 0)—>(4,0) transition is shown in 
Fig. 5(b). The magnitude of the signal depends upon 
the mechanisms producing the nuclear relaxation; the 
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Fic. 4, Expected o-position signals for saturation of the for- 
bidden transitions. For a negative nuclear magnetic moment a 
is the (4, —2)-(—#4, —1) transition, 8 the Gh. —1)—(—}, 0) 
transition, 6 the (},0)—>(—4, 1) transition, and y the (#,1)> 
(—4, 2) transition. The signals have been computed assuming no 
angular momentum is carried off by the beta ray and electric 
quadrupole nuclear relaxation. 
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Fic. 5. (a) The growth in time for the o-position signal for " : : 
saturation of the (4, —1)—>(—4,0) forbidden transition. The Fic. 6. Schematic representation of the calculation of the 
signal has been computed assuming no angular momentum is nuclear populations for the double-resonance experiments. The 

~ s . ¥ oy 
carried off by the beta ray. 7, is the relaxation time for the calculations were made for T= 1.25 K and H=8500 gauss. It 
(3,m)—>(—4, m) electron transitions. (b) The growth in time of has been assumed that there is no nuclear relaxation while the 
the ¢-position Overhauser signal for saturation of the (},0)— nuclear transition is being saturated. This particular calculation 
(—4, 0) electron transition. It has been assumed that all ion & for relaxation due only to the isotropic hyperfine interaction. 
relaxation is due to the isotropic hyperfine interaction. 

two signals is a sensitive function of the dilution of the 
rise time of the signal depends upon the relaxation isotropic hyperfine relaxation with other relaxation 

. & . I I . . 
time for processes which produce the orientation; the mechanisms. 
fall time depends upon all the nuclear relaxation In Table I are summarized the equilibrium u- 

. . * . teal 
mechanisms. lations of the nuclear sublevels for various mixtures of 

The most sensitive test for the presence of relaxation the nuclear quadrupole relaxation with isotropic hyper- 
mechanisms other than the isotropic hyperfine inter- fine relaxation. Also the o position signals have been 
action is the structure of the double-resonance signals. calculated for the equilibrium Overhauser saturation 

& q 
The double-resonance experiments are performed by and the two double-resonance experiments. The method 
first applying a radio-frequency field to saturate the of calculation for the double-resonance signals is illus- 
(—4, 0)—(4,0) transition. When a new equilibrium has _ trated in Fig. 6. Figure 7 gives a graphic representation 
been established, another oscillator is swept over the of the expected double-resonance signals for a mixture 
region of the (— 4, m)—>(—4, m+1) nuclear transitions. of quadrupole and hyperfine relaxation when the low- 
For a negative nuclear magnetic moment, when sweep- frequency oscillator is swept up through the (—4, m)—> 
ing from low to high frequency, the first transition to (—4,m-+1) nuclear transitions. Here the idealization 
J? 2> 

be observed is the (— 3, —1)—>(—3, 0) transition; when has been made that the frequency separation of the 
sweeping from high to low, it will be,the (—4,1)—> nuclear transitions is much greater than their line 
(—4, 0) transition. The ratio of the amplitude of these width. 


TaBLe I. Nuclear populations and alignment signals expected for Overhauser effect and double-resonance experiments. The relaxation 
is assumed to be due to a mixture of the isotropic hyperfine (w;) and the nuclear quadrupole (w2) mechanisms. It has been assumed 
that the beta ray carries away no angular momentum. So(¢) is the Overhauser signal for saturation of the (—4, 0)—>(4,0) transition ; 
S_1(¢) is the signal for simultaneous saturation of the (—}, 0)—>(},0) and the (—4, —1)—+(—4, 0) transitions; S,:(¢) is the signal for 
simultaneous saturation of the (—}, 0)—>(4,0) and the (—4, 1)—>(—4, 0) transitions. 








Relaxation Nuclear populations for Overhauser saturation Signals in @ position 


mixture . 
w/w a_s a1 ao a a2 Sof Sule) Saile) 


0 0.1186 0.1186 0.1695 0.2966 0.2966 +0.0381 +0.0381 —0).0928 
0.158 0.1610 0.1578 0.1762 0.2597 0.2454 +0.0298 +0.0045 0.0705 
0.316 0.1741 0.1723 0.1797 0.2448 0.2292 +-0.0254 0.0088 ~ 0.0623 
0.527 0.1819 0.1815 0.1828 0.2342 0.2195 +0.0215 —0.0178 —0.0565 
1.581 0.1925 0.1941 0.1896 0.2167 0.2072 +0.0130 — 0.0323 - 0.0488 

0 0.2000 0.2000 0.2000 0.2000 0.2000 +0,.0000 —0.0440 ~ 0.0440 
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TABLE II. Nuclear populations and alignment signals expected for Overhauser effect and double resonance experiments. The relaxation 
is assumed to be due to a mixture of the isotropic hyperfine (w:) and the anisotropic hyperfine (w; and w,4) mechanisms. It has been 
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assumed that the beta ray carries away no angular momentum. So(c) is the Overhauser signal for saturation of the (—}, 0)—(4,0) 
transition; S_;(¢) is the signal for simultaneous saturation of the (—4, 0)—>(4,0) and the (—4, —1)—+(—4, 0) transitions; S,;(¢) is 


the signal for simultaneous saturation of the (—4, 0)->(4,0) and the (—4, 1)->(4,0) transitions. 








Signals in @ position 


Relaxation Nuclear populations for Overhauser saturation 
mixture 

wa/ (wi +) a2 a. ao a1 a: So(c) S-1(¢) Si(e) 
0 0.1186 0.1186 0.1694 0.2965 0.2965 +-0.0383 +0.0383 — 0.0925 
0.2 0.1483 0.1483 0.1695 0.2669 0.2669 +0.0383 +0.0164 — 0.0710 
0.4 0.1695 0.1695 0.1694 0.2458 0.2458 -+-0.0383 +0.0008 —0.0552 
1.0 0.2076 0.2076 0.1694 0.2076 0.2076 +0.0383 — 0.0273 —0.0273 
2.0 0.2373 0.2373 0.1695 0.1780 0.1780 +-0.0383 —0.0490 —0.0055 
a 0.2965 0.2965 0.1695 0.1186 0.1186 +0.0383 — 0.0925 





In Table II are summarized the results of a similar 
set of calculations for a mixture of the isotropic hyper- 
fine interaction and the anisotropic hyperfine inter- 
action. To simplify the calculation, the ws part of the 
anisotropic interaction has been ignored. 


RESULTS OF THE EXPERIMENT 


A. Initial Orientation Experiments 


The Sb!” was first oriented by the saturation of the 
A(m;+-m,) = 0 forbidden transitions. The silicon sample 
was placed in a rectangular wave-guide cavity and the 
cavity was oriented so that there was a component of 
the radio-frequency magnetic field in the direction of 
the dc magnetic field. The dc magnetic field was then 
moved slowly through the region of the stable Sb™ 
resonances and the number of gamma rays emitted in 
the ¢ position observed. A plot of the observed counting 
rate versus magnetic field is shown in Fig. 8. Two 
signals are observed. A comparison with the expected 
signals shown in Fig. 4 indicates that these are the 
(4, —1)>(—4,0) and the (4,0)—(—}3,1) forbidden 
transitions and that the hyperfine splitting of the Sb” 
is approximately 130 Mc/sec. 

To confirm this assignment, two auxiliary experi- 
ments were performed. The radio-frequency power was 
turned off and the dc magnetic field was set at the value 
corresponding to the low-field transition of the two 
signals in Fig. 8. After the counting rate had been 
observed to establish a reference level, the radio- 
frequency field was turned on. A plot of the observed 
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Fic. 7. Expected o-position double-resonance signals for satu- 
ration of the ($,0)—+(—#, 0) electron transition and movement of 
the nuclear frequency up through the resonance values. This cal- 
culation is for the re =().527 mixture of quadrupole and isotropic 
hyperfine relaxation. At a the saturation of the ($,0)—(—4, 0) 
transition is begun; at 8 the low-frequency oscillator is turned on; 
at y the nuclear transition (—}$, —1)—+(—}, 0) is saturated; at 6 
the (—4, 0)—+(—4, 1) transition is saturated. It has been assumed 
that the beta ray carries away no angular momentum. 
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counting rate versus time is shown in Fig. 9(a). The 
fast rise and slow decay of the orientation is just what 
would be expected for the saturation of a forbidden 
transition where the nuclear relaxation time is several 
times longer than the electron relaxation time. 

The radio-frequency field was then turned off again 
and the magnetic field set at a point midway between 
the observed positions of the forbidden transitions. 
This is where the (— 4, 0)—>(4,0) transition would be 
expected. Again, a reference level for the counting rate 
was established and then the counting rate was observed 
after the radio-frequency field was turned on. In this 
case [ Fig. 9(b) ] the signal develops quite slowly with 
a time constant comparable to that for the relaxation 
of the orientation in Fig. 8. Thus it is concluded that 
this orientation is due to the Overhauser effect and that 
part of the nuclear relaxation is due to the modulation 
of the hyperfine interaction. 

Since the Overhauser orientation always decreases 
the population of the m=0 nuclear substate and in this 
experiment increases the counting rate, it is concluded 
that the low-field forbidden transition decreases the 
population of the m=0 level and hence that the sign 
of the nuclear magnetic moment is negative. 


B. Precise Measurement of the 
Hyperfine Splitting 


In order to further confirm the conclusion that the 
two forbidden transitions were the pair (— 4, 0)—>(4,1) 
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Fic. 9. (a) Plot of counting rate versus time for saturation of 
($, —1)—>(—}, 0) transition. Also part of the decay after the 
radio-frequency field is turned off is shown. (b) Plot of counting 
rate versus time (o position) for saturation of (—4, 0)—>($,0) 
transition. 


and (3,0)—(—4, 1) and to obtain a more precise value 
for the hyperfine splitting, a series of double-resonance 
experiments were performed. A radio-frequency field 
was first applied to saturate the (— 3, 0)—>(,0) electron 
transition. Then after an equilibrium value of the 
Overhauser orientation had been obtained and with the 
first radio-frequency field still on, a second radio- 
frequency field was swept over the region of 72 Mc/sec 
so as to saturate the (—}, m)—(—43,m+1) nuclear 
transitions. A plot of the counting rate versus time for 
such an experiment showing first the increase of the 
counting rate due to the Overhauser effect and then 
the decrease due to the saturation of the nuclear 
transitions is shown in Fig. 10. Whenever possible, runs 
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Fic. 10. Plot of counting rate in o position versus time showing 
the formation of the Overhauser orientation and the subsequent 
decrease in counting rate when the nuclear transitions are satu- 
rated. 
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were made in pairs so that each time the magnetic field 
was set so that the (},0)—(—4,0) transition was 
saturated, the nuclear transitions were observed both 
with increasing frequency and with decreasing fre- 
quency. A pair of such transitions is shown in Fig. 11. 
In Table III are summarized the results of all the 
double-resonance experiments. The frequency of a 
transition has been taken to be that frequency at which 
the change in counting rate is one-half of its maximum 
value. 

Only one transition is observed going each direction 
in frequency and these two transitions are separated by 
approximately 600 kc/sec. The expected line width for 
the nuclear transitions is about 120 kc/sec and their 
separation 400 kc/sec. From this it is concluded that 
the observed transitions are (—4, 1)—(—3,0) and 

—4,0)—+(—}4, —1). There are two ways in which the 
near equality in magnitude of these signals could be 
explained. When the radio-frequency field is applied to 
saturate the (— 4, 0)—>(4,0) transition, the dc magnetic 
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Fic. 11. Plot of o-position counting rate versus frequency of 
the second radio-frequency field for moving both upwards and 
downwards in frequency. 


field is sinusoidally modulated by approximately 10 
gauss peak to peak so as to completely saturate the 
transition. If at the same time there were complete 
saturation of the (4, —1)—>(— 4, 0) transition, then the 
amplitude of the two nuclear resonance signals would 
be equal. On the other hand, if there were complete 
saturation of the ($,0)—>(—4, 1) transition, neither of 
the two nuclear transitions would be seen. For Sb 
the forbidden lines are separated by 23 gauss from the 
(4,0)—+(— 4, 0) transition. Since the full width at half- 
maximum of the electron lines is 3 to 5 gauss, it is 
unlikely that any other transition than the ($,0)—> 
(—4,0) was saturated. The second explanation 
requires the introduction of relaxation processes other 
than the isotropic hyperfine relaxation. It is not clear 
just how to explain the precise form of the observed 
signals and the fact that the minimum counting rate 
occurs at approximately the same frequency for both 
directions of transit. 





RADIO-FREQUENCY ORIENTATION OF Sb!?? 


The following method of analysis was used to calcu- 
late the hyperfine splitting and gyromagnetic ratio of 
the Sb” from the observed frequencies. If the frequency 
in Mc/sec of the (—4, —1)—(—4,9) transition is 
denoted by »; and the frequency of the (—}3, 1)—> 
(—4,0) transition by v2, then from Eq. (11) the 
following expression can be obtained for the sum of 
Vite: 


Mn 
Wyt+V2=A wi +2¢un'()- 
h 


(A 122’)? 
4(uo/h)H 


where Aj’ is the absolute value of the hyperfine 
interaction constant of Sb”? expressed in Mc/sec, g122’ 
is the absolute value of the gyromagnetic ratio of Sb”, 
and jo/hk and u»/h are expressed in Mc/sec gauss. 
Eisinger and Feher'* have measured very precisely the 
hyperfine constants of the stable Sb and Sb™ in a 
doped silicon crystal. They find 


Ajm= 186.802+0.005 Mc/sec, 


34 
A 123>> 101.516+ 0.004 Mc ‘sec. ( ) 


TABLE III. Measured values of the nuclear transition fre- 
quencies. The magnetic field is in gauss and the frequencies in 
Mc/sec. »; corresponds to the (—4, —1)—>(—4, 0) transition and 
v2 to the (—4$, 1)—>(—}, 0) transition. The up and down refer to 
whether the measurement was made with the low-frequency 
oscillator increasing or decreasing in frequency. 


Magnetic Going up Going down 
field v1 ve 


72.33+0.20 





71.81+0,.20 
71.80+0.15 
71.96+0.10 
72.07 +0.10 
71.91+0.10 


72.34+0.15 
72.58+0.10 
72.63+0.10 
72.60+0.10 


They have also remeasured!®. the nuclear gyromag- 
netic ratio of the stable isotopes and computed the 
hyperfine anomaly. The values obtained are 


2121 = 1.3440+0.0006, 
£123= 0.7281-+-0.0003, 


Ais £123 
a=( \(=)-1- — (0.352+0.005)%. 
A123 8121 


For calculations in this'‘paper the hyperfine anomaly 
will be assumed to be zero and the simple Fermi-Segré 
formula” used to compute the gyromagnetic ratio of 
Sb", In terms of Sb, 


(35) 


8122> gi2A 122/A 1215 (36) 


in terms of Sb'*, 
£122 £123 122/A 123- 
18 J, Eisinger and G. Feher, Phys. Rev. 109, 1172 (1956). 
19 W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 
Cohen, Knight, Wentink, and Koski, Phys. Rev. 79, 191 


(1950). 
1 E. Fermi and E, G. Segré, Z. Physik 82, 729 (1933). 


(37) 
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If Eqs. (36) and (37) are now used to eliminate gi22 in 
Eq. (33), two equations can be obtained for Aj22’ in 
terms of the observed frequencies. By use of these 
equations and the data in Table III, the following 
mean values are obtained for the hyperfine interaction 
constant and the nuclear gyromagnetic ratio of Sb”. 


From Eq. (36), 
| A129| =132.57+0.1 Mc/sec, 
| g122| = 0.954+0.001 > 


from Eq. (37), 


(38) 


| A192] = 132.61+0.1 Mc/sec, 


f (39) 


To obtain the final values for the radioactive Sb', an 
average is taken and an upper limit of 1% is assumed 
for the Sb'!/Sb! and the Sb"/Sb!” hyperfine anoma- 
lies. The final values are 


A jo2= —132.59+0.1 Mc/sec, 


40 
£122= —0.952+0.010. (40) 


C. Determination of the Nuclear Spin 


In order to verify the spin 2 which has been assigned 
to Sb!” from a study of the systematics of nuclear decay 
schemes, a search was made for other forbidden tran- 
sitions. Since the change in the c-position counting rate 
is expected to be small for the (3, —2)—-(—}3, —1) 
transition, a second counter was added so that the 
counting rate in the o and positions could be observed 
simultaneously. These observations were made by 
moving the magnetic field to the proper position with 
the radio-frequency power turned off and then observing 
the change in counting rate when the radio-frequency 
power was turned on. Figure 12 shows the counting 
rate in the ¢ and z positions when the (3, — 1)—>(—4, 0) 
transition is saturated; Fig. 13 shows the counting rate 





Fic. 12. Plot of count- 
ing rate versus time for 
both o and 7 positions 
and saturation of the 
(4, —1)—>(—3, 0) tran- 
sition. 
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Fic. 13. Plot of counting rate versus time for both o and x position 
and for saturation of the (4$,1)—+(—, 2) transition. 


when the (3,1)—>(—}3, 2) transition is saturated. No 
other transitions were found. The difference in stability 
of the w and ¢ counters is a graphic demonstration of 
the value of the feedback circuit which keeps the Sb” 
photopeak at a constant voltage. 


CONCLUSIONS 


The nuclear magnetic moment of Sb” has been found 
to be 
M122 (— 1.904+ 0.020) un. 


The usual odd proton—odd neutron shell-model con- 
figuration assigned to Sb is g7/2—/Ay1/2. The simple 
j-j coupling shell model can be used to calculate the 
magnetic moment” of Sb’ from the empirical moments 
of the gz/2 proton and the 41/2 neutron. For the g7/2 
proton the neighboring nucleus Sb™ can be used: 


g(g7/2)=0.728. 


No element with an odd /y;;2 neutron has been meas- 
ured. However, an empirical extrapolation, on the basis 


2R. J. Blin-Stoyle, Revs. Modern Phys. 28, 92 (1956). 
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that the magnetic moment of an 41/2 neutron will 
deviate from the Schmidt lines by as much as a go/2 
neutron, gives the value 


gh 2) = — (0.182. 
Using these empirical values, the expression 
122(theo) = —2.46 


is obtained for the Sb™ nuclear magnetic moment. 
The agreement with the experimental value is fair. 

The orientation signals indicate that the nuclear 
relaxation time is much shorter for the radioactive 
antimony donors than for the radioactive arsenic 
donors.’ Part of the difference might be attributed to 
the fact that the concentration of Sb” is approximately 
ten times that of As’*; part of it might be attributed to 
a difference in the magnitude of the quadrupole 
moments of the two nuclei. The annealing procedure 
for the two experiments was the same but it is still 
difficult to rule out completely radiation damage. One 
very significant difference is that it is quite easy to 
orient the Sb’ by the Overhauser method, while all 
such experiments on the As’ failed. The Sb experi- 
ments seem to imply the necessity for some nuclear 
relaxation mechanism in addition to that produced by 
modulation of the isotropic hyperfine interaction. 

Preliminary experiments indicate that the relative 
contribution of the various angular momenta to the 
beta decay is approximately the same in Sb™ as in 
As”®.® The shorter nuclear relaxation time complicates 
this analysis. 
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Shape of the Pr’ Beta Spectrum* 
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Small deviations from the statistical shape which has previously been reported for Pr might be expected 
from a theoretical prediction for such a once-forbidden nonunique transition. The spectrum was investigated 
with greater precision and in greater detail than in past studies, with magnetic and scintillation spectrom- 
eters. The spectrum is found to exhibit small deviations from a statistical shape. The spectrum can be 


fitted with a once-forbidden, nonunique shape factor. 


I. INTRODUCTION 


HE beta spectrum of Pr has been remeasured 

with greater precision and in greater detail in 
order to explore the possibility of any small deviations 
from the statistical shape which had been reported pre- 
viously.'? Such deviations might be expected from a 
theoretical prediction’ for such a once-forbidden, non- 
unique transition. 

Mahmoud and Konopinski used the reported statis- 
tical spectrum of Pr' to eliminate certain combinations 
of beta decay interactions.‘ They pointed out that most 
once-forbidden, nonunique spectra have statistical 
(allowed) shapes because of the usually dominant 
energy-independent Coulomb terms ~aZ/2R in the 
shape factor. They also stated that only in the acciden- 
tal cancellation of the large Coulomb terms can the 
smaller energy-dependent terms reveal their presence 
in the shape factor. RaE is the most notable example 
with large cancellation giving rise to a strong energy- 
dependent shape factor. It has been pointed out that 
with improved experimental technique small deviations 
from the statistical shape should not be as infrequent 
as found in the past for once-forbidden, nonunique 
transitions.® 

The once-forbidden, nonunique assignment for the 
Pr'* decay is based on the measured spins and magnetic 
moments*~* of Pr’! and Nd'* which give the respective 
ground states of these nuclei as $+ and $—. A $+ 
assignment is inferred for Pr' since it differs from Pr'*! 
by only 2 neutrons. The Pr’ decay has a log /t value of 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission, and by a grant 
from the Research Corporation. 
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7.6 which is in the range of once-forbidden, nonunique 
transitions. 

With its relatively high end-point energy, the Pr’ 
spectrum might be expected to exhibit deviations from 
a statistical shape. This is because as (Wo—1) ap- 
proaches (aZ/2R), less cancellation of the terms pro- 
portional to (aZ/2R) is needed for the energy-dependent 
terms to become important in the shape factor. Indeed, 
such a nonunique, nonstatistical shape has _ been 
observed. 


Il. EXPERIMENTAL PROCEDURES 
Magnetic Spectrometer 


The beta spectrum of Pr’ was measured in a high- 
resolution, 40-cm radius of curvature, 180-degree focus- 
ing, shaped magnetic field spectrometer.'® 

A specially designed end-window, loop-anode, stain- 
less-steel cathode, proportional counter was used as the 
detector. The physical construction of the counter is 
similar to that of the G~M counter used by Plassmann." 
Methane gas flowed through the counter at a pressure 
of 10 cm Hg, kept constant within 2% with the aid of 
a Cartesian manostat.” The preformance of this coun- 
ter was closely checked from 0.05 to 1.5 Mev. Typical 
counter plateaus were over 200 volts long with slopes 
<1.5% per 100 volts for 1-Mev electrons and over 300 
volts long with slopes ~ 0.6% per 100 volts for 100-kev 
electrons. The plateaus at these two energies overlapped 
for over 200 volts. The operating voltage was set ap- 
proximately in the middle of the overlap region. The 
ratio of the counting rates at these two energies is 
constant, independent of counter voltage, for well over 
100 volts at a gas pressure of 10 cm Hg. Measurements 
were made at 6, 8, and 12 cm of Hg to determine that 
the sensitivity of detection is not a function of energy. 
The plateau lengths were longer at 12 cm and shorter 
at 6 and 8 cm Hg but, with the discriminator setting 
used, the counting rate was found to be independent of 
energy. This proportional counter is extremely stable 
in operation and trouble-free. It reproduces quite faith- 
fully even at counting rates of 100 000 c/min and higher. 


10 L. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 257 (1948). 


FE. A. Plassmann, Ph.D. thesis, Indiana University, 1954 
(unpublished). 
21. M. Langer and R. D. Moffat, Phys. Rev. 80, 651 (1950). 
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The pulses out of the preamplifier are fed through a 
nonoverloading amplifier and integral discriminator 
into the scaler. 

The counter window was an unsupported, aluminum- 
coated Zapon film with a measured thickness of 100- 
150 ug/cm?. The effective thickness was probably some- 
what less since the gas pressure stretched the area of 
film over the counter plate opening. The cutoff energy 
of this window was 6 kev. With this cutoff, the window 
transmission is essentially independent of energy above 
about 30 kev"; however, all measurements were made 
at energies above 50 kev in the magnetic spectrometer. 
Periodically throughout each run, the background was 
checked and the pulses were monitored visually on an 
oscilliscope. The width of the counter acceptance slit 
was 5 mm. 

The spectrometer was calibrated in terms of the K 
line of the 661.6-kev gamma ray“ of Cs’ and the K 
line of the 1064-kev gamma ray" of Bi’. The low- 
energy calibration was in terms of the internal conver- 
sion lines of the 238.6-kev gamma ray" of ThB (the F 
and J lines). The resolution of the spectrometer is 
approximately 0.75% for a 5-mm wide source and 
counter opening as used in this experiment. The mag- 
netic field measurements were made to within 0.1% by 
use of a continuously rotating coil arrangement.'’ The 
type-K potentiometer described in the reference was 
supplemented with a digital voltmeter'* which gave a 
continuous visual read-out of the standard Helmholtz 
coil current with an accuracy of better than 1 part in 
2000. 

Measurements of the spectrum were made with and 
without an extra beam-defining baffle which reduced 
the area of the accepted beam by more than 50% from 
normal. This checked on possible scattering of beta 
particles in the chamber and on the transmission prop- 
erties of different portions of the magnetic field. To 
check on scattering and resolution properties of the 
spectrometer, studies were made of the shape of the 
Cs*7K-conversion line for various baffle arrangements 
including cutting out the inside and outside half of the 
normally accepted beam. Absence of counts above 
normal background, at energies below the counter 
window cutoff and beyond the endpoint of the spectrum, 
indicates that there is no scattering of high-energy par- 
ticles into lower energy regions and low-energy particles 
into higher energy regions. All the evidence indicates 
that scattering of beta particles into the detector, even 
with sources which have gamma rays present, is com- 
pletely negligible in this spectrometer. 


13. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 257 (1948). 
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don) A66, 54 (1953), 
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16K. Siegbahn and K. Edvarson, Nuclear Phys. 1, 137 (1956). 

17L. M. Langer and R. F. Scott, Rev. Sci. Instr. 21, 522 (1950). 

18 Nonlinear Systems, Inc., Del Mar, California. 
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Scintillation Spectrometer 


The beta spectrum was also measured with a 44 
scintillation spectrometer.?° The source was sand- 
wiched between two cylindrical plastic phosphors, each 
1;% inches in diameter and 1,%; inches thick. The phos- 
phors were optically coupled with silicon fluid to 
Dumont 6292 photomultiplier tubes. The resolution for 
the Cs"? internal conversion electron line was ~ 14% 
for all experimental runs. The beta pulses were recorded 
on a ten-channel pulse-height analyzer. 

The gamma-ray scintillation spectrum was studied 
with a 1$X1 inch Nal crystal on a Dumont 6292 photo- 
multiplier, feeding into a nonoverloading amplifier. The 
differential pulse-height spectrum was recorded with a 
ten-channel analyzer. 


Sources 


Cerium oxide (99.8% pure) was further purified by 
elution from a cation exchange column. 21.5 mg of the 
purified cerium oxide was sealed in a quartz tube and 
neutron irradiated in the Idaho Materials Testing Re- 
actor. Neutron capture in Ce produces Ce which 
beta decays to Pr’. The Pr' was separated from the 
cerium and other possible traces of rare earths in the 
following manner. The cerium oxide was dissolved in 
concentrated HCl with SnCl, added to reduce the 
cerium to the (+3) oxidation state. Specific “rare earth 
chemistry,” including cation exchange column separa- 
tion, was performed.”! 

The Pr’ source was checked for gamma rays, in 
particular for those from Ce and Ce' which should be 
the chief contaminants. No gamma rays were observed, 
indicating a good separation. 

For the magnetic spectrometer, the source material 
which was dissolved in 6M HCl was liquid deposited 
over a rectangular area (0.5 cm X2.5 cm) on a Zapon- 
LC600 laminate backing. The liquid was evaporated in 
an evacuated desiccator. The source area had been 
previously treated with a 20:1 dilute solution of insulin 
to increase the uniformity of the source deposit. The 
backing was a laminate made of one layer of Zapon and 
two layers of LC600 and was measured by an alpha- 
particle absorption technique to be approximately 
150 ug/cm? thick. The source was covered with a 
Zapon film <10 wg/cm?. A thin grounding film of alu- 
minum (~ 10 ug/cm*) was vaporized in vacuum on the 
side of the backing away from the source. The column 
separation should give an essentially massless source. 
A very small amount of white material, however, came 
off the column and could not be eliminated. The average 
source thickness was estimated to be ~10 yg/cm?. 
After the source had decayed, an upper limit of about 


18 Johnson, Johnson, and Langer, Phys. Rev. 102, 1142 (1956). 

*” R. L. Robinson and L. M. Langer, Phys. Rev. 109, 1255 
(1958). 

21 Smith, Hamilton, Robinson, and Langer, Phys. Rev. 104, 
1020 (1956). 
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20 g/cm? was placed on the thickness by measuring the 
total thickness with the alpha-particle absorption 
technique. 

The scintillation spectrometer source was liquid de- 
posited on a Zapon backing of approximately 10 ug/cm? 
and covered with a Zapon film of about 7 ug/cm*. The 
source thickness was <1 ug/cm?. 


III. TREATMENT OF DATA 


Six measurements were made of the spectrum from 
50 to 860 kev with the magnetic spectometer. Each 
measurement of the spectrum consisted of two sets of 
experimental points covering the entire spectrum and 
taken on different cycles of the magnetic field. The 
first three runs were made over a period of four days. 
The second run of this series was made with the extra 
beam-defining baffle. The last three measurements of 
this spectrum were made after a period of seven weeks 
to check the decay of the source. Each of the first three 
runs was in progress less than 7 hours, and the last three 
less than 8 hours. The reported half-life of Pr’ is 13.76 
days.” Each run was individually corrected for decay 
with a half-life of 13.8 days. The Fermi-Kurie (F-K) 
plots of each run were normalized with the average 
normalization factor determined at three energies. The 
experimental factor for normalizing runs four and five 
to one agreed very well with the value calculated from 
the half-life (experimental: 1.65 and 11.30; calculated: 
1.65 and 11.27). Only the first three runs were used in 
the further analysis of the data because of their better 
counting statistics. Almost every experimental point on 
these three runs had a 1% statistical deviation in the 
counting rates. The background counting rates were 
closely checked with and without the source in the 
spectrometer. The data were corrected for background 
which was essentially constant and relatively small. 

The spectrum was measured from 100 to 870 kev 
with the 4 scintillation spectrometer. The total back- 
ground for the experimental run was 1% of the total 
counts. The body correction was less than 1.5% for all 
points. The maximum decay correction was 0.4%. 
More than 10000 counts were taken for each point 
below 600 kev and more than 4000 counts for each 
point below 800 kev. 

F-K plots of the data were made with the aid of both 
graphs* and tables.** The F-K plots obtained from the 
two methods of calculation had the same shape within 
the experimental error. 

Corrections for outer screening arising from the 
modification of the nuclear electrostatic potential by 
the orbital electrons of an atom were considered. An 


2 Wright, Wyatt, Reynolds, Lyon, and Handley, Nuclear Sci. 
and Eng. 2, 427 (1957). 

23S. A. Moszkowski, University of Chicago (privately circu- 
lated graphs). 

* Tables for the Analysis of Beta Spectra, National Bureau of 
Standards, Applied Mathematics Series No. 13 (U. S. Government 
Printing Office, Washington, D. C. 1952). 
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Fic. 1. Fermi-Kurie plot of Pr magnetic spectrometer data. 
W is the total energy in units of moc’. 


approximate method of calculating the outer screening 
correction is given in tables** and from these tables the 
correction was calculated for Z=60. The correction was 
very small; it was less than 0.8% relative change in the 
highest and[lowest energy$data for the largest value 
given for the “outer screening potential”, Vo. This 
correction is negligible for these data. 


IV. RESULTS 


The F-K plots of the first three magnetic spectrom- 
eter measurements, normalized to the first run, are 
shown in Fig. 1. The F-K plot exhibits a slight curva- 
ture over the whole spectrum. Although the F-K plot is 
not linear, the high-energy portion is nearly linear and 
a least-squares fit can be made to determine the end- 
point energy. The F-K plots of the first three magnetic 
spectrometer measurements were first fitted individu- 
ally with least-squares straight lines over the energy 
range 1.96moc?<W <2.60mpc*. In this range, the F-K 
plots were essentially linear and each point had a 
standard deviation of 1% in the counting rate. The 
individually fitted least-squares straight lines for the 
three runs yielded end-point energies of 2.825, 2.828, 
and 2.826moc*. The least-squares fit of the combined 
data leads to our best value for the end-point energy of 
(2.826+0.01) moc? (9335kev). 

The curvature of the F-K plot indicates an energy- 
dependent shape factor. The energy dependence of the 
shape factor is more clearly seen in Fig. 4 where 
C«N(n)/7F(Wo—W)? is plotted against W for Wo 
=2.826m<*. The flags represent the 1% standard de- 
viation in \V(m) and are the same for almost every 
point. 

The F-K plot of the data taken with the scintillation 
spectrometer had the same shape. Figure 2(a) gives a. 
plot of the shape factor obtained from the scintillation 
spectrometer data. The shape factors obtained with the 
magnetic and scintillation spectrometers are compared 
in Fig. 2(b). The points in Fig. 2(b) represent the 
fractional difference between the experimental shape 
factor curve obtained with the magnetic spectrometer 
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Fic. 2. (a) Experimental shape factor of the Pr’ scintillation 
spectrometer data. (b) Plot of the ratio (C—C’)/C. C is the shape 
factor curve obtained from the magnetic spectrometer data and 
C’ is the shape factor data obtained with the scintillation 
spectrometer. 


and the scintillation spectrometer data at the given 
energy. These fractional differences are extremely small 
and are indicative of the good agreement between the 
data taken with the two different spectrometers. 


V. DISCUSSION 


Many tests were made to determine that the spec- 
trometers, and in particular the magnetic spectrometer, 
are measuring beta spectra undistorted by instrumental 
effects. The scintillation spectrometer was used to 
measure several well-known spectra as tests of its 
performance.” Many parameters concerning the mag- 
netic spectrometer were closely examined. Careful 
studies of the proportional counter operation have been 
mentioned above. The absence of scattering in the 
magnetic spectrometer has been established by many 
tests. The reproducibility of the data for different 
baffles and different recycled runs indicates the absence 
of distortions which might be expected if the gradient 
of the magnetic field were to change as a function of the 
field itself. Studies with Na® and Pm"? sources indi- 
cated that there should be no spectral distortions in the 
Pr'® data above 125 kev arising from source backing 
and/or source thickness.2® These studies also suggest 
that below 100-125 kev an excess of particles should be 
expected in the spectrum taken with a source backed 
with 150 ug/cm? of Zapon in comparison to one backed 
with 10-20 ug/cm? of Zapon. These studies agree with 
the observations of Johnson on the spectrum of Y® 
where the same spectral shape was obtained for energies 
above 125 kev for sources backed with 180 ug/cm? Al 
and 20 wg/cm? Zapon.?” 

An effective over-all check of instrumental distortions 
was made by comparing the Pr’ measurements made 
with the magnetic and 4 scintillation spectrometers. 


28R. L. Robinson, Ph.D. thesis, Indiana University, 1958 
(unpublished). 

26 J. H. Hamilton, Ph.D. thesis, Indiana University, 1958 (to 
be published). 

270. E. Johnson, Ph.D. thesis, Indiana University, 1956 (to 
be published). 
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' The spectral shapes measured with the two instruments 
agree extremely well [see Fig. 2(b)]. The good agree- 
ment is also seen in Fig. 3 where the scintillation spec- 
trometer data corrected with the magnetic spectrometer 
shape factor yields a linear F-K plot. The end-point 
energy of 929 kev is in good agreement with the mag- 
netic spectrometer value. The fact that the data from 
the two spectrometers agree so well is good evidence 
that the observed Pr" spectrum is free of instrumental] 
distortions, at least above 100-125 kev, since the in- 
struments are so different as are also the methods of 
source preparation. 

The observed spectral shape has not been previously 
reported. It is felt, however, that this shape would not 
have been observed in previous investigations. In only 
two of the previous studies of the Pr'® beta spectrum!” 
was the source free from cerium isotopes which would 
limit the study of the Pr spectrum to energies greater 
than 580 kev. A close study of these two measurements 
was made. In these earlier investigations, the poorer 
counting statistics and reproducibility of the data along 
with the thicker sources produced problems which 
might easily have masked the small curvature observed 
in the Pr'® F-K plot under more ideal conditions. On 
this basis, past measurements provide no disagreement 
with the improved measurements of the present work. 

The spectral shape of Pr'* was fitted with a once- 
forbidden, nonunique shape factor.** At the time this 
analysis was carried out, S and T were regarded as the 
probable interactions. Recent investigations,” how- 
ever, indicate that V and A are probably the correct 
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Fic. 3. Fermi-Kurie plot of the Pr’ scintillation spectrometer 
data corrected with the experimental shape factor from the mag- 
netic spectrometer data. 


28 E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
(1941). 
*® Herrmannsfeldt, Maxson, Stiahelin, and Allen, Phys. Rev. 
107, 641 (1957). 
. ™Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 





SHAPE OF THE 
interactions. The first analysis followed the same pro- 
cedures that Plassmann and Langer used in fitting the 
RaE spectrum.*! The shape factor contains two param- 
eters £ and x which depend on the ratio of nuclear 
matrix elements for ST interactions. These parameters 
were varied to fit the theoretical shape factor to the 
experimental one. Fits were obtained for a wide range 
of € and x values with a good fit obtained for &=0, 
x=5 as is shown in Fig. 4. The poor fit of the theoretical 
to the experimental shape factors below about 100-125 
kev is discussed in the concluding paragraph. The limits 
of error in the endpoint relative to the rest of the 
spectrum is +0.2%. Theoretical fits to the experimental 
shape factors for the upper and lower limits of the end- 
point energy were also obtained. Assuming ST inter- 
actions, the theoretical shape factor was fitted to the 
experimental shape factor, but this does not necessarily 
imply that these are the correct interactions. 

Kotani and Ross® suggest that a more useful equa- 
tion with which to fit the experimental shape factor of 
once-forbidden, nonunique spectra is proportional to 
1+alV+6/W. This equation is a good approximation 
to the theoretical shape factor for once-forbidden, non- 
unique spectra neglecting terms proportional to higher 
powers of (2R/aZ). Since this equation does not include 
any assumptions about the beta-decay interactions or 
about factors such as finite nuclear size and finite de 
Broglie wavelength, fits in terms of a and b can be 
compared to the proper shape factor in terms of the 
nuclear matrix elements at any time. 

The above equation in terms of the parameters a and 
6 was fitted to the experimental shape factor of Pr. 
This equation can be compared to the theoretical shape 
factor in terms of the V and A matrix elements (see 


equations given by Kotani and Ross*). Values of a, 3, 
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Fic. 4, Theoretical fits to the magnetic spectrometer experi- 
mental shape factor of Pr'** for Wo=2.826moc*. Theoretical shape 
factors: (a) a=0.058, b=0.50; (b) a=0, b=0.25; (c) a= —0.011, 
b=0.171 or €=0, x=S. 


FE. A. Plassmann and L. M. Langer, Phys. Rev. 96, 1593 
(1954). 

®T. Kotani and M. Ross, private communication (to be 
published), 
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Fic. 5. Linearized Fermi-Kurie plot of the Pr’ magnetic spec- 
trometer data using C=1+0.25/W for the shape factor. 


and the normalization factor were obtained by fitting 
the theoretical shape factor to the experimental one at 
three energies. This gave a good over-all fit for the 
theoretical and experimental shape factors down 
to 100-125 kev for a=—0.011, 6=0.171 when Wy 
=2.826mc* (Fig. 4). Reasonable fits to the experi- 
mental shape factors were obtained within the following 
ranges —0.06<a<0.06 for 0<6<0.5. The use of larger 
values of 6 is not meaningful since the approximation 
is not valid in this region. A good fit was obtained for 
a=0, b=0.25 (Fig. 4). For a=0, the limits on Bb to 
yield a reasonably linear F-K plot are 0.1<d<0.35. 

Figure 5 is a F-K plot of the Pr” magnetic spectrom- 
eter data corrected with C=1+0.25/W, which is a 
very close approximation to the shape factor in terms 
of — and x and the shape factor for a= —0.011, b=0.17 
(see Fig. 4). 

The theoretical shape factors fit the experimental 
data down to 100-125 kev where there is a rather sharp 
rise in the experimental curve (see Fig. 4). It was men- 
tioned that below about 100-125 kev upward deviations 
in the F-K plot might be expected from backing thick- 
ness effects for a source mounted on material 180 ug/cm? 
thick. The rather sharp rise in the experimental shape 
factor below 100-125 kev is attributed to such thick 
backing effects. An empirical correction for the spectral 
distortion produced in the Pr’ data by the source 
backing was obtained from our studies with Na”, with 
thick and thin sources on various backings. Although 
this correction may not be expected to be accurate 
because of the differences in modes of decay, still it is 
of interest to note that the data above 125 kev are 
unaffected and that, below 100-125 kev, the empirical 
correction brings the experimental data down to a 
reasonable fit to the theoretical curves. In Fig. 5, where 
the spectrum is corrected with the theoretical shape 
factor, the deviations in the F-K plot below about 125 
kev are seen to be quite small in the energy range 
measured. For energies below 60-70 kev, the effect 
becomes more pronounced. All evidence from other 
studies with sources with different backings and thick- 
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nesses indicates that the Pr data are undistorted 

above 125 kev by any effects of source preparation. 
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Radiations of Xe!’ 
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The radiations of Xe’ have been examined. The energies of previously observed gamma rays were 
found to be 58+1, 146+0.5, 173.0+0.5, 204.5+0.5, and 377.5+0.5 kev. Conversion electron intensities 
relative to gamma-ray intensities and internal conversion coefficients were measured. The experiment 
indicates that electron capture to the ground state is suppressed. Spin and parity assignments are proposed 


for the 204- and 377-kev excited states of P?’. 


I. INTRODUCTION 


ENON-127 decays by electron-capture to I?’ with 

a half-life of 36.4 days.! The isotope was first 
identified by Creutz ef al by using a (p,m) reaction 
on I”’, Since then its radiations have been investigated 
by several workers, the most recent being Mathur’ 
whose scintillation spectrometry and gamma-gamma 
coincidence work supported a decay scheme proposed 
by Bergstrém.* Bergstrém’s work was done principally 
on the electron spectrum of Xe”’, and his work plus 
that on the gamma-ray spectrum by Mathur comprise 
the most complete investigations of the radiations of 
Xe’ to the present time. 

The present investigation was undertaken in order 
to provide further information on the decay of Xe!’ 
and the resulting excited states of I'?’ through the use 
of both scintillation and magnetic spectrometers. 


II. SOURCE PREPARATION 


Xe’ was produced in potassium iodide targets by a 
(p,m) reaction using 10-Mev protons and by a (d,2n) 
reaction using 20-Mev deuterons. The Xe’ was sepa- 
rated from the target and transferred to 0.25-mil 
aluminized Mylar films by a glow discharge using a 
method similar to that described by Mathur and Hyde.® 
The aluminized side of the film formed the cathode 
surface. The discharge was operated for approximately 
two minutes at an initial pressure of the order of 200 u: 


¢ This work was supported by the U. S. Atomic Energy Com- 
mission. 

1S. J. Balestrini, Phys. Rev. 95, 1502 (1954). 

2 E. C. Creutz et al., Phys. Rev. 58, 1481 (1940). 

*H. B. Mathur, Phys. Rev. 97, 707 (1955). 

4T. Bergstrém, Arkiv Fysik 5, 191 (1952). 

5H, B, Mathur and E. K. Hyde, Phys. Rev. 96, 126 (1954). 


The cathode-anode potential difference was 1000 v 
which produced a current of 0.5 mil distributed over a 
cathode area of the order of 3 cm?. 

Radio-autographs of the films revealed two sharply 
delineated areas of activity, both of which were of 
consistently uniform activity. Brown and Leck® have 
investigated some properties of adsorbed gas layers 
created on metallic surfaces under similar physical 
conditions. Their results along with an order of magni- 
tude calculation of the activity indicate that the Xe!’ 
is present on the surface of the films in a form approach- 
ing a monolayer. The decay of the activity from one 
of the sources used in the investigation was followed 
for 82 days resulting in a measured half-life of 360.5 
days indicating negligible evaporation of Xe”’ atoms 
from the aluminized Mylar films. This supports obser- 
vations of Mathur and Hyde® and Brown and Leck.® 
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Fic. 1. K Auger electron spectrum and 58 K, L, and M internal 
conversion electron spectrum. 


6 E. Brown and J. H. Leck, Brit. J. Appl. Phys. 6, 161 (1955), 
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Relative 
K x-ray and 
gamma intensity 


; Transition 
sition energy in 
(kev) kev 





K x-ray 1170+70 


58.0+ 1.0 2142 


| 1.59+0.06 


19.6+0.5 
43+ 1.0 


64+ 10 
342417 


146.5+0.5 
173.0+0.5 


f85+2> 


1000+40 15.4+0.4 


204.5+0.5 


j ? 
377.540.5 301412 3.8+0.2 


Relative K Auger electron 
and internal conversion 
electron intensities 


\ 0.78+0.06 (L+M) 








K fluorescence yield 
and internal conversion 
coefficients 


Electron 
intensity 
ratios 


(KLL) 
(KLM+KLN) 
(KMM+KMN) +0.03* 
+1.0* 


(K) 
+0.07 


(L) { K/I 


/L 8.6+2.0* 
(M1) pe/ UM 


4.2+0.3 


+0.09 
+0.02> 


ax=0.31 
ax=0.13 


(K) 
(K) 
(K) 
(L+M)) 
(K) 


+0.014> 
+0.002° 


ax=0.012 +0.002 
az =0.0025+0.0005° 


ax =0.085 


ce b 
5.5+0.4 a,=0.015 


K/(L+M) 


K/(L+M) 4.9+0.3 


* Experimental ratio of KLL to KLM +KLN for xenon used to separate KLL and 58 K lines (see text). 
> Theoretical K/L value used to subtract L component of preceding transition; M component ignored (see Table II and text). 


© Includes am. 


III. AUGER ANDJ}CONVERSION 
ELECTRON SPECTRA 

The electron spectrum of Xe!’ was investigated with 
a 180° spectrograph and a thick-lens magnetic spec- 
trometer.’ The spectrometer was equipped with a 
Geiger counter having a nylon window with a cutoff of 
approximately 5 kev. Correction factors for window 
absorption were determined empirically using the beta 
spectrum of S*. 

An Auger spectrum corrected for window absorption 
and counter dead time is shown in Fig. 1. A conversion 
spectrum is shown in Figs. 1 and 2. The 146 Z and 
173 K and the 173 LZ and 204 K lines are not resolved 
by the thick-lens spectrometer. Energy measurements 
of the conversion and Auger electron lines were made 
with the thick-lens spectrometer ; the values determined 
were consistent with those which could be measured 
with the 180° spectrograph. The results are listed in 
Table I. 
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Fic. 2. Internal conversion electron spectrum. 


7B. Crasemann and D. L. Manley, Phys. Rev. 98, 66 (1955). 


IV. X-RAY AND GAMMA-RAY SPECTRA 


A scintillation spectrum of Xe”? is reproduced in 
Fig. 3. These spectra were obtained with Harshaw 
13X1-in. NalI(Tl) crystals having 1-mil and 30-mil 
aluminum, and 5-mil beryllium windows. A 5-cm 
source-crystal separation was found to be sufficient to 
reduce K x-ray plus gamma-ray sum peaks to a negli- 
gible value. Intensity measurements presented in Table 
I were made using appropriate photopeak efficiency 
values taken from the curves of Kalkstein and Hol- 
lander.® 

The complex scintillation spectrum was decomposed 
into its components by an empirical method; the pulse 
distribution produced by gamma rays of a single energy 
was plotted on an energy scale, and a graphical inter- 
polation of the Compton distribution and backscatter 
peaks was made for the Xe”? gamma rays. Sn", Hg, 
Co*’, and Cd’ were used to cover the energy region of 
interest. The results are shown in Fig. 3. X-ray intensity 
relative to the 204-kev gamma-ray intensity was 
measured with 5-mil beryllium and 1-mil aluminum 
window crystals using collimated and uncollimated 
sources at various distances in order to reduce system- 
atic errors resulting from the use of window-absorption 
and crystal-efficiency correction factors. The gamma- 
gamma coincidences performed were in agreement with 
Mathur’s’ results. No annihilation radiation was 
observed. 


V. CONVERSION COEFFICIENTS AND SPIN AND 
PARITY ASSIGNMENTS 


Conversion coefficients and the K-fluorescence yield 
given in Table I were measured using the ratio of the 
effective solid angles of the scintillation and thick-lens 
spectrometer found by comparing the gamma-ray 


8 M. I. Kalkstein and J. M. Hollander, University of California 
Radiation Laboratory Report UCRL-2764, 1954 (unpublished). 
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Fic. 3. Scintillation spectrum. The filled circles are experimental 
points. The contribution of the 377-, 204-, 173-, 146-, and 58-kev 
gamma rays to the total is indicated. 


intensity with conversion electron intensity resulting 
from a transition with a known conversion coefficient. 
Gamma rays and conversion electrons from a Hg? 
source were compared using Nordling’s’ value of 
0.159+0.004 for the 279-kev transition. 

Theoretical values of K and L conversion coefficients 
and K/L ratios are listed in Table II. The K conversion 
coefficients were taken from the tables of Sliv and 
Band” and the LZ conversion coefficients from the 
tables of Rose." 

Assuming the ratio of the intensities of the KLL to 
KLM+KLN Auger lines to be a slowly varying func- 
tion of Z, the value of 0.50+-0.04 found by Bergstrém* 
for xenon can be used to determine the intensity of the 
58 K conversion electron line and the KLL Auger line. 
The resulting K/L ratio and K conversion coefficient 
along with the experimental Z conversion coefficient 
indicate the 58-kev transition to be M1. This is con- 
sistent with the characterization of the spin and parity 
of the 58-kev excited state of I?’ by Knight ef al.” as 
£7/2 and with the ds,2 ground state. On the basis of the 
experimental K/(L+M) ratio, the character and 
multipolarity of the 377-kev transition can be specified 


TABLE II. Theoretical conversion coefficients and K/L ratios. 





Tran- ey 
sition . K/L Assign- 
M1 - M1 E2 


ment 


58 85° Ss 0.34 


M1 


8.38 


AND 


146 
173 
204 


377 


0.088 


0.0285 
0.0177 
0.011 
0.00221 


0.096 
0.048 
0.025 
0.00255 


7.91 
7.74 
8.00 


E2 
M1 
M1 
E2 





( — Siegbahn, and Sokolowski, Nuclear Phys. 1, 329 
1956). 

”L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 

11M. E. Rose (privately circulated tables). 

2 J. D. Knight e al., Phys. Rev. 102, 1592 (1956). 
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as predominantly £2. Use of either an M1 or F2 
theoretical K/L ratio for the 173-kev transition for the 
separation of the 173 Z and 204 K conversion electron 
lines to determine the 204 K conversion electron 
intensity labels the 204-kev transition as primarily 
M1. With the same procedure applied to the 146-kev 
and 173-kev transitions one finds the latter to be M1. 
The characterization of the 146-kev transition is the 
most uncertain because of the lack of an experimentally 
determined K/Z ratio and the difficulty in separating 
the 204-kev and 173-kev Compton distribution and 
back scatter peaks from the 146-kev photopeak in the 
scintillation spectra. On the basis of the experiniental 
K conversion coefficient, it would be characterized as 
an M1-E£2 mixture. 
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Fic. 4. Decay scheme for Xe’, The electron capture per- 
centages are for transitions to excited states only. Decay to the 
ground state is discussed in the text. 


In their paper reporting the discovery and investi- 
gation of the beta decay of Te’ to excited states of I'?’, 
Knight ef al.” have presented arguments based on 
experimental evidence limiting the 204-kev level to 
either 3/2+ or 5/2+. Specifying the 377-kev transition 
to be £2 limits the spin and parity of the 377-kev 
excited state to 1/2+ or 9/2+. The absence of the 
319-kev transition connecting the 377-kev and 58-kev 
excited states in the observed conversio. electron, 
scintillation or coincidence spectra indicate 1/2+ to 
be correct. The ‘assignment of M1 as the character 
and multipolarity of the 173-kev transition shows the 
204-kev level to be 3/2+. This assignment determines 
the 146-kev transition to be £2. The spin and parity 
assignments are indicated in Fig. 4 and the character 
and multipolarity of the transitions are listed in Table 
II, 
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The ground state of Xe’ is presumed to be d;.¥ 
This assignment plus those shown in Fig. 4 indicate 
that electron capture from the ground state of Xe’ to 
the 377- and 204-kev excited states and to the ground 
state of I'?’ is allowed: AJ=0, +1 (no). 


VI. DISINTEGRATION ENERGY AND 
LOG ft VALUES 


The excited states of I'?’ resulting from the decay** 
of Xe"? are shown in the decay scheme of Fig. 4. No 
evidence of a transition to the 418-kev excited state of 
I7, discovered by Knight ef al.," was found in the 
scintillation, conversion or gamma-gamma coincidence 
spectra. Using this decay scheme and the experimentally 
determined conversion coefficients, the frequency of 
transitions from the 204-kev level to the 58-kev level 
was found to be equal to that from the 58-kev level to 
the ground state of I?’ within the experimental errors. 
From this, one concludes that the probability of a 
transition from Xe’ to the 58-kev level of I’? 
negligible. 

An upper limit on the disintegration energy can be 
estimated by using the following argument. From the 
decay scheme and experimental results, the percentage 
of electron capture transitions going to states other than 
the 377-kev or 204-kev excited states or to the ground 
state is negligible. The rate of creation of K-shell 
vacancies (the sum of the A x-ray intensity, 7K x-ray, 
and K Auger electron intensity, /x Auger) is, therefore, 
equal to the K conversion electron intensity, /x., plus 
the sum of the fraction of the electron capture transition 
intensities 1377 £.c., 204 e.c. and Jox.c. which result 
from K capture. This can also be expressed by the 
following relation: 


IK x-ray +]k Auger 


Fuk nt +-Tine =. Cc 


[Ke 1 


2 ' (1) 
1+(2/K), 


+ To E.C, 


where (2/K), is the intensity ratio of total Z and higher 
shell to K capture. The minimum value of (2/K), is 
found by assuming the intensity of electron capture to 
the I”? ground state is zero. Putting Jo e.c.=0 in (1) 
gives a value of 0.402-0.12 for (2/K),. (2/K), can also 
be written as follows: 


1 
eer re Tt eee 
1+(2/K), 
1 


+ p20s—- Csigaip -+ po- Pe Mes (2) 
14+(2/K)ons 1+ (2/K)o 


where (2/K)s77, (2/K)o04, and (2/K)o are the ratios 
for electron capture transitions to oe 377- and 204-kev 
excited states and to the ground state, respectively, and 
Ps77, p204, and po are the respective branching ratios. 


1% H. B. Mathur and E. K. Hyde, Phys. Rev. 95, 708 (1954). 
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Under the present assumption of po=0, ps77 and poo, 
are equal to the values indicated in Fig. 4. 

The transition probability for allowed electron cap- 
ture is discussed by Brysk and Rose." Using their tables 
for the L; and Ly to K electron wave function ratios 
and the indicated approximations for s electron capture 
from shells higher than the L shell, 2/K can be expressed 
as a function of the disintegration energy. Substituting 
this expression for (2/K)377 and (2/K)eo4 in (2) along 
with the experimental value of (2/K), listed above, one 
obtains an estimate for the upper limit on the disinte- 
gration energy of 450_29*® kev. With this disintegration 
energy, log ft values re the K capture transition to the 
377-kev and 204-kev level are found to be 4.8+0.4 
and 6.1+0.2, respectively. The Coulomb field term in 
the expression for f was taken from the graph of 
Moszkowski'® and ¢ was corrected for L and higher 
shell capture as well as for the branching ratio. 

A lower limit for the log ft value for the K capture 
transition to the ground state can be estimated by 
assuming the transition to the 377-kev level goes 
entirely by Z and higher shell capture. The energy 
difference between the ground state of Xe’ and the 
377-kev level then lies between the Z- and K-shell 
binding energy of xenon. Choosing the disintegration 
energy so that the difference is equal to the former 
limit, strictly for the sake of a minimum estimate of 
log ft, one can compute the value of (2/K)oo, and 
(2/K)o using the expression mentioned above. Using 
these values with (1) and (2) plus the definition of the 
branching ratios, one obtains an estimate for the maxi- 
mum value of Jo £.c. which is equal to 26°% of the total 
electron capture intensity. From this a minimum value 
of 6.8 for log ft for the K capture transition to the 
ground state can be calculated. The results of the above 
arguments can be summarized in the following esti- 
mates: (1) Disintegration energy <500 kev. (2) Log ft 
for K capture to the ground state >6.8. 

Beta-decay systematics'® predicts a value in the 
neighborhood of 500 kev for the disintegration energy, 
in agreement with an estimate of the threshold energy 
of the (d,2m) reaction on I'*? made by Balestrini.' 


VII. DISCUSSION 


The experimental data indicates that electron capture 
from the ground state of Xe”’ to the ground state of 
I? is suppressed, which on the basis of the d; ground 
state assignment of Xe”? is contrary to the definitely 
“allowed” d;—d, transition expected; this 
result has been anticipated. Knight e¢ al."* have applied 
the discussion of nuclear core effects by de-Shalit and 
Goldhaber’” to explain the abnormally large log ft 


however, 


4H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1955, and errata (unpublished). 

16S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 

16K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 

17 A. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 
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found for the beta decay from the ground state of Te!’ 
to the 204-kev excited state of I”’. A result of this 
explanation is the prediction that electron capture 
from the ground state of Xe"’ to the ground state of 
I”? should be suppressed. 

Assuming that the assigned character and multi- 
polarities are correct, the comparison of theoretical 
and experimental conversion-coefficient values seems 
to indicate a systematic error resulting in an increase 
of gamma-ray intensities. If the K fluorescence yield 
value for iodine were better known,'® its use in com- 
paring the relative efficiencies and solid angles of the 
thick-lens and scintillation spectrometers would elimi- 
nate a number of errors inherent in the method em- 
ployed ; however, the accuracy of the window correction 
factor and the uncertainty in the intensity ratio of the 
KLM+KLN to KLL Auger line for iodine” as well as 
errors in measuring Auger intensities due to increased 
back scatter effects would probably make such a 
technique less accurate than the one used. An increase 


18 C. E. Roos, Phys. Rev. 105, 931 (1957). 
C.D. Broyles et al., Phys. Rev. 89, 715 (1953). 
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in the relative electron intensities would decrease the 
difference between the observed K fluorescence yield 
and the value for Z=53 of 0.86 taken from the semi- 
empirical curve of Burhop.”” However, the increase 
necessary to make these values equal is not consistent 
with the other experimental data even with an added 
increase in the Auger electron intensities. A decrease 
in the relative K x-ray intensity causes difficulties in 
the interpretation of the value found for the 2/K 
capture ratio and it seems unlikely from an experi- 
mental point of view. There is some experimental 
evidence that the values for K fluorescence yields 
predicted from the semiempirical curve of Burhop may 
be low in the region of Z=55.”! 

The authors wish to thank Professor A. C. Helmholz 
of the University of California for generously providing 
the cyclotron bombardments. Thanks are due Professor 
Bernd Crasemann of this laboratory for a number of 
helpful discussions. 


* FE. H. S. Burhop, J. phys. radium 16, 624 (1955). 
21 Charles H. Pruett and Roger G. Wilkinson, Phys. Rev. 96, 
1340 (1954). 
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The nuclear mass surface is analyzed in terms of its observed structural properties, and a formula is 
developed for the binding energy which is easy to use and is accurate, over all, to +0.54 Mev, and, for 


A>214, to +0.27 Mev. 


1. INTRODUCTION 


T the present time, no truly satisfactory repre- 

sentation of the whole nuclear mass surface is 
available. Smooth formulas of the Weiszicker type 
seem to have a limited accuracy of about +2-3 Mev.' 
The work of Cameron? furnishes as good a fit to the 
experimental data as might reasonably be expected for 
medium and heavy nuclei. However to obtain these 
results he is forced to use a large number (over 200) of 
empirical constants which do not appear to be very 
smoothable if accuracy is retained. 

Much of the difficulty in constructing a satisfactory 
mass surface arises from the problem of comprehending 
a two-dimensional surface with no closely satisfied 
structural properties. We sought to determine if there 
is, in fact, some structural property of the nuclear 
surface. 


* This work was performed under the auspices of the U. S. 


Atomic Energy Commission. 
1A. E. S. Green, Revs. Modern Phys. 30, 569 (1958). 
2A. G. W. Cameron, Can. J. Phys. 35, 1021 (1957). 


In the next section we point out that there is evidence 
that such structure does exist. In the third section we 
describe how a mathematical model based on this 
structure may be fitted to the experimental data. In 
the fourth section we describe this fit in detail and 
quote our results. 

Our results indicate that a formula which is a function 
of atomic number, plus a function of neutron excess, 
plus atomic number times a function of neutron excess, 
plus a pairing term gives, within a shell, a fit of accuracy 
+0.2 Mev. It gives an over-all fit of within +0.5 Mev. 
There appear to be discontinuities at the shell bound- 
aries of about 1 Mev, which are not accounted for by 
this type of formula. We remark that, except in the 
region of very light nuclei, these fits (aside from shell 
discontinuities) are as close as present experimental 
error will allow. 


2. EVIDENCE FOR STRUCTURE 


Several different lines of evidence indicate that the 
binding energies of atomic nuclei may be represented 
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by the following form: 


Evinding= Ab(I)+a(1)+c(A)+ P(A, (— 1)*,(—1)7) 
+S(A,D+R(A,J), (2.1) 


where A is the number of nucleons, and / is the neutron 
excess, V—Z. The term P represents the pairing 
energy; S is a term to account for shell effects and R 
is a small residual term which may be zero. 

In a previous study* it was noticed that in fitting 
binding energies with the form, 


Epinding= Ab(1)+a(1)+P(A,/,(— 1 )*,(- &»*), 


there was systematic behavior of the average residuals 
as a function of A. This observation indicates that in 
addition to (2.2) a term c(A) should be considered. 

Additional evidence for form (2.1) is furnished by 
the Suess-Jensen lines.‘ These lines systematize beta- 
decay energies, within a shell, in the following manner. 
For odd A, and nuclides of the same pairing type, the 
beta-decay energy for beta decay from /J-2/—2 is a 
straight line in A. Discontinuous breaks in these lines 
occur at the shell boundaries. It is easy to show that 
if the Suess-Jensen lines, 


Epinding(A mf he Epinding(A , I—2) =a(I)+B(1)A ; 


are valid, then (2.1) is the most general permissible 
form for Ebinding- 

From the theoretical point of view, the major 
assumption regarding nuclear structure inherent in 
(2.1) is that at least within a given shell, there is a 
fixed effective Coulomb radius which depends on neu- 
tron excess. This is a less restrictive assumption than 
that of Talmi, Thieberger, and de-Shalit® that the 
Coulomb radius is constant throughout the shell. 

We note that in the study of nuclear binding energy 
systematics, lines of constant neutron excess form the 
longest available sequences for study. This is true 
because the line of beta stability is almost parallel to 
the lines of constant neutron excess. The range of A 
over which lines of constant neutron excess extend is 
about 30 or 40 for most 7, and up to a maximum of 
60 mass numbers for /=0. 


(2.2) 


(2.3) 


3. PROCEDURE 


We fit by the method of least squares the form of the 
binding energy given by Eq. (2.1) to the empirical 
mass data of Wapstra® and Huizenga’ as conveniently 
tabulated by Sullivan.* First we remove the pairing 


3G. A. Baker, Jr., and G. A. Baker, Sr., Can. J. Phys. 34, 423 
(1956). 

4M. G. Mayer and fi H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 

51. Talmi and R. Thieberger, Phys. Rev. 103, 718 (1956); 
R. Thieberger and A. de-Shalit, Phys. Rev. 108, 378 (1957). 

6 A. H. Wapstra, Physica 21, 367 (1955). 

7J. R. Huizenga, Physica 21, 410 (1955). 

8 W. H. Sullivan, Trilinear Chart of Nuclides (U.S. Government 
Printing Office, Washington, D. C., 1957). 
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energy term by using the pairing energy given in 
reference 3. Then a general least-squares fit is made to 
determine a(/), b(J), and c(A). We do not consider 
S(A,J) because for the most part the lines of constant 
neutron excess do not extend far past the boundaries 
of a shell. We also do not consider the odd-even, even- 
odd pairing energy, because its size is small compared to 
the precision of this formula and in most regions of 
nuclear data, the experimental error. On the basis of 
(2.1), neglecting R and S, the quantity, 


A=E(A—2, I)—2E(A,I)+E(A+2, 1) 
—E(A—2, I—2)+2E(A, I—2) 


—E(A+2,I-2), (3.1) 


should equal four times the pairing energy, or eight 
times the amount alternately added and deducted from 
a smooth surface to account for pairing. Also it should 
be noted that on the liquid drop model, A/4 is very 
nearly the pairing energy. Evaluating A at all available 
points on the nuclear surface, we find the odd-even, 
even-odd energy difference to be about 0.2 Mev 
(somewhat larger for small A), or +0.1 Mev. 

The least-squares problem we seek to solve is to 
minimize 


S= ¥ [E(A,)—P—a(1)—b(NA—c(A)P, (3.2) 
Al 


where £(A,/) are the experimental values of the binding 
energy and P the pairing correction. The least-squares 
normal equations are 


YLE(A,I)—P—c(A)]J=n(Da()+0()E4 A, 
I=—2, +58, (3.3) 


D4 ALE(A,1)—P—c(A) J=a(DD 4 Atb(DED 4 A?, 
I=—2,+58, (3.4) 


DL E(A,))—P—a(1)—b(DA ]=n(A)c(A), 


A=6, 256, (3.5) 


where it is to be noted that the sums extend only over 
those values for which there are observations. The 
quantities m(7) and n(A) are the number of observations 
for particular values of J and A, respectively. If we 
define ao(7) and bo(Z) as the solutions of (3.3) and 
(3.4) with c(A) set equal to zero, and define 


6(A)=DLE(A,])—P—ao(I)—bo(I)A ]/n(A), 


and 


(3.6) 


a(I)=ao(1)—a(Z), B(I)=bo(I)—d(J), 
then (3.3), (3.4), and (3.5) may be rewritten as 


sia Ac(A)—[Xia A Da c(A) |/n(J) 
DA (La A/a)” 
a(I)= (X04 ¢(A)—B(D) D4 A)/n(D), 


c(A)=6(A)+{> [La()+AB(1) ]}/n(A). 


(3.7) 





(3.9) 
(3.10) 
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It will be noted that these equations do not link odd 
and even values of A. Due to the paucity of data near 
A=165, the odd A values for low and high A are also 
unlinked. If we were to proceed by straightforward 
methods to solve (3.8), (3.9), and (3.10), it would 
require the inversion of a 200X200 matrix plus two 
other smaller matrices. Instead we used an iterative 
scheme which must converge, though, as it turned out, 
only slowly. We initially guess that a(J) and B(J/) are 
zero and calculate c(A) from (3.10), then we calculate 
a(/) and B(/) from (3.8) and (3.9). We now use these 
new values to recompute c(A). This must converge 
because the solution of (3.10) gives the least-squares 
value c(A) for fixed a(J) and B(/). Likewise (3.8) and 
(3.9) give the least-squares value of a(/) and B(/) for 
fixed c(A). Thus at each step the sum of the squares 
must diminish. 

The coefficients resulting from the least-squares fit 
formed rather regular series, and we smoothed these to 
obtain a smooth mass surface. First we smoothed the 
obtained values of (7). Then, by using these smoothed 
values, we used (3.9) to obtain the conditional least- 
squares estimates of a(/). From these values of a(J) 
and 6(J) we compute the observed values of the line of 
maximum binding energy. This line is defined by 
giving A as a function of J from the solution of 


Epinding(A, J+1)— Epinding(A, J—-1)=0, (3.11) 


a(I+1)—a(I—1) 


(3.12) 


Ay.3.= 


b(I+1)—b(T—1) 
We found that Ay.z., and not the line of beta stability 
My—Mu 


Ag=Am.3.t+— So : a 
b(1+1)—b(1—1) 


(3.13) 


is a smooth, relatively simple function. After smoothing 
Amp. we can then calculate smoothed values of a(/). 
We finally used the smoothed values of a(/) and 6(/) 
to calculate from (3.10) the conditional least-squares 
values of c(A). We divided the range of A into appro- 
priate intervals and fitted c(A) by means of a poly- 
nomial in each interval. 


4. CALCULATION OF THE ESTIMATES 


All possible data 6<A<256 were used in fitting 
Eq. (2.1). To effect this fit we coded the procedure 
descried in Sec. 3 for the IBM EDPM 704. In a 
few duzen iterations the solution was obtained in the 
two regions where data are abundant, i.e., high A and 
low A. As bo forms a descending curve with increasing 
I and the final least-squares solution b is an ascending 
curve, the result of a few dozen iterations was ascending 
in the range of high J and low /. In the intermediate 
range where the data are sparse there was a precipitous 
decline. It will be noted there is a freedom in (2.1) to 
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change 6(J) and a(/) by arbitrary additive constants, 
provided c(A) is modified correspondingly. This free- 
dom allows uncoupled series like the odds and evens or 
the high and low odds to have their coefficients shifted 
with respect to each other. The same is true when we 
iteratively approach the solution of one set of data 
which has two weakly linked parts. It was estimated 
that for the iterative procedure to straighten out the 
curve would require thousands of iterations. Therefore 
we arbitrarily fitted the low series and the high series 
with straight lines and shifted them so that the straight 
lines joined halfway between the two series. A few 
dozen additional iterations served to bring the sum of 
squares down to a point where several hundred addi- 
tional iterations failed to change it appreciably. 

The pairing correction used is 


P=h(A, N—Z)[(—1)"+(-1)7], (4.1) 


where 

h(A, N—Z)= 2200, 
= 1600, 
= 1200, 
_ 800, 
= 600, 
= 400, 


N-Z=0, 
N-Z=0, 
N-—Zx0, 


6<A< 12, 
14<A< 28, 
6<A< 28, 
30<AK< 88, 
90< A < 206, 
208< A < 256. 


(4.2) 


In making this fit we used 59 values of a(/), 59 values 
of b(7), and 232 values of c(A) to fit 788 observations. 
We used, taking into account the arbitrary constants 
in (2.1), 344 degrees of freedom. The root-mean-square 
error for this fit is 0.461 Mev. The standard deviation 
(taking account of the reduced number of degrees of 
freedom) is 0.614 Mev. The rms error for A> 214 is 
only 0.174 Mev. Except in the region of very light 
elements where measurements are accurate to a fraction - 
of a Mev, this fit is as good as could be expected in 
view of the quoted experimental errors. It should be 
noted that discontinuities occur at the shell boundaries 
of about 1 Mev which are not accounted for by (2.1). 
A plot of the residuals indicated that within a shell, 
Eq. (2.1) describes the nuclear mass surface to within 
about +0.2 Mev, and that there are unaccounted for 
shell effects at the shell boundaries of magnitude about 
1 Mev. 

After obtaining a least-squares fit of (2.1) to the 
experimental data, we synthesized the values of 6(/), 
a(J), and c(A) in functional forms. To test the signifi- 
cance of the fits the standard statistical F test was 
employed. We fitted (7) by a quintic in / plus a sine 
term in J plus an J sine of J term. It is, for 7>0 (6 in 
micro-atomic-mass units), 

b(1) =5747.5484+ 162.690937 — 3.1653506/* 
— 74583345 X 10-7/*+- 4.639864 x 10-*/4 
—4.776849X 10-°J>+ 125.5480 sin[ yor(7+3) ] 
+3.28630{7 sin[$a(7—5) ]}@(33—J), (4.3) 
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x>0 
x=0 
=0, «<0, 


6(x)=1, 


=i 
~ -ae 


(4.4) 


and, for /<0 


6(—1)=5830.4731, 6(—2)=5855.2409. (4.5) 


We determined }(/) by fitting the above functional 
form to the least-squares values for J even. This was 
done because of the difficulty caused by the possibility 
of there being an arbitrary shift between the two 
branches of the curve for odd values of J and a possible 
odd-even arbitrary shift. Even so our final results may 
not be completely free of this defect. In particular, we 
feel that the behavior of 5(/) is not accurately deter- 
mined for J in the twenties. This is unfortunate from 
the point of view of application to the calculation of 
fission energies as most fissions have at least one 
fragment in this range of neutron excess. 

Using the smoothed values 5(/) from (4.3), we may 
calculate via (3.9) least-squares values of a(J), given 
b(1). We observed during the process of smoothing the 
b(/) that the predicted line of maximum binding energy, 
and to a lesser extent the predicted line of beta stability 
were almost independent of the smoothing employed 
for b(7). We were thus led to attempt a smoothing of 
one of these lines rather than of a(J/) itself, which is 
highly 6(7) dependent. 

The line of maximum binding energy has a simpler 
structure than the line of beta stability. When we 
fitted the line of beta stability with a function of the 
same complexity as that used on the line of maximum 
binding energy, we got approximately the same close- 
ness of fit; however, the sum of the squares of the 
errors in the predicted binding energies is 27% larger. 
The smoothing adopted for Aw.p. (3.12) is 


Amp. = 14.268349+ 10.994719(7)! 
+ 3.2025866/ —0.061670752/! 
+8.1243904[ sin (2a/) 0(7—6)0(34—J), 
where (a is measured in micro-atomic-mass-units) 
a(—2)=179 637.17, a(—1)=187 399.80, 
a(0)=191 500.70, a(+1)=187 438.83. 


(4.6) 


(4.7) 


We employed the standard statistical F test to 
determine whether significant structure remained after 
we fit the data with (4.3) and (4.6) and used (3.10) to 
determine a c(A). Let o1.s, be the standard deviation for 
the least-squares fit and og be the standard deviation 
for the smoothed fit by (4.3) and (4.6). If m is the 
number of degrees of freedom left by the least-squares 
fit and m, by the smoothed fit, then F is defined by 


F=(mos’—nox,s2)/[(m—n)o1.s. ]. (4.8) 


If all significant structure has been removed by the 
smoothed fit, then F will be near unity. The larger F 
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Fic. 1. C(A)—Cyer(A ) in micro-atomic-mass-units. 


is, the more certain one can be that there is additional 
significant structure. In our case we can assert with 
about 99.5% confidence that there is additional signifi- 
cant structure in the complete least-squares fit that 
we have not incorporated in our smoothing. This 
additional structure seems to be rather complex and we 
were not able to represent it in any sufficiently simple 
way. It is the b(7) which contain additional significant 
structure. There is no significant additional structure 
in the line of maximum binding energy. The standard 
deviation for the binding energies predicted by this fit 
is 0.646 Mev and the probable error is 0.438 Mev. 
The rms error for A> 214 is only 0.211 Mev. 

It should be noted that the inaccuracy of the b(/) in 
the region of J in the twenties makes accurate calcu- 
lation of the line of beta stability by (3.13) difficult 
there. Outside that region the line of beta stability is 
quite closely given by (3.13). 

We fitted c(A) by means of a set of polynomials. 
The points of division between the various polynomials 
were chosen because the structure seemed to change at 
these points. Our smoothed values for c(A) are (in 
micro-atomic-mass-units) : 


A=6-12, 


C=— 201 850.72+-1263.8196A 


+130.43287A?, (4.9a) 


A=13-19, 
C= —216 819.93+5060.11244 —62.27547.42, (4.9b) 
A=20-29, 


C= —223 411.89+-4176.6659A 


+3.4115430A?, (4.9c) 


A= 30-89, 


C= —3 480 891.6+430 813.544 — 23 073.4534? 
+669.39020A*— 11.276786A*+-0.1105313245 
— 5.8557791 X 10-+4® 


+1.2980668X10-°A’, (4.9d) 
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Fic. 2. Residuals in micro-atomic-mass-units from the smoothed 
mass surface plotted against mass number. The arrows indicate 
where various shell boundaries cross the line of beta stability. 


A=90-149, 
C= 10 706 566—465 910.79A +-8050.6766A? 
— 68.769400A*+-0.29153322A* 
—4,9188510X 10-*A®, 
A=150-205, 


C=—357 421.73+6407.9783A 
—22.297243A?2, 


A=206-256, X=A—200, 


C=21 717.2624 2848.9818X — 752.86522X? 
+36.767068X*—0.91722945X*+ 1.1346801 
XK 10-°X*— 5.5685564X 10° X*, (4.9g) 


where for odd A the above values should be modified 
as follows 
A= 20-80, 
Coaa=C— 464.66, (4.10a) 
A=9-111, 
Coaa=C— 923. (4.10b) 
Figure 1 is a plot of C—C,e, where 


Cret= — 238 100.90+-5299.2488A 


—20.096421A?. (4.11) 


It is plotted to show the variation of C. The over-all 
rms error is 0.766 Mev, the standard deviation 0.795 
Mev, and the probable error 0.539 Mev. For A>214 
the rms error is only 0.271 Mev. These results were 
compared with the quoted experimental errors and it 
was found that, for J>9, there were no deviations 
which could not be explained by experimental error. 
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Figure 2 is a plot of the residuals vs A. This figure 
readily lends itself to the interpretation that there are 
shell effects of order of magnitude 1 Mev, plus a random 
error (and perhaps residual structure) which varies in 
magnitude from about +0.2 Mev for low A through 
+0.4 Mev for A~180 down to about +0.2 Mev for 
high A. 


TaBLeE I. Coefficients depending on neutron excess 
(micro-atomic-mass-units). 








bo(Z) ao(Z) 


~ 


n(I) b(J) a(J) 





9748.7377 
9705.0905 
9601.8543 
9753.7661 
9833.8640 
9836.5689 
9744.4492 
9423.6488 
9112.3608 
9112.8847 
9020.0829 
8991.7215 
8842.1823 
8739.7100 
8660.7578 
8727.5657 
8555.6506 
8574.3970 
8446.2177 
8564.1372 
8241.4279 
8337.0151 
7993.3946 
8214.6545 
7818.7440 
7999.0302 
7850.8093 
7779.8921 
7674.2748 
7630.6389 
7513.5868 
7748.2257 
7694.3461 
7811.9285 
7508.3571 


— 34 814.60 
—27 018.40 
— 19 865.70 
—23 617.44 
— 27 050.14 
—27 467.95 
—22 190.81 
— 5844.36 
14 591.56 
14 815.62 
22 733.25 
24 909.38 
39 679.76 
48 233.31 
57 017.21 
50 955.54 
67 813.87 
65 685.16 
77 997.49 
64 336.34 
103 021.25 
92 187.69 
134 154.71 
107 549.95 
159 921.26 
136 505.15 
156 419.33 
167 004.11 
181 235.64 
187 047.72 
202 619.00 
168 280.02 
174 983.81 
156 386.70 
204 470.30 


179 637.17 
187 399.80 
191 500.70 
187 438.83 
182 138.71 
176 921.40 
171 049.75 
165 615.92 
159 732.65 
154 495.64 
149 719.15 
145 457.54 
141 328.52 
137 149.70 
132 217.55 
125 998.26 
117 621.09 
106 851.78 
93 704.78 

79 187.04 

64 468.44 

51 086.18 
40 014.45 

32 053.20 

27 332.68 

25 414.29 

25 252.22 

25 162.48 

23 220.86 

17 772.99 
8109.04 

— 5338.91 
—21 098.01 
—37 553.79 
— 53 069.24 
—54 194.88 
—70 464.53 
—93 556.56 
— 118 954.27 
— 146 916.32 
— 175 931.01 
— 206 069.07 
—235 764.07 
—265 172.72 
— 293 008.09 
—319 559.69 
— 344 126.22 
— 367 355.28 
—388 944.23 
—409 866.89 
—430 030.57 
450 468.59 
—470 975.84 
—492 299.49 
—513 784.40 
—535 595.55 
— 556 405.34 
—575 667.11 
—591 360.71 
— 602 321.28 
— 606 220.57 


5855.2409 
5830.4731 
5849.1195 
6023.5618 
6178.7204 
6316.3491 
6439.0305 
6549.0929 
6647.9291 
6735.9602 
6813.2402 
6880.4420 
6939.8217 
6995.7063 
7054.2093 
7122.1074 
7205.1307 
7306.1221 
7423.6820 
7551.8611 
7680.6275 
7798.6802 
7895.3760 
7963.8666 
8002.9876 
8017.8874 
8019.0167 
8019.7155 
8032.9629 
8068.1845 
8129.0081 
8212.6174 
8310.9496 
8413.4167 
8510.4113 
8516.9400 
8616.9358 
8746.4250 
8888.3821 
9039.2739 
9195.1003 
9351.7609 
9505.4201 
9652.8381 
9791.6297 
9920.4313 
10 038.950 
10 147.906 
10 248.848 
10 343.887 
10 435.354 
10 525.422 
10 615.726 
10 707.028 
10 798.933 
10 889.741 
10 976.337 
11 054.285 
11 117.974 
11 160.882 
11 175.905 


ee. 
COONAN WHK OF DD 


7253.8929 247 904.16 
347 651.72 
338 458.51 
296 626.62 
279 816.48 
316 561.38 
271 781.87 
330 256.85 
548 550.57 
527 655.70 
559 550.81 
544 501.61 
518 602.22 
507 709.94 
489 355.11 
483 632.47 
488 408.16 
477 917.55 
472 883.85 
497 562.06 
482 295.19 
494 351.39 
506 804.11 
525 989.02 


6718.4411 
6765.5000 
6994.0714 
7080.6785 
6897.0909 
7123.4090 
6842.1666 
5785.9283 
5885.6407 
5745.4285 
5817.3489 
5935.0956 
5983.4397 
6065.6673 
6091.7088 
6074.7582 
6119.9230 
6142.0789 
6041.7479 
6105.3382 
6055.9135 
6007.8729 
5926.2143 











STRUCTURE OF NUCLEAR MASS SURFACE 


TABLE II. Coefficients which depend on atomic number (micro-atomic-mass-units). 











n(A) c(A) 


—189 572.22 
—186 612.77 
—183 392.46 
—179 911.28 
—176 169.24 
—172 166.33 
—167 902.55 
—161 563.02 
—158 184.35 
—154 930,23 
—151 800.65 
—148 795.63 
—145 915.16 
—143 159.24 
—138 513.95 
— 134 662.08 
—129 874.05 
—126 008.53 
—121 206.86 
—117 327.69 
—112 512.37 
—108 619.55 
—103 790.59 
—99 884.13 
—95 840.76 
—91 841.40 
—87 405.72 
—84 248.06 
—80 392.64 
—77 603.32 
—73 947.53 
—71 228.62 
—67 547.89 
—64 735.49 
—60 918.71 
—57 948.67 
—53 968.52 
—50 843.86 
—46 727.39 
—43 494.13 
—39 302.70 
—36 030.83 
—31 838.90 
—28 604.51 
—24 488.08 
—21 363.05 
—17 389.52 
—14 435.78 
—10 654.42 
—7914.05 
—4361.28 

— 1854.94 
1460.66 
3728.93 


2 
2 
3 
2 
3 
2 
3 
2 
3 
3 
2 
3 
3 
3 
3 
3 
2 
3 
4 
3 
2 
3 
4 
3 
2 
3 
4 
3 
3 
3 
3 
3 
3 
4 
4 
3 
2 
3 
3 
3 
3 
4 
5 
5 
4 
4 
4 
3 
4 
4 
3 
3 
4 
3 
4 
3 
4 
3 
4 
4 
3 
4 
2 


—1525.081 
—1818.404 
—777.937 
—2208.041 
—1343.794 
—1492.012 
1515.850 
1007.684 
—469.197 
—544.826 
—2618.814 
—1784.590 
—3665.764 
—2245.894 
—2530.382 
—952.481 
—1226.665 
—1826.869 
— 149.948 
1387.083 
1326.102 
1068.476 
2808.818 
3741.644 
3229.534 
2424.570 
2936.919 
2491.652 
2954.302 
2522.541 
—197.548 
1666.762 
—602.934 
449.261 
—1555.638 
628.398 
—1115.846 
—2982.756 
—420.836 
546.983 
—1409.169 
—2254.699 
—2701.229 
673.670 
973.463 
1130.905 
2375.874 
1389.141 
1858.595 
2260.548 
2232.562 
645.113 
2761.555 
175.180 
2810.487 
150.803 
1426.086 
—1198.574 
—1,057 


—1427.469 
2182.008 








A n(A) 


Ns 


PANE ORO E NWN NWSE GWU NE EWU wWWOKWHWUUAAAUAUWE ASL EWU EWES UE EWE WE OW 


c(A) 


26 321.09 
28 817.12 
30 386.59 
32 898.62 
34 503.34 
37 071.25 
38 733.09 
41 369.50 
43 115.34 
45 833.25 
47 657.59 
50 449.50 
52 810.25 
55 197.00 
57 606.00 
60 043.50 
62 505.00 
64 981.00 
67 493.50 
70 038.00 
72 626.50 
75 144.97 
76 069.66 
77 103.97 
78 229.88 
79 428.03 
80 682.91 
81 978.47 
83 301.87 
84 641.37 
85 062.50 
87 324.06 
87 725.00 


97 119.19 
99 014.88 
99 014.19 
100 809.00 
101 633.12 
102 408.62 
103 138.00 
103 821.50 
104 462.12 
105 061.12 
105 621.62 
106 144.25 
106 631.00 
107 086.50 
107 507.12 
107 902.25 
108 266.25 
108 602.37 
108 911.62 
109 194.75 
109 452.50 
109 680.75 
109 878.25 


6(A) 


819.591 
—2583.756 
—1570.361 

—45.878 
—1543.344 
— 304.628 
—1678.826 
—1772.738 
—2659.067 
—1331.926 
—941.127 
—812.349 
—173.568 
—1586.092 


—68.685 
290.911 
—2388.047 
—1888.098 
—916.117 
—2356.111 
396.945 
—959.402 
—761.430 
—1812.317 
—1619.748 
501.250 
372.219 
—406.645 
—614.355 
329.182 
1297.055 
1682.922 
862.917 


91.240 
—1174.375 
— 146.236 
—654.664 
—1800.653 
—549.347 
—872.297 


A n(A) c(A) 


110 170.50 
109 987.00 
109 723.00 
109 369.25 
108 912.25 
108 339.50 
107 633.50 
106 779.50 
105 758.50 
104 557.50 
103 145.00 
101 506.50 
102 087.05 
101 783.56 
101 435.47 
101 042.79 
100 605.51 
100 123.64 
99 597.19 
99 026.12 
98 410.47 
97 750.22 
97 045.38 
96 295.94 
95 501.91 
94 663.28 
93 780.05 
92 852.25 
91 879.84 
90 862.83 
89 801.23 
88 695.04 
87 544.26 
86 348.88 
85 108.89 
83 824.83 
82 495.17 
81 121.40 
79 703.05 
78 240.09 
76 732.56 
75 180.43 
73 583.69 
71 942,37 
70 256.44 
68 525.93 
66 750.82 
64 931.11 
63 066.81 
61 157.91 
59 204.43 
57 206.35 
55 163.67 
53 076.41 
50 944.55 
48 768.07 
46 547.02 


NAONNERKNNWOKONK NOK ONO SOCK OK OH OOH WOK OWOHPRWWWOKOUWEWUORWHEUWUWNOURSE 


6(A) 


—685.004 
113.836 
957.316 


711.656 
1233.172 
2318.675 
2555.021 
2089.353 
1022.172 
2426.401 

804.271 

522.730 

—171.222 
—1713.141 
—2622.328 
—1749.172 
—2390.628 


545.828 
—671.802 
—748.776 
—371.771 

543.039 

673.516 
—131.490 

558.125 
—391.214 

—11.890 
1485.719 
—833.937 
5614.297 


— 360.711 
—1341.078 
—623.211 
—1100.016 
—1218:281 
145.094 
276.365 
2472.305 


—2342.609 
—1621.422 
—1130.234 





n(A) 
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c(A) 


44 281.37 

41 971.13 

39 616.30 

37 216.85 

34 772.84 

32 284.20 

29 750.99 

27 173.19 

24 550.77 

21 883.78 

19 172.18 

18 546.60 

15 362.73 

11 750.72 
7801.69 
3594.33 

— 804.06 
—5336,55 
—9955.74 
—14 622.73 
—19 306.39 
—23 982.43 
—28 632.69 
—33 244.37 
—37 809.34 
—42 323.47 
—46 786.02 
—51 199.06 
—55 566.91 
—59 895.68 
—64 192.78 
—68 466.50 
—72 725.64 
—76 979.20 
—81 236.01 
—85 504.51 
—89 792.57 
—94 107.27 
—98 454.72 
—102 840.03 
—107 267.26 
—111 739.33 
—116 258.11 
—120 824.41 
—125 438.14 
—130 098.50 
—134 804.02 
—139 552.87 
—144 343.14 
—149 173.06 
—154 041.50 
—158 948.21 
—163 894.20 
—168 882.35 
—173 917.93 
—179 008.89 
—184 166.70 
—189 406.87 
—194 749.70 
—200 220.90 
—205 852.31 
—211 682.44 


6(A) 
—1155.211 
343.010 
821.695 
—2704.629 
1434.719 
5.640 
—3228.117 
497.383 
29.630 
1358.620 
178.917 
2826.359 
2040.078 
2022.273 
1574.825 
939.066 
568.445 
—518.009 
958.016 
160.180 
211.894 
119.010 
—360.672 
—523.453 
—625.219 
—517.562 
—775.777 
—767.090 
—860.839 
—630.797 
—645.898 
—883.223 


129.385 
—933.539 
—1322.198 








For convenience we have listed in Table I the value 
of a(Z) and 6(J) calculated from (4.1) and (4.7) to- 
gether with the number of experimental observation 
for each value of neutron excess, and the simple least- 
squares coefficients ao(7) and bo(Z). In Table II we 
list the values of c(A) calculated from (4.9) and 
(4.10), together with the number of observations for 
each value of A, and 6(A) (3.6). 
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The periods and absolute yields of delayed neutrons emitted following the spontaneous fission of Cf? have 
been measured. Delayed-neutron periods of 74=0.5+0.4, 2.0+0.4, and 20.040.5 sec with respective 
absolute yields of 0.35, 0.29, and 0.22% were found. The experimental results have been correlated with 
delayed-neutron emission from other fission processes and with existing precursor systematics. 





INTRODUCTION 


OON after the discovery of fission it was found that 
a small percentage of the fission neutrons was 
emitted in the order of a second after the actual 
scission.! This delayed-neutron phenomenon was attrib- 
uted to neutron emission from fission fragments left in 
highly excited states following one or more beta transi- 
tions from their initial configuration.2 Assuming the 
validity of this hypothesis, theoretical arguments have 
shown that the largest share of the delayed neutrons 
probably resulted from fission fragments whose neutron 
number was slightly in excess of the closed shell con- 
figurations at 50 and 82 neutrons.’ The maximum fission 
yields of U™ (+n) and Pu (+m) fall very near 
these closed shells. The differences between U™* and 
Pu mass yields are not great.‘ However, as one ex- 
amines increasingly heavier transuranium fission proc- 
esses, it is evident that the light-mass yield peak shifts 
toward higher mass values while the heavy-fragment 
yield remains essentially constant. Thus the mass yields 
from U** fission differ appreciably from those of Cf 
fission,’ particularly in the region just above the 50- 
neutron shell. As a consequence the delayed-neutron 
and mass yields from Cf?* fission can be correlated with 
the respective U* fission quantities to obtain a self- 
consistent scheme of delayed-neutron precursors. For 
this reason and in order to establish a better experi- 
mental knowledge of neutron-induced and spontaneous 
fission, this study of delayed neutron emission from the 
spontaneous fission of Cf? was undertaken. 


EXPERIMENTAL PROCEDURE 


Most experimental studies of delayed-neutron emis- 
sion have consisted of irradiating a fissionable sample 
with neutrons for a finite time and then transferring the 
sample to a neutron detection system where the delayed- 
neutron emission was measured as a function of time 
after irradiations.* In a few investigations a chemical 


t This work was supported by the U. S. Atomic Energy Com- 
mission. 

1R. Roberts e al., Phys. Rev. 55, 510 (1939). 

2 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

3M. G. Mayer, Phys. Rev. 74, 235 (1948). 

4S. Katcoff, Nucleonics 16, No. 4, 78 (1958). 
( 5 L. Glendenin and E. Steinberg, J. Inorg. Nuclear Chem. 1, 45 
1955). 

*D. J. Hughes et al., Phys. Rev. 73, 111 (1948). 


separation of particular fission fragments was carried 
out followed by a measurement of their delayed-neutron 
activity.’ This experiment (shown schematically in 
Fig. 1) belongs, in principle, to the former category. 

An essentially weightless, spontaneously fissioning, 
source of Cf? (3.76 X 108 fissions/minute) was deposited 
upon a platinum planchette. A steel “catching” disk 
was placed 0.5 mm from this source. It was assumed 
that 100% of the fragments leaving the source were 
caught and retained by this disk. After a preset collec- 
tion time a pneumatic shuttle transferred the “catcher” 
to the center of a neutron-detection system. This de- 
tector consisted of a BF; counter ring imbedded in a 
moderating medium which, in turn, was placed within 
a large shield tank containing borated water. This shield 
excluded from the detector prompt fission neutrons 
emanating from the nearby source. After a time suffi- 
cient to allow the activity on the catching disk to decay 
to a negligible amount, the collection and counting cycle 
was repeated. The collection time was varied over a 
wide range in order to enhance particular delayed- 
neutron activities. 

The time interval of interest extended from the end 
of the recoil collection to the detection of the delayed 
neutron. The measured interval was converted to a 
voltage pulse whose height was linearly related to the 
time interval. This pulse height (i.e., time) was recorded 
on a multichannel pulse-height analyzer. After a large 
number of “catcher” cycles, the measured time distribu- 
tion of delayed-neutron activity was obtained from this 
analyzer. A typical distribution is shown in Fig. 2. 
Using a Cf standard source, the efficiency of the 
neutron detector for prompt fission neutrons was meas- 
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Fic. 1. Schematic diagram of the experimental arrangement. 


( 7 G. Perlow and A. Stehney, Bull. Am. Phys. Soc. Ser. II, 2, 309 
1957). 
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SPONTANEOUS FISSION 


ured to be 2.11+0.08%. Throughout the experiment it 
was assumed that the detector efficiency was the same 
for prompt and delayed fission neutrons. 


RESULTS AND CONCLUSIONS 


Accepting the precursor hypothesis and assuming 
that only one beta-decay transition precedes the neutron 
emission, the distribution in time of the measured 
delayed-neutron activity is given by 


N()= A (1—e Met 


i=] 


where A, is the relative saturation abundance of the 7th 
group, A; is the decay constant of the ith group, m is the 
total number of delayed neutron groups, and T is the 
collection time. The above expression was fitted to the 
experimental data by the method of least squares. The 
analysis was carried out with the aid of a large digital 


TABLE I. Cf?® delayed-fission-neutron emission. 


Cf2s2 
Absolute yield 
Relative neutrons/fission 
abundance % 
0.255 +0.01 0.22 +0.01 
0.338 +0.046 0.29 +0.04 
0.407 +0.12 0.35 +0.1 


Total =0.86 +0.1 


Group 

No. T} sec Suggested precursors* 
I'387, Xe? Cs? Te? Sb? 
1}, Xe? Cs? Te? Sb? 
11, Cs? Xe? 


20.0 +0.5 °? Cs? Te?! 
20 +04 
0.5 


1 
2 
3 +0.4 


U8 (+thermal neutron)> 


1 $5.72 +1.28 0.033 +-0.003 
2 22.72 +0.71 0.219 +0.009 
3 6.22 +0.23 0.196 +0.022 

2.3 +0.09 0.395 +0.011 


0.052+0.005 Br? 

0.346+0.018 157, Br88, Sesé 

0.310+0.036 1%, Br®, Br® (Cs!#) 

0.624+0.026 [)®, Br®, Kr, Xeltl, 
Xela 

+0.083 [0 Kr%, Br 


0.61 0.115+0.009 0.182+0.015 
0.230 +0.025 


0.042 +0.008 0.066 +0.008 
Total =1.58 +0.05 











* See reference 13. 
» See reference 7. 


computer. The period of the longest lived delayed- 
neutron component was accurately determined from the 
measurements using essentially infinite collection times. 
The time interval used in the fitting procedure was 
varied over a considerable range. The consistency of the 
results indicated that only one long-lived component 
was present. The long period, as determined from the 
infinite collection measurements, was subtracted from 
the total decay curve to give the contribution of the 
shorter delayed neutron components. These were, in 
turn, analyzed by the method of least squares. This 
approach in the analysis has the considerable advantage 
of using reliably established long-period information 
obtained from the infinite collections to interpret the 
results of short and intermediate collection times. 
Results obtained from twelve different sets of Cf 
delayed-neutron measurements are presented in Table I. 
For comparison the table also gives the delayed-neutron 
yields and periods resulting from U™*+m, fission.® 


8G. R. Keepin et al., Phys. Rev. 107, 1044 (1957). 
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Fic. 2. A typical experimentally determined distribution of 
delayed neutrons. A 6-second collecting interval was used in 
making this particular measurement. 


This experiment is not sensitive to delayed neutron 
periods shorter than 0.25 sec. This lower time limit is 
set by the transfer mechanism and the relatively low 
intensity of the spontaneous-fission source. Precisions, 
obtained from a number of independently measured and 
analyzed runs, are given in the table. Statistical con- 
siderations based on individual measurements lead to 
smaller errors than those quoted in the table. As with 
all compound exponential distributions, it is difficult to 
establish limits on either the relative contribution or 
number of possible components. This is illustrated by 
recent chemical studies which have shown that the 
“accurately known” 22.7-sec U* delayed-neutron group 
must be composed of at least two components of rather 
different periods.’ In view of this problem the Cf” 
delayed-neutron groups given in Table I are presented 
as the most straightforward and simplest interpretation 
of the experimental measurements. It must be empha- 
sized that the analysis does not give unique results and 
that many other combinations of delayed-neutron 
periods and yields can be hypothesized. 

The mass distributions resulting from Cf and 
U*%+- 4, fission are shown in Fig. 3.4-°° Also shown is 
the most probable fission fragment charge for Cf and 
U* fission as based on the postulate of equal charge 
displacement.® The distribution of the charge about the 
most probable value is assumed to be the same for both 
fission processes. From the figure it is evident that the 
light-fragment fission yields of Cf*? and U™® are con- 
siderably different, particularly near neutron number 
50. However, the heavy-fragment yields from both 
fission processes are quite similar in both mass and 
charge distribution. Thus similarities in the delayed- 
neutron emission resulting from the two fission processes 
must arise from heavy-fragment precursors while differ- 


®L. Glendenin ef al., Radiochemical Studies: The Fission Prod- 
ucts: Research Papers (McGraw-Hill Book Company, Inc., New 
York, 1951), Paper No. 52, National Nuclear Energy Series, 
Plutonium Project Record, Vol. 9. 

” G. R. Keepin (to be published), 





COX, FIELDS, 


MASS NUMBERS 


~ 130 


CHARGE NUMBER 





FRIEDMAN, 


se" 


yr 94-95 


S822 


s PA comers 
7 yes 
88- 
Kf | 5 a me 


SJOBLOM, AND SMITH 


/ 
47 


“4 
i 
Coe ie 
Zz ; 
\ A 143-145 
‘ ww a —X0!42-194 
mene 


—~—_ 137-140 
Te!36—137 


S55 


J | | 





40 50 60 


70 80 90 100 


NEUTRON NUMBER 


Fic. 3. The figure is a schematic comparison of mass and charge yields from Cf*® and U™* fission. Suggested delayed-neutron precursors 
are also shown. The diagonals are isomass lines directly relating the plotted mass yields to the lines of most probable charge. Thus the 
most probable charge for any given mass yield is obtained by following the isomass diagonal from the mass yield distribution to the 


respective most probable charge curve. 


ences may reflect the marked changes in the light- 
fragment yields. 

From the delayed-fission-neutron emissions of Pu, U, 
and Th isotopes and from theoretical and systematical 
arguments, Keepin has arrived at a set of preferred 
delayed-neutron precursors all of which have neutron 
numbers slightly in excess of the closed shells at 50 and 
82 neutrons” (see Fig. 3). In view of the similarities and 
differences between Cf? and U* fission, it is instructive 
to compare their respective delayed-neutron yields and 
periods in the light of these proposed precursor assign- 
ments. With reference to Table I, the first (55-sec) U 
delayed neutron group has been identified partly as due 
to a Br*’ precursor." This period is not seen in Cf* 
fission. This indicates that Br*’ is by far the strongest 
contributor to this group in U™*, The second (~22-sec) 
U** delayed-neutron group has been shown to consist 
of at least two components, Br** (16 sec) and I'*? (24 
sec),’ resulting in the observed period. The relative 
mixture of the two components is not known and the 
presence of more components cannot be ruled out. In 
Cf?*? fission the measured 20-sec period of the first group 
is too short to be due to I'*’ alone. However, the heavy- 
fragment charge and mass distributions of U™* and Cf? 


1 A. H. Snell et al., Phys. Rev. 72, 545 (1947). 


are so similar that the 20-sec Cf period must be 
partially due to I'*’, Yield considerations rule out Br** 
as a major component. Therefore, in addition to I'*’, one 
or more heavy-fragment precursors must contribute to 
the Cf? 20-sec group; precursors that may well be 
present in U™* fission. The third U** delayed-neutron 
group is not found in measurable amounts in Cf? 
fission. This is surprising since I'** (6 sec) has been 
chemically identified as a U™* precursor’ and the yield 
of this isotope should be essentially the same in Cf*** and 
U**. To be consistent with the results of this experiment 
it must be concluded that the third U** period is pre- 
dominantly (275%) from light precursors which are 
not present in Cf*? fission. The fourth and fifth U* 
delayed-neutron groups are ascribed to a rather wide 
range of light and heavy precursors."”- Both groups 
are strongly present in Cf” fission, indicating sizable 
heavy-fragment precursor contributions. The insensi- 
tivity of this experiment to the shorter periods excludes 
any interpretation of delayed neutrons with very short 
half-lives. 

Throughout the above discussion of precursor as- 
signments it has been assumed that the light Cf*” fission 


#2 N. Sugarman, J. Chem. Phys. 15, 544 (1947). 
8G. R. Keepin, Phys. Rev. 106, 1359 (1957). 





SPONTANEOUS 


fragments are not delayed-neutron precursors. This 
assumption is based upon the fact that the neutron 
binding energies of these light fragments are con- 
siderably greater than those of nuclei lying just above 
the closed shells at 50 and 82 neutrons’ and is supported 
by the results of this experiment. The existence of 
delayed neutron precursors in the Cf light-fragment 
region would considerably complicate present interpre- 
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that grows more complex as the experimental knowledge 
increases." 
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Inverse Beta Decay and the Two-Component Neutrino* 


R. W. Kine,t Purdue University,t Lafayeite, Indiana 


AND 


J. F. Perkins, Lockheed Aircraft Corporation, Marietta, Georgia 
(Received July 14, 1958) 


Several procedures for calculating the average cross section per antineutrino from U™ fission are given to 
test the predictions of the two-component neutrino theory. A firm lower limit of ¢,>710™ cm? is deduced 
from the known decays of the fission products. Three different procedures, if weighted equally, give a ‘‘best 
value” of ¢,=14X10~ cm* to be compared with the recently increased experimental value ¢,=11+4 
<10~ cm*. It is concluded that predictions of the two-component neutrino theory are in accord with the 


experimental results on inverse beta decay. 


INTRODUCTION 


HE cross section for inverse beta decay provides 
a further test of the predictions of the two- 
component neutrino theory.' Prior to the development 
of the two-component concept agreement had been 
claimed between the directly measured cross section? 
and that calculated from an indirect determination of 
the antineutrino spectrum from a reactor.’ After the 
proposal of a two-component neutrino, it was realized 
that the calculated value of the cross section should 
be twice as large as that derived from a four-component 
theory with parity conservation. This factor stems from 
the fact that the number of initial states in the reaction 
i+p—n-+et is reduced by a factor of two. 

Because of the uncertainty involved in obtaining the 
antineutrino spectrum, the disagreement of a factor of 
two was not interpreted as very significant. The present 
work was instituted to determine if any of the uncer- 
tainties in the antineutrino spectrum could be removed 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Summer (1958) visitor at the University of California Radia- 
tion Laboratory, Berkeley, California which is operated under the 
auspices of the United States Atomic Energy Commission. 

t Assisted in part by contract with the Air Force Office of 
Scientific Research. 

1T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); 
A. Salam, Nuovo cimento 5, 299 (1957); L. Landau, Nuclear 
Phys. 3, 127 (1957); and H. Weyl, Z. Physik 56, 330 (1929). 

? Cowan, Reines, Harrison, Kruse, and McGuire, Science 124, 
103 (1956). 

(195) O. Muehlhause and S. Oleksa, Phys. Rev. 105, 1332 
1957). 


to permit positive conclusions. Our results showed a 
strikingly larger cross section than that determined by 
Cowan and Reines and these results were initially 
presented at the Mid-West Conference on Theoretical 
Physics‘ to point up the large discrepancy between our 
calculated cross section and the cross section measured 
by Cowan and Reines. Since that time, however, a 
numerical error has been discovered® that raises the 
experimental cross section by a factor of five. This 
factor of five now brings the experimental cross section 
into agreement with our calculated value and removes 
the last major experimental discrepancy with the pre- 
dictions of the two-component neutrino theory. These 
recent developments thus change the purpose of our 
paper from one of pointing out a disturbing disagree- 
ment to a further confirmation of the two-component 
neutrino theory. 


CROSS SECTION OBTAINED FROM EXPERIMENTAL 
DETERMINATION OF REACTOR 
BETA SPECTRUM 


The most recent and widely used determination of the 
antineutrino spectrum is that due to Muehlhause and 
Oleksa.’ Their determination of the flux of antineutrinos 


4See Proceedings of the Mid-West Conference on Theoretical 
Physics (St. Louis, Missouri, March, 1958). See also R. W. King 
and J. F. Perkins, Bull. Am. Phys. Soc. Ser. IT, 3, 205 (1958). 

5F. Reines (private communication). We are indebted to 
Dr. Reines for communicating this latest determination to us in 
advance of publication. 
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contains (in addition to an experimental measurement 
of the beta spectrum from a reactor) two assumptions: 


(i) The distribution of beta decay end points is 
assumed to be a Gaussian of the form N(Enax) 
=exp[ — Emax”/2(AEmax)? ], where the parameter AEmax 
is adjusted so that it yields the experimental beta 
spectrum. 

(ii) The equilibrium spectrum of beta rays is assumed 
to be equal to that of the antineutrinos. 


Adoption of (ii) of course limits the use of (i) to the 
extent that it is employed only for purposes of extrapo- 
lating the experimental beta spectrum to higher 
energies. An attempt to justify (ii) is made on the 
grounds that, in the energy range of interest (threshold 
=1.8 Mev), both the electron and antineutrino are 
highly relativistic and share equally the energy avail- 
able. In the present work this assumption has been 
found to be unsatisfactory. It is the mass effect and the 
Coulomb effect that influence most strongly the low- 
energy electrons ; however, these electrons are associated 
with the high-energy neutrinos which are, in turn, 
just those responsible for driving the reaction. 

We have carried out the calculations in which assump- 
tion (i) is accepted along with the experimental beta 
spectrum given by Muehlhause and Oleksa but in place 
of assumption (ii) we have calculated V;(£) the sum of 
the individual antineutrino spectra which are com- 
plementary to the individual beta spectra whose end 
points give the proper gaussian distribution. ‘The mag- 
nitude of the correction thus effected can be estimated 
by calculating the ratio 


Is, 1-| f Ne(E)op( EME | / f Na(Eop(EaE 


where J; is proportional to the reaction rate when a 
neutrino flux NV; is present and J¢ is proportional to the 
reaction rate when a neutrino flux identical with the 
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Fic. 1. Distribution of beta-decay end points. 
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beta flux is present. The quantity o,, which is the cross 
section for the inverse beta decay of the neutron, can 
be expressed in terms of the comparative half-life 
(ft value) for the neutron as follows, 


Se —— A O)'—2R, A) 
2rc( ft) neutron 


where \ is the Compton wavelength of the electron, 
E, is the antineutrino energy and A is the neutron- 
proton mass difference. Both £, and A are in units of 
electron rest masses. 

A value of /;/Js=1.6 is found when the Gaussian 
distribution of end points is assumed. A correction of 
60% is thus necessary to the cross section calculated 
from the measured beta spectrum if assumption (ii) is 
employed. If then, (a) we accept the beta spectrum 
determined by Muehlhause and Oleksa,® (b) a Gaussian 
distribution of end points is assumed, and (c) the cross 
section from the two-component theory is employed, 
the predicted average cross section per antineutrino 
emitted from the reactor is ¢,~14X10™ cm’. This is 
to be compared with the most recent experimental 
value’ ¢,= (1144) X10) cm’. 


LOWER LIMIT OF THE CROSS SECTION 
FROM KNOWN DECAYS 


In addition to the cross section calculated from the 
experimental beta spectrum, we find it possible to 
establish a firm lower limit on the average cross section 
from the known decays of the fission products. In a 
previous work on the energy release from fission 
products’ it was necessary for us to collect all of the 
experimental data available on the decay of the fission 
products.* The decay schemes and yields included in 
the compilation accounted for 3.8 of the 6.1 betas/ 
fission.’ Fission yields were taken from the work of 
Katcoff' and Pappas." 

Because the distribution of beta-decay end points is 
known for these 3.8 betas/fission (see Fig. 1), it was 
possible to determine the complementary antineutrino 
spectrum associated with these decays taking into 
account the asymmetry caused by both the mass 
effect and the Coulomb effect. 

Of these 3.8 betas/fission it was found that 1.8 of the 
beta transitions had end points above threshold (1.8 


6 We use, however, the more usual value of 6.1 betas/fission as 
opposed to the 5 betas/fission suggested by Muehlhause and 
Oleksa, and employ a more recent ft value for the neutron decay, 
namely, ft= 1220. Ss ; 

7J. F. Perkins and R. W. King, Nuclear Sci. and Engr. 3, 126 

1958). 
s This task was considerably lightened by the kind cooperation 
of Dr. C. L. McGinnis of the Nuclear Data Group, National 
Research Council, Washington, D. C. 

® For a complete listing see reference 7. 

»S. Katcoft, Nucleonics 16, No. 4, 78 (1958). 

4 A. C. Pappas, Proceeding of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), paper No. 881. 





INVERSE 6 DECAY AND THE 
Mev) for the reaction, and for this group we were able 
to calculate an average cross section per antineutrino 
1.8 group=-10X 10 cm”. It is reasonable to assume that 
virtually all of the neglected 2.3 betas/fission have end 
points above threshold, since the reason that they do 
not have determined decay schemes, is their short 
lifetime caused by high disintegration energies. Virtually 
all of the neglected decays belong to those nuclei far 
removed from stability with very large disintegration 
energies. It is thus a conservative statement to say that 
the average cross section per antineutrino of this 
neglected group is larger than that of the known group. 
[Eq. (1) shows the cross section to increase rapidly 
with energy.| We may thus write the average cross 
section per antineutrino for the entire 6.1 betas 
fission as, 
G1.8 group(1.8+2.3) 
7X 10- cm’. 


6.1 


Tp 


This value then represents a firm lower limit to the 
cross section. Because of the increase of ¢, with energy, 
it is felt that this is a conservative limit. 


TABLE I. Classification of beta transitions. 


Parity change Type 
Yes 
Yes 
No 
No 
Yes 


No 


odd-odd—even-even 
even-even—odd-odd 
odd-odd—even-even 
even-even—odd-odd 


CROSS SECTION FROM SUMMATION 
OF ALL DECAYS 


In this section we make an attempt to estimate the 
contribution of the 2.3 betas, fission whose decay charac- 
teristics are not known in order to obtain an estimate 
of the beta and antineutrino spectrum from the re- 
actor. Since we are interested in the antineutrino spec- 
trum during operation, the 2.3 betas/fission that are 
not included in the known decays need only have their 
beta energies estimated without regard to half-life. 
Since it is realized that this task requires methods of 
rather questionable accuracy, we estimated the total 
disintegration energies for the unknown decays from 
two different sources.’* It was necessary then to de- 
termine a correction factor 6 to account for decays to 
excited states. For this purpose the types of decays were 
divided into six classes as shown in Table I. Parity 
changes were determined from the strong-spin orbit 
coupling shell model.” The relative weighting of 6 for 


2H. B. Levy, Phys. Rev. 106, 1265 (1957); A. G. W. Cameron, 
Chalk River Project-690, 1957. 

18M. G. Mayer and jj H. D. Jensen, Elementary Theory of 
1985) Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 
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Fic. 2. Energy spectrum of betas from U™® fission products. 
(Also included is the spectrum as a function of time after shut 
down of the reactor.) 


the different classes was determined from a survey of 
known levels and the constant C is adjusted to give the 
proper total y energy release“ for all of the fission 
product decays. Fission yields and distributions were 
again taken from references 10 and 11. 

The distribution of end points thus determined for 
Levy’s and Cameron’s mass differences are shown in 
Fig. 1. The predicted composite beta spectrum is then 
exhibited in Fig. 2 and compared to both the Muehl- 
hause and Oleksa experiment and a recent determina- 


. tion by the Los Alamos group.” The curve obtained 


from Levy’s mass differences is seen to fall between the 
two experimental determinations. The agreement is 
perhaps better than should be expected. Cameron’s 
mass differences give a beta spectrum that is weighted 
more toward the higher energies. The beta spectrum 
obtained from the known decays tabulated in reference 7 
is also exhibited as a function of time after shutdown of 
the reactor. 

Figure 3 shows the corresponding antineutrino spectra 
obtained and Table IT gives a summary of results for 
the average cross section per antineutrino from U*® 
fission products along with the corresponding total beta 
and antineutrino energy per fission. All calculated values 
fall within the experimental limits of error with the 
single exception of the cross section obtained using 
Cameron’s mass differences, but even in this case, a 
reasonable error on the calculated value could provide 
overlap. 


4 We have employed a value of 5.5 Mev. Peelle, Zobel, Love, 
and Maienschein (private communication) report a_ recently 
measured value of ~6 Mev. 

‘8 Carter, Reines, Wagner, and Wyman (private communi 
cation). 
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Fic. 3. Energy spectrum of antineutrinos from U™* fission 
products. (Also included is the spectrum as a function of time 
after shut down of the reactor.) 


CONCLUSIONS 


It is concluded that the safest procedure for calcu- 
lating,the average cross section to be compared with 
the’ Cowan-Reines experimental results is the method 
used in obtaining this cross section from the experi- 
mental determination of the reactor beta spectrum. 
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TABLE IT. Summary of results. Total beta and antineutrino energy 
per fission and cross section for p-+p—n-+et*. 








el Ej» op 
Basis of calculations I5/Igp (Mev) (Mev) (10-“ cm?) 
Lower limit from known decays tee 

Muehlhause and Oleksa Gaussian 1.61 

Known decays +Levy 

Known decays +Cameron 

Cowan-Reines experiment 





* Eg = SENg(E)4E. 
> E5= fEN5(E)dE. 


This is because J;/Zg is reasonably insensitive to the 
shape of the beta spectrum and to the distribution of 
beta-decay end points. A good measurement of the 
beta spectrum thus implies a good value for ¢,. On the 
other hand, the lower limit from known decays plus 
estimates for the unknown decays give very reasonable 
agreement with the newly corrected experimental value 
of the average cross section. On the basis of the above 
considerations, it can be said that experiment gives 
results that are no longer inconsistent with the two- 
component neutrino theory. 
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Search for Electric Monopole Pairs from the 3.82-Mev State of Ca‘*} 


K. E. EKLUND AND R. D. BEent* 
Columbia University, New York, New York 
(Received July 15, 1958) 


A search was made for 3.82-Mev electric monopole pairs from the reaction Ca‘*(p,p’)Ca*** using a CaCO; 
(35% Ca”, 62% Ca**) target, 6.0-Mev protons, and an intermediate-image spectrometer. No 3.82-Mev 
pairs from Ca*® were observed with an intensity as great as 0.3% that of the 3.35-Mev electric monopole 
pairs from Ca”. This result suggests that the 3.82-Mev state of Ca*® decays predominantly by gamma 
emission. This could occur if the 3.82-Mev state has spin >0, or if there are lower excited states in Ca*. 


I. INTRODUCTION 


HE first excited state of the doubly closed shell 

Ca* nucleus is thought to be at 3.82 Mev.' This 

is unusually high for a first excited state, which sug- 

gests that it may have 0* spin and parity like the first 

excited states of O'* and Ca. If this is the case, then 

single gamma emission to the 0* ground state is for- 
bidden, and the state should decay by pair emission. 


t Work partially supported by the U. S. Atomic Energy Com- 
mission. 

* Now at Indiana University, Bloomington, Indiana. 

1C. M. Braams, thesis, Utrecht, 1956 (unpublished). 


A previous search was made? for electric monopole 
pairs from the 3.82-Mev state of Ca* using a scintilla- 
tion pair spectrometer.’ No strong 3.8-Mev pairs were 
observed ; however, because of the poor resolution of 
this spectrometer (31% at 3.35 Mev), weak 3.8-Mev 
pairs would have been obscured by strong 3.35-Mev 
pairs from Ca”. This experiment has therefore been 
repeated with better resolution using an intermediate- 
image pair spectrometer. 

2 Kruse, Bent, and Eklund, Bull. Am. Phys. Soc. Ser. II, 2, 


29 (1957). 
+R. D. Bent and T. H. Kruse, Phys. Rev. 109, 1240 (1958). 





SEARCH FOR ELECTRIC MONOPOLE PAIRS 


Il. EXPERIMENTAL METHOD 


The main components of the intermediate-image pair 
spectrometer‘ used for this work are identical to those 
of the spectrometer described by Alburger.® In order to 
obtain maximum efficiency for the detection of pairs, 
the spectrometer was operated with the intermediate- 
image iris wide open (1} in.), giving a resolution of 8% 
for pairs. This resolution is adequate to completely 
resolve 3.82- and 3.35-Mev pair peaks from Ca** and 
Ca®, respectively. 

III. RESULTS 


Figure 1 shows the uncorrected pair spectrum ob- 
tained from the bombardment of a 20-mg/cm? CaCO, 
(35% Ca®, 62% Ca**)® target with 6.0-Mev protons 
from the Columbia Van de Graaff accelerator. A strong 
peak is observed at 3.35 Mev corresponding to electric 
monopole pairs from the 0* first excited state of Ca”. 
The peak at 4.43 Mev is attributed to internal pairs 
from the first excited state of C". After subtracting the 
high-energy tail of the 3.35-Mev line and the low- 
energy tail of the 4.43-Mev line, a weak peak is observed 
at about 3.8 Mev with an intensity equal to 1.5% that 
of the 3.35-Mev peak. 

To determine the origin of the counts at 3.8 Mev, 
the same experiment was performed using a natural 
CaCO; (96.9% Ca®, 0.18% Ca**) target. The ratio of 
the number of counts at 3.8 Mev to the number of 
counts at 3.35 Mev obtained using this target was the 
same as that obtained with the target enriched in Ca*. 
This shows that the counts at 3.8 Mev in Fig. 1 are not 
from Ca**. They are attributed to internal pairs from 
the 3.73- and 3.90-Mev (unresolved) states of Ca®. 
The number of 3.82-Mev pair counts from Ca‘ is 
estimated to be less than 20% of the total number of 
counts at 3.8 Mev in Fig. 1. Therefore, the number of 
3.82-Mev pairs from Ca‘ is less than 0.39% of the 
number of 3.35-Mev pairs from Ca”. 


IV. DISCUSSION 


The cross section for producing the 3.82-Mev state 
of Ca** is expected to be small compared to that for 
producing the 3.35-Mev state of Ca® for two reasons: 
(1) the penetration of the Coulomb barrier by the out- 
going proton is less for the Ca**(p,p’)3.82 reaction than 
for the Ca“(,p’)3.35 reaction because of the difference 
in energy of the final states; (2) the Ca**(p,m) reaction 
is energetically possible at 6.0-Mev bombarding energy 
whereas the Ca“(,m) reaction is not. 

The effect of the Coulomb barrier was estimated by 
integrating the penetrabilities over the target thickness 
numerically. For 6.0-Mev protons incident on a 20- 
mg/cm? target, the average penetrability of the out- 
going proton from the Ca**(p,p’)3.82 reaction was 
calculated to be a factor of 5 less than that of the 
outgoing proton from the Ca“(p,p’)3.35 reaction. 

‘ A detailed description of this spectrometer will be published. 

5D, E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 


*Obtained from the Stable Isotopes Division, Oak Ridge 
National Laboratory. 
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Fic. 1. The pair spectrum obtained from the bombardment of 
a 20-mg/cm* CaCO; (35% Ca®, 62% Ca**) target with 6.0-Mev 
protons. The solid curve is drawn through the uncorrected experi- 
mental points. The dotted curve is the difference between the 
experimental points and the tails of the 3.35- and 4.43-Mev lines, 
shown dashed. 


The reduction in yield of the Ca*’(p,p’)3.82 reaction 
due to competition of the Ca**(p,7) reaction was esti- 
mated using the data of Braams.' At 6.51-Mev bom- 
barding energy the cross section for the Ca“(p,p’)3.7 
reaction is about 20 times greater than that for the 
Ca**(p,p’)3.82 reaction.’ The effect of the Coulomb 
barrier should be about the same for these two reactions 
since the final states have nearly the same energies. 
The reduction of the Ca**(p,p’)3.82 cross section is 
therefore attributed to the Ca**(p,z) reaction. The 
Ca**(p,n) reaction is assumed to have about the same 
effect for the conditions of the present experiment. 

We conclude from the above considerations that, 
under the conditions of the present experiment, the 
average cross section for producing the 3.82-Mev state 
of Ca** should be about 1% of that for producing the 
3.35-Mev state of Ca®. Since the enriched target con- 
tains 1.8 times more Ca** than Ca“, we should have 
seen 3.8-Mev pairs from Ca‘* with an intensity equal to 
about 2% that of the 3.35-Mev pairs from Ca®, if the 
3.82-Mev state of Ca‘* decays 100% by pair emission 
to the ground state. The failure to observe 3.8-Mev 
pairs from Ca** with an intensity greater than 0.3% 
that of the 3.35-Mev pairs from Ca suggests that the 
3.82-Mev state decays predominantly by gamma emis- 
sion. This could occur if the 3.82-Mev state has spin >0, 
or if there are lower excited states in Ca**. 


7 See Fig. 4.17, p. 106, of reference 1. 
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Neutron Emission Following y-Meson Capture in Silver and Lead 


Sevic N. Kaptan, Burton J. MOYER, AND ROBERT V. PYLE 
Radiation Laboratory, University of California, Berkeley, California 
(Received June 24, 1958) 


The neutron yield from the capture of cosmic-ray ~~ mesons in silver and lead has been measured by use 
of a high-efficiency Cd-loaded liquid-scintillator tank. The average multiplicities were determined to be 
Px~=1.6040.18 and Fp, =1.64+0.16. 

The multiplicity distributions were also measured and compared with several theoretical models. Although 
an a-particle model gave results not inconsistent with the data, a Fermi-gas model with the effective nucleon 


mass M* set equal to //2 seemed to provide the better fit. 


I. INTRODUCTION 


ECENT theoretical nuclear models predict that 

inside a nucleus a nucleon exhibits an “effective 
mass” that is only half as large as its free rest mass, 
M.*- An attempt has been made to observe this effect 
by use of the uw meson as a nuclear probe. 

For example, if a « meson were to interact at rest 
with a proton, u-+p—n-++», a solution of this simple 
kinematic problem shows that the neutron would recoil 
with some 5 Mev of kinetic energy. If this interaction 
occurred inside a complex nucleus, however, and if 
nucleons exhibited the reduced “effective mass,” M/2, 
then the neutron would recoil with a kinetic energy of 
10 Mev in the rest frame of the interaction. 

The y-meson stopping in condensed material is 
trapped in a Bohr orbit about a nucleus. In a time that is 
very short compared with its decay lifetime, it falls into 
the K orbit* (the mesonic x-rays predicted to be as- 
sociated with this effect®:* are indeed observed’), and 
from there either decays or interacts with the nucleus. 

The now classic experiment of Conversi, Pancini, and 
Piccioni® gave the first evidence of this competition be- 
tween decay and capture. In later experiments, the u 
lifetimes were measured over a large spectrum of atomic 
numbers,®:"’ and they were found to be quite compatible 
with an interaction of the form of electron K capture, 
ie., ow +Z4—(Z—1)4+y. The nature of the inter- 
action is also verified by experiments designed to ob- 
serve the reaction products. No photons with energy 
more than 20 Mev and no electrons are observed''—"; a 
very few protons have been observed (~0.025 per 


M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 
K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 
H. A. Bethe, Phys. Rev. 103, 1353 (1956). 
E. Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 
J. A. Wheeler, Revs. Modern Phys. 21, 133 (1949). 
6 L. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 
7\. Fitch and L. J. Rainwater, Phys. Rev. 92, 789 (1953). 
8 Conversi, Pancini, and Piccioni, Phys. Rev. 71, 209 (1947). 
9H. K. Ticho, Phys. Rev. 74, 1337 (1948); Keuffel, Harrison, 
Godfrey, and Reynolds, Phys. Rev. 87, 942 (1952); A. Alberigi- 
Quaranta and E. Pancini, Nuovo cimento 11, 607 (1954). A num- 
ber of other references are given by Sard and Crouch.” 
1 R. D. Sard and M. F. Crouch, Progress in Cosmic Ray Physics 
(Interscience Publishers, Inc., New York, 1952), Vol. II, p. 3. 
1 J. Steinberger and H. B. Wolfe, Phys. Rev. 100, 1490 (1955). 
2 Q. Piccioni, Phys. Rev. 74, 1754 (1948). 
13 W. Y. Chang, Revs. Modern Phys. 21, 166 (1949). 
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capture in Ag and Br)"; and it is indicated that one to 
two neutrons are emitted per interaction.'!*-*° These 
results confirm the interaction assumed above; that is, 
most of the rest energy of the u meson is carried off in an 
undetectable way (the neutrino), and the residual 
nucleus is excited to some 10 to 20 Mev, enough to “boil 
off” one or two neutrons but not enough to enable many 
protons to penetrate the Coulomb barrier. 

Unfortunately, it is very difficult to measure the 
excitations directly, but we can measure the neutron- 
multiplicity distribution and then interpret this in 
terms of a nuclear-excitation distribution. 

The neutron-detection experiments, which are of 
particular interest to us, may be subdivided into three 
categories. The earliest experiments, in 1948, indicated a 
correlation between stopping u mesons and neutrons.'>-!6 
Later work, up to 1951, by the same experimenters and 
collaborators!’ showed the neutron multiplicities to be 
at least qualitatively in agreement with the neutrino 
assumption and the excitation distributions calculated 
by Tiomno and Wheeler® and by Rosenbluth.” 

The third group of experiments however, charac- 
terized by better statistics and greater neutron-counting 
efficiencies,'*~* seemed to indicate neutron multiplicities 
greater than were expected on the basis of the theoretical 
calculations. 

If a two-body interaction is assumed, u-+p—n-+», 
the nuclear-excitation distribution is determined by the 
proton momentum and energy distribution in the 
nucleus. The early theoretical work on the problem 
assumed a nucleon-momentum distribution charac- 
teristic of a completely degenerate Fermi gas.”!:? Two 
modifications have been proposed to explain these 
higher multiplicities. One of these by Lang,” leaves the 
momentum distribution unchanged but suggests that 
p’/2M be set equal to E/y (E=nucleon kinetic energy), 


44H. Morinaga and W. F. Fry, Nuovo cimento 10, 308 (1953). 
16 Sard, Ittner, Conforto, and Crouch, Phys. Rev. 74, 97 (1948). 
16 G. Groetzinger and G. W. McClure, Phys. Rev. 74, 341 (1948). 
17 Groetzinger, Berger, and McClure, Phys. Rev. 81, 969 (1951). 
18M. F. Crouch and R. D. Sard, Phys. Rev. 85, 120 (1952). 
19 A. M. Conforto and R. D. Sard, Phys. Rev. 86, 465 (1952). 
*” M. Widgoff, Phys. Rev. 90, 892 (1953). 
( 21 J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153 
1949). 
2M. N. Rosenbluth, Phys. Rev. 75, 532 (1949). 
% J. M. B. Lang, Proc. Phys. Soc. (London) A65, 995 (1952). 
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rather than E, where y is a constant with a value be- 
tween 1.5 and 2, is the nucleon momentum, and M its 
mass. This has the effect of associating a higher energy 
with a given momentum in the sense that the effective 
nucleon mass is reduced by the factor 1/y. 

The other proposal, by Cole,4 suggests modification 
of the nucleon-momentum distribution to one with a 
high-momentum tail. This distribution is obtained by 
assuming the initial proton to be part of an a-particle 
subunit inside the nucleus. 

These models can be adjusted to predict the same 
average number of neutrons but not the same multi- 
plicity distribution. They are discussed in greater detail 
later in this paper, and their predicted distributions are 
compared with our experimental results. 

Because of low neutron-detection efficiency the previ- 
ous experiments could not yield much useful information 
on multiplicity distribution. The most efficient scheme 
(which was better by a factor of two than any of the 
others) gave a detection efficiency of only 7%.”° On the 
other hand, we had available a large cadmium-loaded 
liquid-scintillator tank that could be employed in a 4x 
geometry about a target. In a slightly different applica- 
tion, the tank had exhibited fission-neutron-detection 
efficiencies as high as 77%,”° and the large volume of the 
tank makes its efficiency almost insensitive to neutron 
energy over a large range of values.”® 

Anexcellent review of the experimental and theoretical 
work on the nuclear interaction of » mesons through 
1952, together with additional references, can be found 
in an article by Sard and Crouch.” 


II. THEORY 


After a u~ meson has been absorbed by a nucleus and 
a neutrino has been emitted, [w-+Z4—(Z—1)4*+7], 
the excited product nucleus decays primarily by emis- 
sion of neutrons. A measurement of the number of 
neutrons emitted following y~ capture provides a lower 
limit to the amount of energy imparted to nuclear 
matter. This limit is the mass difference between the 
(Z—1)4 nucleus and the Z4 target nucleus plus the 
binding energies of the observed number of neutrons to 
the (Z—1)4 product nucleus. The amount of excitation 
is, in turn, related to the mechanism of the capture and 
the mutual interactions of the nucleons. Thus, to make 
quantitative predictions about the neutron yield from 
w meson capture, we must first determine the induced 
nuclear excitation and then relate this excitation to 
neutron multiplicities. 


A. Nuclear Excitation 
1. Fermi-Gas Model 


We may write general conservation equations for the 
interaction of a stopped u meson with the nucleus, Z4: 


» Francis T. Cole, thesis, Cornell University, 1953 (unpub- 
lished). 
* Hicks, Ise, and Pyle, Phys. Rev. 101, 1016 (1956). 
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u'?=pc+AMe+Q, (1) 

and 

p»t+pz_14=9, (2) 


where p, and pz_;4 are the momenta of the neutrino and 
the resultant nucleus, respectively; y’c? is the rest 
energy of the u meson reduced by its K-shell binding 
energy; Q represents both the excitation and kinetic 
energy of the (Z—1)4 nucleus; and AMc’ is the differ- 
ence in rest energy between the (Z—1)4 and Z4 nuclei. 
It is convenient to define £ as the total energy available 
for excitation of the product nucleus and rewrite Eq. (1) 


as ' 
(1’) 


Two assumptions are made in applying this model to 
find the nuclear excitation; first, that the » meson 
interacts with a single proton of momentum p, trans- 
forming it into a neutron of momentum q; and second, 
that the nucleus behaves like a Fermi gas, its ground 
state being completely degenerate. The first of these 
assumptions allows us to write 


w'e—AM2=Ey= pct. 


p+qt+pz_i4'=0, 


where pz_;4~! is the momentum of the “‘core’’ nucleus, 
composed of the A—1 nucleons assumed not to partici- 
pate in the interaction. The “core” therefore maintains 
its initial momentum, which is equal in magnitude but 
opposite in direction to that of the capturing proton. 
Hence, the momentum-conservation equation, (2), be- 
comes 

p,+a—p=0. (2') 


The kinetic energy of the resultant nucleus is smaller 
than its excitation by a factor O(1/A); therefore we 
shall neglect it and consider Q to be the nuclear exci- 
tation. 

The interaction probability is proportional to the 
density of final states, dn/dE| xo: 


d n 


ox fe oaraarpa p.+q— p)6(£o— p,c—Q), 
dE| xo 


where the 6 functions provide for conservation of energy 
and momentum. It is understood that d*p is integrated 
only over the occupied proton states and, because of the 
exclusion principle, d°g only over the unoccupied neutron 
states. In practice, these latter constraints are placed on 
the integration by means of distribution-density func- 
tions, /(p) and g(q), which are equal to the probability 
per unit volume of momenttma space for finding a proton 
and a neutron, respectively. Thus we have 


dn 
dE| x9 


« { d*p,d*qd*p f(p) 


X([1—¢(q) ]6(p,+4—p)i(Eo—p.c—Q), (3) 


where the integral is now taken over all momentum 
space. 





970 KAPLAN, 


We relate Q to the momenta by assuming that in a 
Fermi-gas nucleus the ground state of (Z—1)4 is 
achieved by the transformation of a proton on the 
surface of the Fermi momentum sphere (p= po) into a 
neutron on the surface (g=go). Therefore the nuclear 
excitation Q may be expressed as 

V= (¢—p*)/2M*— (q0°— po®)/2M* 
=AT’—AT, (4) 
M* being the effective nucleon mass. Substitution of 
Eqs. (2’) and (4) into (1’) gives 
Ey= p—AT+ (p,?—2p-p,)/2M*. (1’) 


For a strongly degenerate Fermi gas, f and g have the 
forms 


f={expl (P?— po?)/2M *0r ]+1}7, 
g={expl (9 —9go?)/2M *6r ]+ 1}, 


where @y is the Fermi temperature (in Mev). Substitu- 
tion of these into Eq. (3) and integration over all 
variables but p, gives 


« f psdp.{1—expl (— Ev po)/20r))- 
Eo 
1+exp[ (a+Eo— pc)/20r | 
n est 
1+exp[ (a— Eo+ p,c)/26r } 


E 





where 


a> (qo°+ po?) /2M*— 


Making a change of variable to Q (since p,c= Ey—(Q), 
we have 


dn (Eo—Q) 
dE pd romana pore 
ma Peeeeeeeenel 
1+exp[ ( Q), 26 x | 


p2/4M*—M*(Ey—pc+AT)*/p,. 








This is of the form 


—|_« {1(Q00, 


Eo 


where J(Q) is the probability per unit energy of the 
interaction’s giving a nuclear excitation Q. Therefore 
we may identify 


—Q) 
1—exp(—(Q/6r) 
[1+exp[(e+Q)/26r ] 
"lEt-+expl(a—Q)/20r]!” 


where K is the normalization constant defined by 





1(Q)=26rK. 





f 1(QdQ=1. 
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In the limit as 0r—0, 


1(Q)=2K (Ev—Q)Q for a—Q>0, 
=K(Eo—Q)(a+Q) for a—-Q<0. (6) 


This excitation distribution is plotted in Fig. 1 for the 
cases M*=M and M*=M/2. 

In view of experimental evidence, from lighter nuclei, 
for a high-momentum tail in the nucleon-momentum 
distribution,”*.” and the presumption that it also exists 
in heavier nuclei, the excitation distribution of Eq. (4) 
has also been plotted for M*=M, @r¢=5 Mev,”* and 
M*=M/2, 0r=10 Mev (because it seemed appropriate 
to associate a higher temperature with the higher kinetic 
energies produced by a decrease in the effective nucleon 
mass). 


2. Alpha-Particle Model 


In the model employed by Cole™ the reaction goes 
according to the equation 


p-+Het—H?+ n-+ ». 


As regards momentum conservation, however, only the 
part u-+ p—n-+ » is considered. The proton is considered 
to be part of the He‘ initially, for the purpose of ob- 
taining a momentum distribution with a high momen- 
tum component, and the H! in the final state permits 
application of the exclusion principle. 

The energy distribution [J (Q) ] is found from pertur- 
bation theory with the matrix element obtained from 
derived wave functions. 

This model is designed to consider in detail the effect 
on the interaction of neighboring nucleons although 
neglecting the rest of the nucleus. Emphasizing the 
effect of close interactions allows for higher proton 
momentum, thus making possible higher-energy trans- 
fers. The predicted excitation-distribution curve taken 
from Cole” is also shown in Fig. 1. 


FERMI GAS MODEL (T1*) 








40 
Q (Mev) 


Fic. 1. Nuclear-excitation distributions from u-meson capture, as 
predicted by the various theoretical models. 

26 Cladis, Hess, and Moyer, Phys. Rev. 87, 425 (1952). 

wt Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955). 
*8 This was an arbitrary choice for illustrative purposes. See A. 
Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., New 
York, 1948), Vol. II, Sec. 12.22; J. Heideman, Phys. Rev. 80, 171 
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B. Neutron Emission 


In order to interpret the excitation in terms of 
observed neutron multiplicities, we assume that this 
excitation, initially in the form of neutron kinetic 
energy, is quickly shared with other nucleons to produce 
a “thermally” excited nucleus (the ‘Bohr assumption’). 

It is assumed that neutrons are then “boiled off” from 
the excited nucleus with an energy spectrum of the 
form?’ ?8 

N(e) «« exp(—«/Q), 


where «=neutron kinetic energy, @=a constant that 
depends upon the nuclear excitation. (For our purposes, 
we felt it was sufficient to approximate this constant as 
0.75 Mev.”-*) 

The nucleus will continue to emit neutrons until there 
is not enough excitation left to emit more, and only then 
will it decay to its ground state by emission of y 
radiation. We have assumed that the proton emission is 
negligible.*.2° 

If the nuclear excitation is in excess of the binding 
energy of vy neutrons, B,, by an amount 6,0=Q-—B,, v 
or more neutrons will be emitted, providing the total 
kinetic energy of the first (v—1) neutrons does not 
exceed 6,0, that is, 


€iteot+ iol ‘Fen 166,0. 


The probability of at least v neutrons being emitted 
from a nucleus excited to the energy Q can be expressed 
by the analytical relationship 


3,0 
vex f €,1 exp(— 61/@)de_, 


0 


$,0—-€,—1 
xf €,-2 exp(— €»2/@)de,. if - 
0 


$,Q@—¢,—1—- - -—€2 
xf e, exp(— €,/O)de.. 


0 
Integrating this expression and normalizing so that 


lim V,=1, 


3,0 
we obtain 
2»—3 6,” 
N,=1-—exp(—6,) & —, 
n=0 n! 
where 
5,= (0—B,)/9, 


and B,=binding energy of v neutrons in the original 
nucleus. 

The probability, therefore, of emission of vy neutrons 
is V,— V,41. Figure 2 shows N, plotted vs 6, for v= 1, 2, 
3, and 4. 

*J. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 


(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 
* E, R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 
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Fic. 2. The probability for the emission of at least y neutrons as 
a function of the nuclear excitation in excess of the binding energy 
of v neutrons, 6,0=Q—B,. We have taken O=0.75 Mev. 


For multiplicities greater than three, as are predicted 
by Cole’s model, we employed his approximation that 
the number of neutrons emitted from a nucleus excited 
to an energy ( is proportional to Q, 


v(Q) «<Q, 
where the proportionality constant was assumed* to be 


1/[4(B,+ Bz)+2], 


»(Q)=(1/C4 (Bit Bs) +20. 


We then converted this to a step function with the steps 
of width [4(B,+ Bz)+2]. 


III. EQUIPMENT AND OPERATION 
A. Telescope 


The experimental equipment may be considered in 
two parts—a cosmic-ray telescope, and a neutron de- 
tector consisting of a large cadmium-loaded liquid 
scintillator tank. The telescope consisted of four plastic 
scintillation counters arranged as shown to scale in 
Fig. 3. A coincidence from Counters I and III triggered 
the sweeps of two oscilloscopes. On one of the oscillo- 
scopes, pulses from Counters II and IV were displayed 
with appropriate electronic delays in order to show their 
rise and to separate them on the sweep. The signature of 
a stopping meson consisted of a triggered sweep on the 
oscilloscope displaying a prompt pulse of the appro- 
priate height from Counter II,” but no pulse from 
Counter IV. 


Cole argues that the average energy corresponding to the 
emission of one neutron would be ~4$(B8,+8B:) if two neutrons 
were always emitted at Bz. However, because “the neutrons are 
actually emitted with some kinetic energy (average 1 to 2 Mev), 
one should add about 2 Mev to $(B,+8B:).” Hence we have 
4(B,+B2)+2. 

® The pulse-height range was chosen by making a height- 
distribution measurement of the Counter IT pulses for events 
where the particle aiso passed through Counter IV (minimum 
ionization in Counter IT). Inclusion of more than 90% of the pulses 
required a aay of acceptance of H of 30% H, where H was the 
average pulse height, representing a minimum ionization-energy 
loss of 55 Mev. 
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Fic. 3. Experimental -counter geometry. A and C represent 
alternate target arrangements used during part of the Pb run to 
determine whether any systematic errors could be caused by 
Coulomb scattering. No such effect was observed. Further evidence 
for the absence of such an effect is the good agreement between the 
observed and calculated relative meson stopping rates in Pb and 
Ag (Table I). 


B. Scintillator Tank 
1. General Physical Description 


The neutron detector consisted of a tank 30 in. long 
and 30 in. in diameter with }-in. steel walls.2>* The 
inside surface was sprayed with a protective coat of 
molten aluminum and then with a mixture of aluminum 
oxide abrasive powder, water glass, and water to provide 
a highly reflective surface. It was filled with a solution 
of toluene mixed with cadmium propionate dissolved in 
methanol, p-terpheny] as a scintillator, and a spectrum 
shifter, POPOP.* 

The curved surface of the tank has eighty-eight }- 
inch-thick glass windows each 2} in. in diameter sealed 
with neoprene O rings. Against each window was 
mounted a Dumont 6292 photomultiplier tube enclosed 
in a soft-steel collar. The space between the tube face 
and the glass was filled with mineral oil in order to make 
good optical contact. The photomultiplier tubes were 
wired in parallel in two banks of 44 tubes each, with 
each bank observing all portions of the scintillator. 

A copper electrical shield was placed around the entire 
phototube assembly, increasing the total diameter to 48 
in. Access for the telescope counter and target assembly 


% Reines, Cowan, Harrison, and Carter, Rev. Sci. Instr. 25, 1061 
(1954). 
* Hays, Ott, and Ken, Nucleonics 14, No. 1, 42 (1956). 
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was provided by an 8-in.-diameter “beam tube” that 
went completely through the center of the tank (Fig. 3). 


2. Method of Neutron Detection 


Neutrons entering the scintillator are readily ther 
malized and then captured with a time constant charac- 
teristic of the Cd/H ratio. This ratio was set equal to 
0.002 to give a time constant of about 10 usec. The 
neutron is captured by Cd"* 95% of the time, giving a 
cascade y decay with a total energy of 9.2 Mev,** and 
about 5% of the time it is captured by H', yielding a 2.2- 
Mev photon. Some fraction of this radiation converts in 
the tank and gives a pulse indicating the neutron 
capture. 

The sweep circuit of the second oscilloscope was 
modified so that it swept exponentially, that is, the beam 
position x was proportional to the voltage on a charging 
condenser. Thus we had x= x[_1—exp(—?¢/RC) ], where 
RC was set approximately equal to 10 psec, the neutron- 
capture mean life. The sweep was displayed for 30 sec, 
or three mean lives. Because of this technique, the 
neutron pulses were displayed with equal probabilities 
per unit length of sweep, thereby maximizing the 
average resolution and making corrections for “pileup” 
negligible. 


3. Additional Role of the Tank as Part of the Telescope 


Associated with a stopping meson there may or may 
not have been a prompt tank pulse. (For a stopping yu 
meson, a prompt tank pulse could be caused by the 
capture x-rays and the radiation emitted by a still- 
excited nucleus after it was unable to emit further 
neutrons."*) No event was accepted if the prompt tank 
pulse was higher than the highest neutron pulse, the 
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Fic. 4. Drawings of typical oscilloscope traces. 





35 G. Bartholomew and B. Kinsey, Phys. Rev. 90, 355 (1953); 
Can. J. Phys. 31, 1051 (1953); and H. Motz, Phys. Rev. 90, 355 
(1953). 
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inference being that the particle was either accompanied 
by another, or that it scattered into the tank. This is a 
reasonable inference because all prompt pulses from the 
fission calibration (Section III-C) easily satisfied this 
pulse-height criterion, and each of them represented the 
y radiation from two excited nuclei boiling off neutrons. 
Furthermore, during the fission-calibration runs there is 
little absorbing material present to inhibit this trans- 
mission, in contrast to the large amount present for the 
attenuation of y radiation produced by u-meson capture 
in the lead or silver targets. 

Drawings of typical oscilloscope trace pairs produced 
by a cosmic ray passing through the telescope are shown 
in Fig. 4. The pairs of traces were recorded on film; a 
Dumont oscilloscope camera viewed both oscilloscopes 
by means of a split-mirror arrangement. A complete 
electronics schematic diagram is shown in Fig. 5. 


C. Efficiency Calibration 


The neutron-detection efficiency of the apparatus was 
determined with the aid of a sample of the spontaneously 
fissioning nuclide Cf? in a fission chamber.*® The 
telescope counters were disconnected from the circuit, 
and the oscilloscopes were triggered by the fission- 


chamber pulse. The fission pulse was displayed on one. 


oscilloscope (Tektronix 545), and the scintillator-tank 
pulse on the other (Tektronix 517). The primary 
calibrations were made with Counter III and the target 
removed, and the fission chamber resting on Counter IV. 
This was done at times of target changing. Every two 
or three days during the course of the experiment a 
secondary calibration run was made with Counter III 
removed and the fission chamber resting on the target 
(because this was a much simpler mechanical pro- 
cedure). 

The desirability of frequent efficiency calibration was 
twofold. First, because neutron pulses were counted on 
the basis of an arbitrarily chosen minimum acceptable 
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pulse height, a change in sensitivity of the system would 
change the efficiency. Secondly, it has been observed 
that after several months the cadmium salt begins to 
come out of solution.*® This has the effect of decreasing 
the Cd/H ratio, thereby increasing the neutron-capture 
lifetime. Because the tank pulses are observed over a 
constant 30-usec interval, the detection efficiency is 
decreased. Actually, the detection efficiency decreased 
from 59% to 51% during the course of the experiment. 


D. Equipment Maintenance 


The data collection took place over a 200-day period. 
The associated equipment was in constant operation 
except when shut down for repair. 

The following stability checks were made: 


1. Daily 


(a) The telescope high voltages were checked with 
an electrostatic voltmeter. 

(b) The gains of each of the four telescope counter 
amplifiers were checked. 

(c) Pulses from the four counters were observed on an 
oscilloscope, and the single counting rates of Counter I 
and Counter III were checked. 

(d) The tank pulse height from each bank was ob- 
served when a Na” source was suspended in the beam 
tube. 


2. Every Two or Three Days 


(a) A fission calibration was made. 
(b) The high voltages and the amplifier gains of the 
two tanks were checked. 


3. Periodically (About Once a Month) 


(a) Pulse-height distribution measurements from the 
film were made for Counter II and Counter IV. 

(b) Pulse-height and time-distribution measurements 
were made from the fission-calibration film. 


IV. SOURCES OF ERROR 


In interpreting the data, there are several necessary 
assumptions and corrections that should be mentioned. 
Since we are not able to identify a particular stopping 
as a uw” meson nor a particular tank pulse as a neutron, 
these identifications must be made statistically. 


A. Mesons 
1. Contamination of Beam 


a, Non-y-mesonic contamination.—We shall first con- 
sider the effect on our data of non-u-mesonic contamina- 
tion. Uncharged particles do not trip Counter I. The 8 
in. of lead between Counters I and II is quite adequate 
to eliminate electrons and positrons. (Any conceivable 
shower event that could partially penetrate and also 
produce the desired results in Counters IT and III would 
certainly produce an unacceptably large prompt tank 
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Fic. 6. Time distribution of delayed tank pulses. A, accom- 
panied by at least one other pulse on the sweep, and B, alone on 
the sweep. The time distribution of pulses from Cf*® fission is 
shown for comparison. 


pulse.) The x-meson flux at sea level is negligible: be- 
cause of the short lifetime of this particle. Therefore, the 
only contaminants that may be of any consequence are 
protons. In the energy range of stopping, the p/u ratio 
is approximately 0.03.°* In addition, the absorbing 
material above Counter III provides almost two mean 
free paths of attenuation.*® We have considered the 
effect on our data from protons to be small but unknown, 
and no numerical correction has been made. 

b. w+ mesons.—The fraction of stopping mesons that 
are negative must be calculated from the known 
u*/u-(=rz) ratio. This was taken to be r,=1.21 
+0.03.*7 However, as this appears in the calculation, we 
have 


u/ (ut+u-)=1/ (rg +1) = 1/(2.2140.03), 


which gives an error negligible compared with the 
statistical counting error. 


2. Fraction of Mesons Captured 


Some of the w~ mesons decay before they can be 
captured. The fraction that decays can be determined 
by comparing the u~ mean lives (7_) when stopped in 
lead or silver with the known decay mean life (74) 
according to the equation 


1/7r_=1/7.+1/ra, 


36M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 404 (1951). 

37 Robert Brode, University of California (private communi- 
cation). 
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where r,=capture mean life and the fraction that 
decays before capture equals r_/ra. The values used in 
the calculation were (r_)pp»=0.0745+-0.0083,38 (7_)a, 
=0.0844+0.0035 8 and rg= 2.22+-0.02,. giving (7_/rTa)ag 
=0.038+0.003, and (r_/ra) p»=0.034+0.001.* 


B. Neutrons 


1. Neutron-Counting Efficiency 


The neutron-counting efficiency is the product of two 
functions: 


(a) the probability (eff’) that a neutron produced in 
the center of the beam tube will give a tank pulse, 

(b) the probability that the neutron will not be 
absorbed by the target—that is, the transmission (T)— 
or eff=eff’ XT. 


The probability (eff’) is determined by the following 
ratio: 


Average number of neutrons observed per Cf?® fission 





known average neutron multiplicity from Cf*® fission 
n Ch 
wre 


The value of # Cf*** used in the calculation is 3.869 
+0.078.” 

T was determined by measuring the activity induced 
in a solution of MnSO,“ by a mock-fission® neutron 
source with and without a target present. In order to 
simulate the geometry of the scintillator tank, a com- 
mercially available galvanized iron can 30 in. in diame- 
ter was filled to a height of 30 in. with the MnSO, 
solution. In the center of the can, rising vertically, was 
an 8-in.-diameter iron pipe (the pipe, therefore, was 
rotated 90° with respect to the tank dimensions and 
geometry and those of the can), which was closed at the 
bottom and weighted down with lead bricks. A hole 
1.125 in. in diameter and 2.5 in. deep was drilled in the 
center of each of the targets to accommodate the 1-in.- 
diameter by 1-in.-high source. For Pb, the ratio of the 
absorber in to absorber out induced activity was close 
to unity (0.98+0.02). For Ag, it was smaller, and there- 


** A. J. Meyer, thesis, Princeton ny 1954 (unpublished), 
quoted in Nuclear Sci. "Abstr. 9-721 (1955). 
#® W. E. Bell and E. P. Hinks, Phys. Rev. 84, 1243 (1951). 
* Note added in proof. —Recent work at the University of 
Chicago [Lundy, Sens, Swanson, Telegdi, and Yovanovitch, Phys. 
Rev. Letters 1, 102 (1958)] indicates that 1/ra has a strong Z 
dependence. Although we have not seen values for Pb and Ag, 
this effect cannot reduce our results for # by more than 3%. 

# Diven, Martin, Taschek, and Terrell, Phys. Rev. 101, 1012 
(1956). 

“1A description of the MnSOQ, technique can be found in 
Crandall, Millburn, and Schecter, J. Appl. Phys. 28, 273 (1957). 

® This is a source manufactured commercially by the Mound 
Laboratories of the Monsanto Chemical Company. It consists of 
Po, Be, B, Li, and F mixed in proper proportions so that the 
resultant neutron spectrum resembles that from fission with re- 
spect to both average energy and shape. 
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fore a third measurement was made, with the source 
right next to but not inside the target. The measured 
activity ratios were 


center of target/no target =0.87+0.02, 
side of target/no target =0.94+0.02. 


An average transmission for silver was estimated to be 
0.91+0.03. 


2. Positron Contamination 


It was also necessary to verify that the tank pulses 
observed were actually caused by neutrons. In the study 
of these pulses they were divided into two groups; one 
group included the delayed tank pulses accompanied by 
either a prompt tank pulse or at least one other delayed 
pulse (A, Fig. 6). The pulses observed here, after being 
corrected for background, could be explained only as 
neutrons. Indeed, we see this to be true when we com- 
pare their time distribution with that of delayed tank 
pulses from Cf?® fissions. However, if there is no prompt 
tank pulse, we may still be seeing neutrons (since the 
radiation accompanying capture may be absorbed in the 
target), or we may be seeing radiation from positrons 
from wt—et+v+i (B, Fig. 6). As can be seen by 
comparison with A, Fig. 6, both these effects were 
observed, and a separation has been made on the basis 
of time distribution. In Fig. 7 we have replotted the 
time distribution of delayed tank pulses for cases in 
which they appeared alone on the sweep. The 8.65-usec 
neutron mean life can be “peeled off,” leaving a time 
distribution quite consistent with that for u* decay. 

In practice, the correction was made by counting the 
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Fic. 7. Separation of u* decay pulses from neutron pulses. 
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TABLE I. Experimentally determined neutron-multiplicity values 
and other pertinent parameters. 





Target 
Pb Ag 





19 069 
839 
135.5 


Incident beam (total coincidences) 

Total stops 

Absorbing material in 
equiv.*® 

Relative stops per unit beam 1.106 

Relative stopping power (computed) 1.095 

Minimum energy to trigger coinci- 380 
dence (Mev) 

Corresponding momentum (Mev/c) - 475 

Maximum energy to stop (Mev) 52! 535 

Corresponding momentum (Mev/c) 5 635 

Background pulses per stop 0.053 

Net efficiency (eff =eff’ x7) 57. 50.8 

Tank pulses from u* decays 134+15 

No (No. of stops with no tank pulse) g 479 

MN: (No. of stops with one tank pulse) d 293 

N:2 (No. of stops with two tank pulses) 51 

Ns; (No. of stops with three tank 12 
pulses) 

Na (No. of stops with four tank pulses) 2 

Ns (No. of stops with five tank pulses) 

Ne (No. of stops with six tank pulses) 0 

Nz (No. of stops with seven tank 2 
pulses) 


22 842 
909 


g/cm? Pb 123.8 


* The absorbing material included, in addition to the targets, a 2-in 
plastic scintillator (Counter III), and 0.0625-in. copper and 0.125-in. 
aluminum supporting pieces. The total absorber had an effective stopping 
power of 12.3 g/cm? Pb equivalent. 


number of tank pulses for times <8.1 usec after the 
stopping and those for times >8.1 usec. The ratio of 
these was compared with the ratio obtained from the 
Cf? fissions. The excess pulses for ¢<8.1 usec were 
considered to be due to ut decay. 


3. Accidentals 


The accidental tank pulses were monitored in two 
ways. The oscilloscope viewing the tank photomultiplier 
tubes was triggered by a relaxation oscillator with ap- 
proximately a 3-min time constant (as compared with 
the coincidence rate of about one every 2 min). The tank 
pulse rate observed on these artificially triggered sweeps 
was recorded, and the tank pulse rate observed when a 
meson passed through the target was also recorded. In 
both these cases the rates were found, within statistical 
error, to be the same, and the pulses were observed to 
occur randomly in time. Therefore, the pulses associated 
with a meson passing through the target also represented 
accidentals. The values used in the calculations were 
those from the pass-through events. Because the pass- 
throughs are statistically proportional to the number of 
stoppings, the average accidental rate for a series of rolls 
of film could be obtained simply by taking the ratio of 
the total accidental tank pulses to the total pass- 
throughs. 


V. EXPERIMENTAL RESULTS AND ANALYSIS 
A. Results 


Before presenting the experimental data, we should 
explain the choice of targets. Originally, it was intended 
to perform the experiment on a spectrum of atomic 
numbers. Four elements were chosen on the basis of a 
compromise between availability and high density 
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TABLE II. Relative neutron multiplicities from w~ capture. 


Theoretical 

Fermi gas 

M*=M M*=M/2 
6r =0 6r=0 


Neutron 


multiplicity 
probabilities 


M* =M/2 
6r =10 Mev 


Alpha 


Observed particle 





A. In lead (adjusted to 57.7% detection efficiency) 


to 0.32 +0.10 0.325 0.53 0.34 0.43 
0.49 +0.06 0.363 0.46 0,48 0.42 
0.15 +0.03 0.181 0.01 0.18 0.14 
0.019+0.014 0.078 0 0.006 0.012 
0.011+0.006 0.032 0 <0.001 
0.006+0.005 0.013 
0.003+0.003 0.004 
0.003 0.003 0.001 


trons ob- 
served per 
capture 
ni 0.94 +0.09 0.73 
Av 
neutrons 
emitted per 
capture 
Vv 1.64 +0.16 1.48 1.26 


2.06 0.84 


B. In silver (adjusted to 50.8% detection efficiency) 


0.42 +0.10 0.433 0.37 
0.44 +0.07 0.362 0.46 
0.11 +0.03 0.134 0.16 
0.025+0.012 0.050 0.017 
0.003+0.002 0.015 0 
0.006+0.004 0.004 

0 0.001 
0.006+ 0.004 


0.81 +0.09 0.86 


1.60 +0.18 


(which, for given dimensions and atomic number, means 
high stopping power). These elements were Al, Cu, Ag, 
and Pb. Shortly after the commencement of the ex- 
periment, it was decided to concentrate on better 
statistics for the multiplicity distributions, and hence 
only the two targets promising the highest neutron 
yields were used, namely Pb and Ag. 

The experimentally determined neutron-multiplicity 
values together with some other pertinent parameters 
are given in Table I. The reduced data are given in 
Table II. 


B. Analysis 
1. Comparison with Theory 


In assigning numerical values to the parameters in 
Eqs. (5) and (6), we calculated fo(go), the maximum 
neutron (proton) momentum of the Fermi sphere, from 


the relationship 
h {Z(N) 9x? 
pia) =—( =) . (8) 
To A 4 


where the nuclear radius equals 7oA ! and 7» is taken to be 
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1.2X10-" cm.* The values used for BE, (the K-shell 
binding energy of a u meson) were 10.5 Mev for Pb and 
5 Mev for Ag.“ The nuclear mass differences, AM, are 
given in Table III. 

Integrals of the form 


f N,1(Q)dQ 
B, 


were evaluated; the probability of emission of » neu- 
trons, J,, was 


L= f ” N,1(Q)d0- [ ‘ 


¥ 3 yt 


Nvusl (Q)dO. 


The calculated results were all obtained by numerical 
integration of the above expression. 

The derived values of J, were then averaged over the 
respective natural abundances of the isotopes*® of Pb 
and Ag and converted to observation probabilities, /,.. 
The values of f,—the distributions we would expect to 
observe when we have observation efficiency e—and the 


TABLE ITI. Neutron binding energies and nuclear mass differences. 


A. Neutron binding energies 


Binding energy Isotope of 
(Mev) Palladium» 


Binding energy 


Isotope of 
(Mev 


Thallium* 





Pai 

3.86 6.2 
Pde 

6.97 9.1 
Pq? 

6.23 6.2 
Pd 

7.48 9.6 


Pd 


T1™3 
T1*7 
TI» 
TI 
TI 


TH Pd 
Pd 


B. Nuclear mass differences*® 
Isotopes 


Pps pas 
TI*?— Pb™ 
TI**— Pb™ 


AM (Mev) 


5.50 
1.95 
2.02 


1.56 
0.55 


Pd! — Agi 
Pd om Ag”? 


«J. A. Harvey, Phys. Rev. 81, 353 (1951). 

>’ Complete experimental data were not available here but a consistent- 
looking set of values was compiled from the experimental and theoretical 
data in the following sources: American Institute of Physics Handbook 
(McGraw-Hill Book Company, Inc., New York, 1957); B. E. Cushman, Uni- 
versity of California Radiation Laboratory Report UCRL-2468, January, 
1954 (unpublished); and J. Riddell, Chalk River Project Report CRP-654, 
1956 (unpublished). 

° Hollander, Perlman, and Seaborg, University of California Radiation 
Laboratory Report UCRL-1928 (revised), December, 1952 (unpublished). 


“L. Wilets, Phys. Rev. 101, 1805 (1956). 

“ The exact values for BE, are not critical to the calculation. 
Our numbers were obtained by extrapolation of the experimental 
and theoretical values found in reference 7. 

45 Pb which is only 1.5% abundant, was neglected in the 
calculation, and the relative abundances of the other isotopes were 
adjusted proportionally to give 100%. 
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actual distributions, J,, are related by the equation 


ob? Leti-9r("). 


v=—n 


The calculated values of /,, for Pb, tabulated together 
with the experimental results in Table II, are shown 
graphically in Fig. 8. Looking at the results for Pb, we 
see that a degenerate-Fermi-gas model with M*=M is 
completely inadequate to explain the multiplicities. 

With M*=M/2, the calculated values agree fairly 
well in the lower multiplicities with those observed. 
Excitation of the gas to 10 Mev, although introducing 
a finite probability for high excitation, actually tends to 
decrease the average multiplicity because lower-energy 
final states that were previously excluded are now made 
available. 

The a-particle model, on the other hand, differs by 
several standard deviations from experiment for the 
multiplicities f; and f;. The observation of the higher 
multiplicities cannot be explained by the Fermi-gas 
model, whereas the a-particle model predicts multi- 
plicities even higher than are observed. 

Although one of these two descriptions may provide 
a distinctly better approximation to the physical situa 
tion, the experimental information is not sufficiently 
complete to allow us to make a clear separation. We are 
limited by a small but unknown effect of nucleon 
contamination and a lack of knowledge about the 
neutron energy spectrum. 

For example, in Pb, the number of stoppings ac- 
companied by four or more observed neutrons amounts 
to only 1% of the total, in Ag to only 0.5%. It would not 
be unreasonable to assume that this comparatively 
small fraction of events is caused by proton contamina- 
tion.“ From the other point of view, if there are high 
neutron excitations they will not necessarily always be 
manifested as large neutron multiplicities. The greater 
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Fic. 8. Comparison of the observed neutron multiplicities from 

lead with theoretical histograms. 

‘© For example, a 200-Mev proton interacting in Pb may be 
expected to give an average neutron multiplicity of ~6. See W. 
Crandall and G. Millburn, University of California Radiation 
Laboratory Report UCRL-2706, 1954 (unpublished). 
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Fic. 9. Comparison of the observed neutron multiplicities from 
silver with theoretical histograms. Only the Fermi-gas histogram 
providing the best fit is reproduced. Its relationship to the other 
Fermi-gas histogram can be inferred from the corresponding 
graphs for Pb (Fig. 8). 


the energy of the produced neutron, the longer its mean 
free path in nuclear matter and, hence, the more likely 
it is to leave the nucleus as a high-energy neutron. This 
effect would tend to increase single-neutron emission at 
the expense of higher multiplicities. 

A comparison of the calculated multiplicity distribu- 
tions for Ag with those observed gives qualitatively 
similar results (Fig. 9). However, it is more difficult to 
make a sharp distinction between the relative fits of the 
Fermi-gas model (M*=M/2, 6r=0) and the a-particle 
model, since both models predict the same average 
multiplicity; and, because of the decreased counting 
efficiency for this target, differences in predicted multi- 
plicity distributions are less pronounced. 

It should be noted that in the Fermi-gas model used, 
a higher average neutron multiplicity is predicted for 
Ag than for Pb. The reason for this is that the model 
predicts higher proton momenta [po'« Z/A, Eq. (8) ], 
and therefore higher nuclear excitations for Ag than for 
Pb. This effect is not observed, but is statistically 
compatible with the observations. 


2. Comparison with Other Experiments 


There are no previous experimental results on the 
average neutron multiplicities for Ag. The average 
neutron multiplicities previously reported for Pb are: 


96+0.72; 


7 +0.3; 
14+0.13; 


University of Chicago,” 
Washington University,'° 
Cornell University,” 


p= 1. 
p= 1. 
p=2., 
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Fic. 10. Relative efficiencies for detection of neutrons from a 
Ra-Be and a mock fission source. The experimental arrangement 
was similar to that used by previous experimenters for neutron- 
detection-efficiency calibrations. 


The first two results are compatible with ours. How- 
ever, Widgoff at Cornell obtained a value 30% higher. 
One possible explanation for this disagreement may be a 
counting efficiency discrepancy due to the difference 
between the neutron energy spectrum of yu~-capture 
neutrons and that from a Ra-Be source used for 
efficiency calibration of Widgoff’s BF; counters.t In her 
paper she suggests that this might introduce a system- 
atic error as high as 20%. 

Having available a Ra-Be as well as a mock-fission 
source, we decided to test the sensitivity of a BF; 
counter’s efficiency to neutron energy spectrum. To do 


t Note added in proof.—It should be pointed out that the results 
from Washington University quoted above derive partially from 
above-ground cosmic-ray data’ and partially from below-ground 
data.!® Since the above-ground data agreed with ours and the 
below-ground data with Widgoff’s,™ Professor R. D. Sard has 
suggested to us in a private communication that the area of 
disagreement lies not in calibration but in pion contamination 
produced in the earth overlying the underground experimental 
apparatus. 
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this we built a paraffin structure with a rectangular 
tunnel through the center (Fig. 10). A hole large enough 
to accommodate a BF; counter was drilled lengthwise 
through one of the paraffin blocks forming the structure. 
By rearranging its position with respect to the other 
blocks we varied the distance of the BF; counter from 
the tunnel, although keeping it always imbedded in the 
paraffin. The neutron counting rate as a function of 
distance from the tunnel was recorded for both sources. 
The neutron yields were normalized to one another by 
determining their relative activities with the previously 
mentioned MnSO, tank. These results are also plotted 
in Fig. 10. We see that a discrepancy of as high as 25 to 
30% is indicated for a counter 1.5 to 2.5 in. inside the 
paraffin. That is, a counter whose efficiency was cali- 
brated at this distance with a Ra-Be source would 
actually be 25 to 30% more efficient in detecting fission- 
spectrum neutrons. A “boil off” neutron spectrum 
should be more closely approximated by a fission 
spectrum. 


VI. CONCLUSIONS 


Upon examination of the neutron multiplicity distri- 
bution from w~-meson capture in heavy nuclei, we obtain 
results which, though not inconsistent with an a-particle 
model, seem to better fit a Fermi-gas model with the 
effective nucleon mass, M*, set equal to M/2. A clear- 
cut decision as to which type of description better fits 


the physical reality requires either neutron energy- 
spectrum data or better evidence for the presence or 
absence of the higher neutron multiplicities. For the 
latter a w--meson beam containing less than 0.1% 
m-meson or nucleon contamination is needed. 

At present, investigations are under way to obtain 
and demonstrate the purity of such a beam from the 
Berkeley 184-in. cyclotron. 
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Leptonic Decay Modes of the Hyperons* 
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(Received July 2, 1958) 


We have searched for the leptonic decay of the A® and =~. The sensitivity of the experiment was such 
that 5-6 events should have been found according to the predictions of the “‘universal’’ V-A model of 8 decay. 


No examples of leptonic decay were observed. 


HE 8 decay and yu decay of hyperons are expected 
in all models of the decay interactions. If direct 
Fermi-type couplings do not exist for these processes, 
the decay is nevertheless expected through the Fermi 
interaction of intermediate nucleons and 6 mesons. For 
instance, a Feynman diagram for A° decay would be 
that shown in Fig. 1. The order of magnitude of the 
leptonic decay rates relative to the pionic rates, on 
the basis of a phase-space argument, might be expected 
to be of the order of p’V/60z?, where p is the momentum 
available in the leptonic decay, and V is the interaction 
volume. For an interaction radius of 10-%cm, one 
might then expect that the two leptonic modes account 
for approximately 0.6% of A° decay and 2% of 2+ decay. 
Recently Feynman and Gell-Mann! and Marshak 
and Sudarshan? have proposed that the V-A Fermi 
coupling which is successful in the understanding of 
8 decay and » decay might be extended also to hyperons, 
with the same coupling constant, in the spirit of uni- 
versality of the Fermi interaction. This point of view is 
not only attractive theoretically, but also suggests an 
understanding of the large parity nonconservation 
effects in A° decay.’ It yields well-defined decay rates 
and spectra: 


G 20+2p—2E+M\! 
Niprdp=— M0] (M+ »( it Sex, Sone: -) 
™ M 


20-2p—-2E+M\i - 
-(u-~(———~) -ap nip, 


M 


pi= [ap 


Here M is the nucleon mass, ( the available kinetic 
energy in the decay, E and p are the energy and momen- 
tum of the charged lepton, and G is the universal 


* This research is supported by the U. S. Atomic Energy Com- 
mission and the Office of Naval Research. 

1R, P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

?R. Marshak and G. Sudarshan, Venice Conference on Ele- 
mentary Particles, September, 1957 (unpublished). 

*F. C. Crawford et al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957). 


coupling constant? defined by 


os 1-75 = 1—Y7s 
Hint= s\Gh,(— *wn.(—"*)v 


From the 8 decay of O", G has been determined to be 
G= (1.01+0.01) X 10-5/M?.!4 In (1) we have neglected 
the small effect of the nuclear recoil on the spectrum and 
transition probability. The matrix element, after this 
neglect, is constant, so that (1) is just the phase-space 
spectrum. 

In view of the definiteness of the theoretical pre- 
diction, the evidence in our so far fruitless search for 
these decay modes may not be without interest. We 
have looked among the several hundred examples of 
hyperon decay in our bubble chamber photographs. The 
chambers, 12-inch propane and hydrogen, in a 13- 
kilogauss field, had been exposed to pion beams in the 
900-1300-Mev kinetic energy range at Brookhaven 
National Laboratory. The 3-body leptonic decays are 
distinguishable from the 2-body pionic decays by 
kinematical differences. 

In the normal A° decay, A°-2~+ 9, the two outgoing 
particles must be coplanar with the A°, the transverse 
momenta must balance, and the Q must be 38 Mev. 
The probability that these conditions are met, within 
the measurement error, by the two charged prongs of 
a three-body leptonic decay, is quite small: we estimate 
that it is less than 10% for A’s of known origin. In the 
case of the hydrogen chamber, a stopping of an incident 
pion and the presence of a V nearby in the picture are 
sufficient evidence that the two are associated. In the 
propane chamber we require, in addition to the pion 
stopping or star, a visible @, before the other V can be 
considered a candidate for leptonic decay. This is 


Fic. 1. Feynman diagram 
for A° decay. 


‘Bromley, Almqvist, Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 
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because the number of pion interactions is large and 
V’s produced in the beam entrance window could be 
accidentally associated with a pion interaction in the 
chamber. We have found 100 A° decays in the hydrogen 
chamber and 170 A° decays in the propane chamber, all 
meeting the acceptance conditions. All of these were 
compatible with the charged pionic decay, within the 
accuracy of the measurement. No leptonic decays 
were observed. One example would correspond to 
2/(0.9X 270) =0.27% for the leptonic decay rate rela- 
tive to the charged. The factor 3 here is the fraction of 
A°® decays which are charged. 3 of the A° decays are 
neutral’ and not observed. This corresponds to leptonic 
decay rate of the order of 1.110’ sec™ or less, using 
7Ta=2.4X10-” sec“.® 

The other case of hyperon decay which can be studied 
in these pictures is 2~ decay. In =~ decay one charged 
secondary is observed, which offers then the sole means 
of identifying the decay mode. We have analyzed only 
events of the form #~+—2~-+4". In these cases the 
>- momentum is well known, so the transformation 
velocity to the =~ rest frame is accurately known. The 
transformation has been performed on the secondaries 
assuming that they have pionic mass. All observed cases 
were consistent with the momentum ~,=192 Mev/c 


5 Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957). 

6 According to a compilation of our own results and those of 
other laboratories (to be published). 
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decays of the =~ hy- 
peron, and observed 
spectrum, 
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for the decay 2-—>r-+n; in fact this analysis serves 
us now as a magnetic field calibration. Since the trans- 
formation on the secondary is performed for a particle 
of pionic mass, the lepton spectra of Fig. 2 are not 
strictly relevant. We have investigated in detail the 
distortion in these spectra produced by this procedure, 
and find that on the average the distortion is slight 
(~5%), and in a direction which makes the experiment 
slightly more sensitive. The analysis is tedious and the 
effect small; the calculations are therefore omitted 
here. From Fig. 2 we deduce that on the average 75% 
of the 6 and u particles would be emitted with energies 
experimentally resolved from the monoenergetic pions. 
No leptonic decay was observed among the 84 well- 
measured 2 decays. One event in this sample would 


TaBLE I, Transition rate on the basis of the V-A universal 
theory and experimental sensitivity, for A° and =~ leptonic decays. 
The last row for each group is the combined transition rate for 
electronic and muonic decay. 








Experimental sensitivity, 
in sec“, Since no events 
are observed, the numbers 
quoted refer to one 
(unobserved) event. 


1.110? 
1.110" 
1.110" 


9.4 107 
9.4 10" 
9.4X 10’ 


Transition rate 
in universal 
V-A theory 

(sec™) 


5.3X 107 


1.310? 
6.6X 10" 


29X 10? 
14X10" 
43X 10° 





A p+e7-+7 
A p+p- +d 
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have corresponded to a leptonic decay probability 
of 1/(0.75X84)=1.6%. Using the =~ lifetime, 
tz=1.7X10~" sec, this corresponds to a combined 
leptonic decay rate of the order of 9.4 10*? sec™ or 
less. 

These results are tabulated in Table I. Both in the 
case of A° and 2° decay the experiment should have been 
sufficiently sensitive to see leptonic decays with the 
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probability predicted in the universal V-A theory. In 
each case 5-6 events should have been observed, but 
none were. This, it seems to us, makes the model 
untenable in this form for these hyperons. It need 
hardly be added that this is no way detracts from its 
success in 6 and uw decay. However, the simple extension 
of coupling (3) to the A° and >~ is very unlikely in view 
of these results. 
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K* mesons produced in a liquid hydrogen target bombarded by the 1100-Mev bremsstrahlung of the 
California Institute of Technology synchrotron have been observed. It has been found that the K* mesons 
are produced in association with A° hyperons, in accordance with the law of ~ssociated production of strange 
particles. The K* mesons were momentum-analyzed in a magnetic spectrometer and identified by their 
energy loss in three scintillation counters, the very large background due to pions and protons being virtually 
eliminated by means of time-of-flight discrimination. The differential cross section for the reaction y+p— 
K++A° has been measured at photon energies of 960 Mev, 1000 Mev, and 1060 Mev at various K*-meson 
laboratory angles between 15 degrees and 45 degrees. This cross section shows little variation with photon 
energy between 960 Mev and 1060 Mev or with center-of-momentum angle over the range investigated. 


1, INTRODUCTION 


HEN the electron synchrotron at the California 
Institute of Technology began operation at an 
energy of 1100 Mev, a search was begun for K+ mesons 
produced in photon-nucleon collisions. Because of the 
lack of a source of photons of sufficiently high energy, 
the photoproduction of the strange particles had not 
been previously observed. It was, therefore, desired to 
ascertain whether K* mesons are produced at all in 
photonuclear reactions and, if so, whether they are 
produced according to the law of associated production 
of strange particles.! 
Three reactions involving K* mesons are energetically 
possible with photons of energies less than 1100 Mev: 


y+ p—-K*+A° (threshold 910 Mev) ; (1) 
(2) 
(3) 


ytp-Kt+2° (threshold 1040 Mev) ; 
ytp-K++n (threshold 630 Mev). 


The first two reactions conserve strangeness and were 
expected to occur, whereas the third should be very 
much weaker according to the theories of strange 
particles.' 

The three reactions above can be distinguished by 
differences in their kinematic relations arising from the 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at Bell Telephone Laboratories, Inc., Murray Hill, 
New Jersey. 

1M. Gell-Mann, Nuovo cimento 4, Suppl. 2, 848 (1956). 


differences in the masses of A°, 2°, and m. Thus Kt 
mesons produced at a given angle and a given energy 
must be produced by photons of different energy for 
the three reactions. This is illustrated quantitatively 
in Fig. 1. No information has been obtained in the 
present experiment about the production of K+ with 2° 
since photons of energies greater than the brems- 
strahlung upper limit would have been required to 
produce K+ mesons from reaction (2) at the angles and 
energies observed. Furthermore, by lowering the syn- 
chrotron energy below that required for reaction (1), it 
was found as expected that less than 5% of the K+ 
mesons can come from reaction (3). Thus, the A+ 
particles observed in the present experiment are pro- 
duced with A° in reaction (1), and the data are reduced 
to differential cross sections for this reaction. 

Preliminary results of the present experiment have 
been reported previously.” The cross sections presented 
here differ somewhat from the earlier ones not only 
because additional data have been obtained, but also 
because of changes in the assumed bremsstrahlung 
spectrum based on pair spectrometer measurements,’ 
and because of a small change in the beam monitor 
calibration.‘ 

K+-particle photoproduction is also being investi- 
gated at Cornell. Silverman, Wilson, and Woodward® 

?P. L. Donoho and R. L. Walker, Phys. Rev. 107, 1198 (1957). 

* Donoho, Emery, and Walker (unpublished). 

*R. Gomez, internal report (unpublished). 
ee Wilson, and Woodward, Phys. Rev. 108, 501 
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Fic. 1. A portion 
of the kinematic re- 
lations for the three 
reactions discussed 
in the Introduction, 
illustrating the meth- 
od of distinguishing 
between these re- 
actions. k=photon 
energy in Mev. 
The shaded __rec- 
tangle shows the 
region of momentum 
and angle accepted 
by the spectrometer 
for one of the points 
measured at 1000 
Mev. 
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have obtained a value of the cross section at K=990 
Mev and 6¢.m.= 155° of o(0)= (0.89+0.21) K 10! cm?/ 
sterad. This is lower than our values at angles 0..m.= 45° 
to 90°, which are near o(6)=1.5X10- cm?/sterad. 
More recent data from Cornell® at angles 45° and 70° 
c.m. are also slightly lower than our values in the same 
region. Further work at Caltech’ at 30° and 70° c.m. 
with 1000-Mev photons is in good agreement with, 
though slightly lower than, the data reported here. 
Other early experiments in which photoproduced K+ 
mesons were observed were reported by Clegg, Ernstene, 
and Tollestrup,® and by Peterson, Roos, and Terman.° 


2. EXPERIMENTAL TECHNIQUE 


In this experiment, the differential cross section for 
reaction (1) was measured at various center-of-mo- 
mentum angles and photon energies by counting Kt 
mesons at the appropriate laboratory angles and 
energies. The difficulties in the experiment arise from 
the small number of K particles produced and the 
relatively large numbers of pions and protons. Thus the 
counting rate is low, and considerable care is necessary 
in the identification of the Kt particles. 

The method employed in this experiment for the 
identification of the K+ particles was to combine a 
momentum measurement by a magnetic spectrometer, 
a time-of-flight velocity selection, and measurements of 
the energy loss of the particles in each of three scintilla- 
tion counters located near the focus of the spectrometer. 


* McDaniel, Cortellesa, Silverman, and Wilson, oom Am. Phys. 
Soc. Ser. II, 3, 24 (1958). Also private communicati 

7 Brody, Wetherell, and Walker, Phys. Rev. 110, "1213 (1958). 
The results reported in that paper are too high, however, because 
of a recently discovered systematic error. 

® Clegg, Ernstene, and Tollestrup, Phys. Rev. 107, 1200 rt 

® Peterson, Roos, and Terman, Bull. Am. Phys. Soc. Ser. IT, 
235 (1957). 


| The apparatus is shown schematically in Fig. 2. The 
uniform-field magnet and counter C2 form a single- 
focusing spectrometer capable of measuring particles 
of momenta up to 600 Mev/c. The solid angle of the 
aperture as defined by lead absorbers is 0.0075 stera- 
dian. The momentum interval accepted, Ap/P=0.098, 
is determined by the width of counter C2, 12.1 cm. 
The counters C; and C; as well as C2 are used to provide 
pulse height data for the energy loss measurements. 
Some ‘‘defocusing” of the particles in the direction 
normal to the plane of Fig. 2 occurs in the fringe field 
of the magnet so that the counters must be rather long 
(28 cm) in this direction. The light from each of these 
counters was collected by two photomultipliers, one at 
each end, and the signals added in order to improve 
the pulse height resolution. 

Counters Cp and C2 which are 380 cm apart are used 
with a fast coincidence circuit to provide the time-of- 
flight velocity selection. This will be described in detail 
below. 

The absorbers A» and A; were used to stop protons 
having the spectrometer momentum. Absorber Ao was 
used to reduce the singles counting rate of Cy to an 
acceptable level (<5X10* per second instantaneous 
rate). Since much of this counting rate comes from very 
low-energy electrons emerging from the target, } inch 
of polyethylene was usually sufficient. However, for 
one measurement at 15° a 3-inch carbon absorber was 
used for Ao. 

The entire system of magnet and counters is mounted 
on a rotating carriage with a pivot on the axis of the 
liquid hydrogen target so that the angle of observation 
can be changed easily. 

The liquid hydrogen of the target is contained in a 
cylindrical cup 3 inches in diameter, with a 0.003-inch 
Mylar wall. This is surrounded by radiation shields and 
by a 0.024-inch Mylar external vacuum window. How- 
ever, no particles produced in these outer shields by 
the beam were detected except at the most forward 
angle, since the portions of the shields through which 
the beam passes are excluded from view by the slit 


Pb APERTURE DEFINING ABSORBERS 
HORIZONTAL 
VERTICAL 


MYLAR— 


3°DIAM 
LIQUID H, TARGET 





° Lo 
SCALE - METERS / 
138.4 CM R’ 


Fic. 2. Schematic diagram of the apparatus. 
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system consisting of counter Cy) and the magnet 
aperture. 

The bremsstrahlung beam is collimated to a rec- 
tangular cross section 5.16.3 cm? at the hydrogen 
target. The synchrotron produces one beam pulse per 
second, and by tailoring the rf amplitude this pulse is 
spread out fairly uniformly in time for about 20 milli- 
seconds. During this time the magnetic field of the 
synchrotron is held at a constant value so that the 
bremsstrahlung has a well-defined end-point energy. 
The bremsstrahlung spectrum has been measured by 
means of a pair spectrometer’ and found to be much 
more similar to a thin-target spectrum than to the 
spectrum calculated for a radiator of thickness 0.2 
radiation length, the geometrical thickness of our 
radiator. (Presumably the electrons barely graze the 
edge of the radiator, and do not pass through the full 
thickness.) Thus the spectrum assumed in calculating 
cross sections was essentially the thin-target one. The 
absolute calibration of our beam monitor is based on a 
comparison‘ with a “‘quantameter”’ designed by Wilson,” 
using his value for its absolute sensitivity (4.82 108 
Mev per coulomb for a gas mixture of 760-mm argon 
and 40 mm of CO, at 20°C). 


3. TIME-OF-FLIGHT SELECTION 


As described above, a velocity selection was made by 
requiring a fast coincidence between counter C2 and a 
suitably delayed pulse from counter Co. For the flight 
path used, the difference in flight times for pions and 
for K mesons varied from 4.2 myusec at 520 Mev/c to 
9.3 mysec at 320 Mev/c. The coincidence resolving 
time of about 4 millimicroseconds full width at half- 
maximum was a compromise between a resolving time 
short enough to reject all undesired events and one 
long enough to give 100°%% efficiency for counting K 
particles. A compromise is necessary because at the 
highest momentum investigated, 520 Mev/c, the mean 
difference in flight times for pions and K particles is 
only 4.2 millimicroseconds, which is not long compared 
to the spread in times of arrival of the pulses from K 
particles themselves. The latter spread results from 
several causes. First, different paths through the spec- 
trometer have different lengths amounting to 1.25 musec 
for particles of velocity c, but up to 2.5 mysec for the 
slowest K particles investigated. Second, the width of 
the momentum interval accepted results in a range of 
velocities corresponding to as much as 2 musec differ- 
ence in flight times. Third, the length of counter C., 
28 cm, means that light originating from particles 
hitting the counter at different points takes different 
times to reach the photomultiplier. (Signals from only 
one photomultiplier were used for the fast coincidence 
circuit.) Finally, there are some variations in transit 
times for electrons in the photomultipliers (RCA 6810). 

The result of the above compromise was a time-of- 
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Fic. 3. Efficiency of the fast time-of-flight coincidence system 
as a function of the delay in the signal from counter Co. This was 
measured for both pions and protons in the manner explained in 
the text. 
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flight requirement which rejected about 98% of the 
pions and counted the desired events with an efficiency 
of 85+1%. The latter figure, which enters into the 
cross sections, of course, was measured for pions and 
protons and since the result was the same in both 
cases, the same figure was assumed for K particles. 
The measurement of this efficiency was made by com- 
paring the counting rate when a fast Co+C? coincidence 
was required together with a slow (0.1-microsecond) 
coincidence with C,; and C;, to the counting rate when 
only a slow coincidence C}+C2+C; was required. When 
pions were being counted, absorbers A» and A; stopped 
protons, and when protons were being counted, these 
absorbers were removed and the pions were biased out 
on the basis of pulse height. The efficiency of the fast 
coincidence circuit as measured by the above ratio is 
shown in Fig. 3 as a function of the delay introduced 
for the pulse from Co. This figure also shows the time 
resolution curve of the system, and is used to find the 
proper delay for counting K particles. 

The usefulness of the time-of-flight requirement is 
indicated by the improvement it makes in the relative 
numbers of counts due to K mesons and other particles. 
In a typical arrangement, the ratios of protons to pions 
to K* particles accepted by the magnetic spectrometer 
alone is about 2000:1000:1. By the use of absorbers 
A» and A; to stop protons and by the requirement of 
the time-of-flight coincidence, but without the intro- 
duction of any pulse-height bias against pions, the 
counting rate was reduced so that about one count in 
10 or 20 was a K meson. With this ratio, a final identifi- 
cation on the basis of pulse heights in Ci, C2, and C3; 
is possible. 


4. PULSE-HEIGHT ANALYSIS 


In addition to the momentum and velocity selection, 
the K+ particles were required to have the correct 
energy loss in the three scintillators C,, C2, and C3. 
This was done by displaying the pulses from these three 
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Fic. 4. Correlations in pulse height for counters C; and Cz for 
data taken with Py»=320 Mev/c, O1,»=25°, k=960 Mev; 
E o=920 Mev, 3000 beam units (background); E»>=1080 Mev, 
6000 beam units. The rectangle with dashed boundaries is the 
region in which K*-meson events should appear. 


counters, suitably delayed by different amounts, on an 
oscilloscope and photographing them individually for 
each event consisting of a Co+C2 fast coincidence in 
slow coincidence with C; and C3. The three pulse heights 
for each event were then read from the film and analyzed 
as follows. First the single-counter spectrum for each 
counter was plotted, showing primarily the pion peak, 
since the majority of photographed events were pions. 
This was used as a calibration to find the mean value 
and the standard deviation expected for K*-particle 
pulses. The standard deviations observed for pions were 
only slightly greater than those predicted by the theory 
of energy-loss fluctuations of Symon." An interval of 
about four standard deviations centered about the 
expected mean for K* mesons was thus established for 
each counter. To be identified as due to a K* particle, 
all three pulse heights must lie in the specified region. 
Fortunately, the application of this requirement to 
only two counters was usually sufficient so that the 
third pulse height could be regarded as a consistency 
check. 

The extent to which the pulse heights in two counters 
alone are sufficient to select K* mesons is illustrated in 
Figs. 4, 5, and 6, which show the correlated pulse 
heights from counters C; and C2 for typical data ob- 
tained at momenta of 320 Mev/c, 420 Mev/c, and 
520 Mev/c. The dashed rectangles bound the regions 
expected to contain the K*-meson events on the basis 
of the single-counter spectra. The left-hand portion of 
each figure presents data taken with reduced syn- 
chrotron energy and represents the background, as will 
be explained in the following section. In each case, the 
K+-meson rectangle contains a group of points which 
is considerably reduced in the background run. (When 
three counters are used, this reduction is as much as a 
factor of twenty.) In addition to the K-meson groups, 
Figs. 4, 5, and 6 show large groups of pions, as expected, 
and groups of points having larger pulse heights than K 


11K, Symon, thesis, Harvard University, 1948 (unpublished). 
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mesons. These latter events, we believe, represent 
protons of momenta higher than that defined by the 
spectrometer, which scatter from the pole pieces of the 
magnet or the lead slits in such a way as to pass through 
the counter system. Such scattered protons of high 
energy can have sufficient range to traverse absorbers 
A; and A3, and a velocity sufficiently high to satisfy the 
time-of-flight selection, in which case they can also 
produce pulse heights not greatly different from those 
produced by K particles. They are thus a particularly 
annoying source of background. 


5. BACKGROUND AND IDENTIFICATION OF THE 
REACTION BY WHICH THE K PARTICLES 
ARE PRODUCED 


The sources of background were the following: 


(1) Some pions passed by the time-of-flight system 
produce pulses in the K region of all three counters 
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Fic. 5. Pulse-height correlations for counters C; and C2 for 
data taken with Pi,=425 Mev/c, @n,=25°, k=1000 Mev; 
Eo=940 Mev, 2400 beam units (background); Zy>=1100 Mev, 
5000 beam units. 


because of fluctuations in the energy loss. This is 
significant only for the high-energy K data. 

(2) Some scattered protons, as described above, pro- 
duce pulses in the K region in all three counters. 

(3) Some K* mesons are produced in the Mylar walls 
of the hydrogen target. This is a small effect which 
was estimated simply on the basis of numbers of 
protons in the walls relative to the number in the liquid 
hydrogen. 

(4) If one uses the measurements to obtain the cross 
section for producing K+ with A° (reaction 1), then any 
K mesons produced with m (reaction 3) should be con- 
sidered a background. As mentioned in the Introduc- 
tion, this is expected to be negligible, and if it existed 
would be interesting in itself, of course. 


Background from sources 1, 2, and 4 was measured 
all together by taking data with the synchrotron energy 
reduced below that required to give K+ mesons from 
reaction (1) (i.e., produced with A°) in the angular 
and momentum regions accefted by the spectrometer. 
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The numbers of pions should remain essentially un- 
changed and also the number of K*+ mesons produced 
from reaction 3 with a neutron. The number of very- 
high-energy protons which could scatter and be counted 
might be decreased when the synchrotron energy is 
lowered, but this effect should be small, since the energy 
was lowered only slightly. As a check that the back- 
ground is measured correctly by this procedure, it was 
observed that the counting rates in the pion region of 
pulse heights and in the “scattered proton” region were 
not changed by lowering the synchrotron energy by 
more than might be expected from the statistical 
errors. 

Since the counting rate of K* particles produced 
with neutrons in violation of the law of conservation of 
strangeness (reaction 3) would not be changed when 
the synchrotron energy is lowered slightly, the lowest 
background observed of 5%, may be taken as an upper 
limit to the number of K*+ mesons produced with neu- 
trons relative to the number produced with A°. 
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Fic. 6. Pulse-height correlations for counters C; and C2 for 
data taken with Pigp=520 Mev/c, @i,=25°, k=1060 Mev; 
E,= 1000 Mev, 1200 beam units (background); ZEy>=1100 Mev, 
2400 beam units. 


6. RESULTS 


Data were obtained at the K+ laboratory angles and 
momenta indicated in Fig. 7. No work was done at 
momenta below 320 Mev/c because the counting rate 
became too low due to decay in flight and dynamical 
factors; no work was done at momenta above about 
520 Mev/c because of poor time-of-flight and pulse- 
height resolutions. Angles less than 15 degrees were not 
accessible because of the large counting rate in Co. The 
points were chosen to give measurements at three c.m. 
angles each at 1000 Mev and 1060 Mev as well as three 
energies at 90° c.m. 

The data obtained are presented in Table I. In this 
table are shown the observed counting rates in the 
K-meson region of pulse heights for both the high- 
energy runs and the background runs at reduced energy. 
From the net counting rate, the differential cross 
section for producing K*++-A° has been calculated and 
is shown in the last column of the table. 


MESONS IN H 





T T 
CONSTANT k 
CONSTANT Bou, 


SENSITIVE REGION 4 
OF SPECTROMETER 


K* MESON LABORATORY MOMENTUM 














= i i iL 1 i 
10° 20° 30° 40° 50° 60° 
K* MESON LABORATORY ANGLE 





Fic. 7. Kinematic relations for the reaction y+p—E*+A%, 
with rectangles showing the regions of K*-meson momentum and 
angle accepted by the spectrometer for each of the points 
measured. =photon energy in Mev. 


In calculating cross sections, a correction for the 
15% inefficiency of the time-of-flight system has been 
included, and a small correction for scattering and 
absorption in the counters and absorbers. Important 
here is a large correction for the decay of the K mesons 
before reaching the final counter. In calculating this 
correction, which is given for interest in Table I, a mean 


TABLE I. Results: Pigt, Giab, ANd O.m. are the laboratory mo 
mentum and angle and the center-of-momentum angle of K* 
mesons produced by photons of energy & in the reaction y+p— 
K*+-A°. Ep is the synchrotron energy. Background runs are those 
for which Ey<k. ¢(@c.m.) is the differential cross section for the 
above reaction in the c.m. system. The counting rates are given 
in units of counts per 100 beam units, one unit being 1.36 10" 
Mev total integrated bremsstrahlung energy. The decay correc- 
tion is simply the probability that a K* meson does not decay 
before reaching the last counter. 
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1.18 +0.35 


0.51 +0.09 
0.14 +0.05 


25.1° 1080 960 
920 


15.0° 1100 1000 1.79+0.18 
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life of!* (1.24+0.02)10-§ sec was used, and it was 
assumed that no K mesons which decayed would be 
detected. A rough estimate of the probability of count- 
ing one of the products of K-meson decays indicates 
that this is a very small effect. 

It may be seen from Table I that over the angular 
and energy region investigated in this experiment, no 
very significant variations in the cross section were 
observed. In fact, all except the highest and lowest 
values fall within their errors at a value 1.5X10-" 
cm?/sterad, and these two exceptions are only about 

3 standard deviations from this value. With this 
limitation, it might still be remarked that the angular 
distribution at 1060 Mev seems to be peaked forward, 
whereas that at 1000 Mev does not. However, if one 
compares these data with the value o(6)=0.89X 10-*! 
cm?/sterad obtained at Cornell by Silverman, Wilson, 
and Woodward,® at 990 Mev and @..m.=155°, the 
angular distribution at 1000 Mev also seems to fall at 
backward angles. 
t® The excitation curve at 6....=90° seems rather flat 
between 960 and 1060 Mev according to the values of 
Table I, although again the errors are unfortunately 
large. This behavior would be expected in general if the 
K mesons are produced in S waves near the threshold. 

Several theoretical treatments of K-particle photo- 


2See for example L. W. Alvarez, Proceedings of the Seventh 
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(Interscience Publishers, Inc., New York, 1957). 


PHYSICAL REVIEW VOLUME 


DONOHO AND R. L. 


112, 


WALKER 


production have been given,” but in view of the un- 
certainties in the theories and the large errors in the 
experimental data, it would probably be premature to 
draw detailed conclusions about the K-hyperon inter- 
action. A rather general conclusion from the magnitude 
of the cross sections has already been pointed out and 
used in a theory of the strange-particle interactions, by 
Gell-Mann. This is that the K-A° coupling is perhaps 
weaker than the pion-nucleon one. 

The measurements of K+-meson photoproduction by 
the general method reported here are being continued 
with some improvements by Brody, Wetherell, and 
Walker.’ The results obtained thus far are in good 
agreement with those reported here, but the errors are 
comparable. It would be especially desirable now to 
obtain more accurate data. 
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Pion-Hyperon Scattering and K~-p Reactions* 
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A brief survey is made of the consequences of the universal pion-baryon interaction on production of 
hyperons with pions. In particular, a pion-hyperon resonant scattering state similar to the p, T=} pion- 
nucleon state should exist. Possible effects of this state are examined. It is found that the large low-energy 
K~-p cross sections cannot be associated with it. Other experiments are suggested in order to search for this 
state, especially K~-p reactions at higher energy and pion production in hyperon-nucleon scattering. 


INTRODUCTION 


N addition to its attractive simplicity, the assumption 
of a pion-baryon interaction of universal strength 
and form! has led to some agreement with hyperon 
nucleon forces. The purpose of this paper is to find a 


* Supported in part by the National Science Foundation. 

1M. Gell-Mann, Phys. Rev. 106, 1296 (1957); J. Schwinger, 
Proceedings of the Seventh Annual Rochester Conference on High- 
Energy Nuclear Physics, 1957 (Interscience Publishers, Inc., New 
York, 1957), Session IX. 

2D. B. Lichtenberg and M. H. Ross, Phys. Rev. 107, 1714 
(1957); 109, 2163 (1958); and M. H. Ross and D. B. Lichtenberg, 
Phys. Rev. 110, 737 (1958). N. Dallaporta and F. Ferrari, Nuovo 
cimento 5, 111 (1957); R. H. Dalitz and B. W. Downs, Phys. Rev. 
111, 967 (1958). 


qualitative test of this assumption in hyperon pro- 
duction. This, it is hoped, may be of some value in 
suggesting experimental possibilities. It shall be as- 
sumed that the pion-baryon interaction is somewhat 
stronger than the K-particle interactions. In order to 
avoid great involvement in these unknown XK inter- 
actions we shall examine here the effects of pion- 
hyperon scattering. In particular we shall consider the 
most prominent effect : the p; resonance in pion-hyperon 
scattering which is the counterpart of the T=}, py low- 
energy resonance in pion-nucelon scattering. This is 
not to be directly observed, of course, but it should have 
a substantial effect on processes involving production 





PION-HYPERON 


of a pion and hyperon. Many aspects of such final state 
interaction effects are very simple. If it can be assumed 
that the production interaction, here the K interactions, 
can be treated in perturbation theory further properties 
can be deduced. Many of the arguments to be used here 
(e.g., branching ratios and energy dependence of the 
production) do not depend on the accuracy of perturba- 
tion theory. More explicit assumptions about the pro- 
duction interaction are not necessary. 

Let us write the cross sections in terms of the T 
matrix’: 


2r 
Gj-4j5=—| T 5:|*pj. (1) 
Vy 


It is convenient to make a partial wave expansion: 
T = Dor or’ (Q;) (t:) ror (Qi). (2) 


Here the sum ranges over all normalized angular mo- 
mentum isotopic spin states gr. The coordinate Q,; 
includes the momentum direction &; and spin polariza- 
tion m, with respect to an arbitrary axis, and in addition, 
the various charge coordinates. For elastic scattering, 


1p; Ark'dk 
——(t;)r=e*r sindy, with p’=———. 
4 (2r)*dE 
Let us assume that the interaction consists of two parts, 
H, and Hx, the latter a production interaction to be 
treated in perturbation theory. We then write‘ for the 
production process : 


Tyi= (¥;i~, Hei), (3) 


where the y’s are eigenfunctions of the Hamiltonian 
excluding Hx. Into a particular two-body channel, the 
partial wave expansion of y;~ is 


¥;O =r Crum (f,o)or(Q)e~r 
X [cosér ji(kr)+sinér fr(kr)], (4) 


where jx(kr) is the regular spherical Bessel function, 
fis asymptotically equal to the irregular function, and 
where for spin-} particle plus spin-zero particle, Crim is 
chosen so that 


Dr Cri (7,0) prjr(kr)=e'* %x™(o)é, 


x and é being the desired spin and isotopic spin functions. 
On the basis of (4) we can express the production 
process in the form: 


tj¢= e*87-*) { B cosé; cosd;+A cosé; sind; 
+A’ sind; cosé;+A” sind; sind;}. (5) 
The subscript I is dropped here and in some other rela- 


tions. If we assume that there are only the two channels 
i and j, then the A’s and B are real as a result of time 


3 We use units #=c=1. 
4M. Gell-Mann and M. Goldberger, Phys. Rev. 91, 398 (1953). 
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reversal.5 If there is no scattering due to H, in the 
initial state [keeping in mind the process (9) ], then 


t;:= e (Bj; cosb+A ;; sind). (6) 


The main point of an expression such as (6) is that in 
most situations the A’s and B are essentially inde- 
pendent of the phase-shift behavior. In particular we 
can expect these quantities to vary smoothly through 
the region of a phase-shift resonance. From (4) we can 
deduce the following momentum dependence for A and 
B due to the centrifugal barrier®: 


Bye~whjHik*, 
A jw hh. 


(7) 


Since these results arise from the expansion in kr of the 
Bessel functions, they do not apply when & becomes 
large. If the size r of the interaction region is such that 
kr is small, it is indicated that A>>B. In the expressions 
(5) or (6) only the phase depends on the accuracy of 
lowest order perturbation theory. 

In the presence of a resonance in the state 7 we may, 
to obtain a crude picture, assume that the enhancement 
term A dominates the Born approximation term B, and 
indeed that it dominates contributions from other 
partial waves. This will be our basic assumption. It may 
also be interesting to consider that elastic scattering in 
the initial state i [having in mind here the process 
(10) ] occurs only as a byproduct of the enhancement 
of production, i.e., only through the intermediate reso- 
nant state j. The exact form of the matrix element (3) 
contains the initial state ¥;, an eigenfunction of the 
full Hamiltonian. It is readily deduced that in second 
order in Hx we have 


1 
Ty= (v. ), Hz=—— Hrd). 
E—Ho+ie 
In the crude picture proposed above, the scattering in- 


volves summing over energies of the intermediate 
resonant state /: 


1 1 p; 
t(E)=—-— foe, bt i¢-— (*), (8) 
T E—E;+ie\4r 


which is to be substituted in the (total) cross-section 
formula : 


pi 1 
o%=— —|or(Q,) |?| (ti) r]*. 
2 % 


The expression (8) for the elastic scattering is certainly 
less reliable than the expressions above for the pro- 
duction. But it is something that can be evaluated. 
Perhaps the most interesting reaction to study in 
order to look for a r—Y resonance is, as suggested by 


5K. M. Watson, Phys. Rev. 95, 228 (1954). 
*K. M. Watson, Phys. Rev. 88, 1163 (1952). 
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Fic. 1. Kinematics of 
K+N—-Y-+-. See text. 
The mass of the hyperon 
was set at the inter- 
mediate value of 1150 
Mev to calculate these 
curves. 
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Gell-Mann!: ut 

K+N-r+F, (9) 
and the associated elastic scattering: 

K+N-K+N. 
Here and throughout this paper Y and the word hyperon 
denote either A or 2, and N denotes a nucleon. For 
orientation some kinematics of (9) are presented below: 
Let kx and k, be the center-of-mass momenta in the 
initial and final states of (9). Let wx* and w,* be the 
total center-of-mass rest energies less the rest energy 
of the appropriate baryon (actually we shall not 
bother to distinguish between w* and the energy of the 


boson alone, in our crude expressions). Let Ex be the 
kinetic energy of the K in the laboratory. Then 


My+w,.*=Mwytox*=((My+Mx)?+2MnEx)!. (11) 


Denoting the total laboratory energy of the K as wx and 
the similar quantity for the x (assuming a stationary 
hyperon target) as w,, we have 


2M ywr= (Mx°—M2+My*—My’*)+2M nox, 


or wr=353+0.842Ex Mev, for A production, and, 
w,=251+0.785Ex Mev, for 2 production. In Fig. 1, 
k,, kx, wr* and wx* are plotted as a function of Ex, 
for convenience. 


(10) 


(12) 


PION HYPERON SCATTERING 


The z-A and z-2 isotopic spin states are given in 
Table I. Both the universal pion-baryon interaction 
and the K interactions are assumed to conserve isotopic 
spin. The former interaction is readily given in terms of 
the x-N Hamiltonian if we express the hyperons in 
terms of nucleon fields and another noninteracting 
entity, 6. This 6 has the properties of spin 0 and isotopic 
spin 4. The components 4+ and 6~ correspond to changes 
0 and —1. Thus 


A= (1/v2) (pd-—nd*), 
Zt+= pit, B= (1/v2)(pr +nd*), Z=nd-. (13) 


The relation (13) does not involve a special model ; 
it is just one device which may be used to specify the 


universal pion-baryon interaction.’ We are now, for 
the time being, neglecting baryon mass differences and 
any renormalization differences of the pion-baryon 
coupling constant that will occur on account of the K 
interactions. It is also noted that in this universal 
theory we assume equal parity for A and 2. 

From (13) it is readily seen that pion-hyperon 
scattering can be expressed in terms of the isotopic 
spin } and $ x-N scattering cross sections, o; and g3. 
In Table II the various z-Y states and the correspond- 
ing w-N cross sections that apply are shown. Thus 
T=  x-N scattering corresponds to diagonal scattering 
of T=2 x-X states and of the following T= 1 2-Y states: 


— @)be*A+ (§)i(—B4x4—2+4"), 
(3)'e¢A+ (@)'(—2-a*—E4e), 
(b-A+ (Q)NSra— Br). 


(14) 


These are the final states associated with the low-energy 
resonance. 

The simple result (14) is the most important one. 
We can, however, attempt to explore some details of 
the x-Y resonance. As a result of the baryon mass 
differences and possible differences between pion-baryon 
coupling constants, at what energy will the T=1 and 
T=2 resonances lie? Also, what will be the actual A/Z 
probability ratio as compared to 2 in the T=1 case? 
Present theories of w-N scattering agree on certain 
features of the p}, T=} resonance. It is generally 
agreed that it is difficult to predict its position with 
any reliability. To review the indications as to the 
resonance energy let us, for the present, ignore the A-2 
mass difference and simplify the question by equating 
the cutoff of nonrelativistic theories with the baryon 
mass M. Let g be the relativistic coupling constant in 
the PS theory, and f the PV coupling constant. In these 
relations M,=1. 

TABLE I. Pion-hyperon isotopic spin states. 
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7A consistent convention must be used in forming isotopic 
spin invariant operators and isotopic spin wave functions. We 
have constructed here the (unique) isotopic forms for the Hamil- 
tonian having in mind a certain definition of the various mul- 
tiplets. In the sign convention of Condon and Shortley [E. U. 
Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge 
University Press, Cambridge, 1935)], our multiplets are (p,m), 
(—x*, 2°, x), (2+, D°, Z~). This definition agrees with Lichtenberg 
and Ross (reference 2) and differences in the sign of 2+ from that 
used by Gell-Mann (reference 1). 












For the relativistic dispersion relations® there is no 
definite prediction, but the theory is consistent with 
results obtained from nonrelativistic dispersion theory. 

The nonrelativistic dispersion relations’ (Chew-Low 
theory) yield, in the one-meson approximation, the 
resonance energy 


w= M/s’, 
or 
w= 1/f2M. 


It is convenient to quote similar results associated 
with the Tamm-Dancoff approximation as it has been 
applied to #-N scattering. Here one has an integral 
equation for an amplitude corresponding to tanéd on 
the energy shell: 


f(k)=fe W+e f Lbs) fas 


The equation becomes convenient for discussion of the 
resonance if we make the gross approximation : 


fic. fs)as= 508) f L(es)ds= TH), (15) 


so that 
f(k)= fo(b)/T1— 2 (R) 


We then have crudely, in either the relativistic” or non- 
relativistic! theories, 


kr/w,*i~ M¥*/ 9, 
or 
br /o~1/ 2M}. 


Even in the framework of these crude results, we are, 
at present, in no position to predict the resonance 
energy or merely the direction of the shift (although 
that could be examined in perturbation theory). A 
shift of, say, 100 Mev in w,* would not be surprising. 
Or it can be put that such a shift would not deter us 
from using the language of the universal pion-baryon 
interaction. In the x-N system w,*~295 Mev. 

The A/Z ratio in the 7=1 resonant state will deviate 
somewhat from 2. Using the Tamm-Dancoff approach 


TABLE II. Pion-hyperon states and the pion-nucleon cross section 
to be used to describe the pion-hyperon scattering. 











n-Y state x-N cross section 
T=2 o3 
T=0 vi 
(2/3)4(w-A)+ (1/3)# (9-3) ro a3 
— (1/3)#(w-A) + (2/3)4 (9-2) ro Se 
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we will have coupled equations: 


fu=fantet f Lafads+e®f Lasfuts 


fa fontet [ Lafuts+e' f Lasfads. 


Here the A-2 mixture (and fxz/fse) is determined by 
solution for the diagonal states. Using (15) and as- 
suming /,x*=J,ls, for simplicity, we obtain the two 
pairs of solutions: 


fa = fas/(1—In'—T2’), 
f2P= fep/(1—In'—Iz'), 
fr? / fo =T4'/T az’ = (1a'/T2')}, 


and 
Sra = faz, 


fr%= fsa, 
fa? / fe = —Tx'/Tay’. 


Here the coupling constants have been absorbed into the 
I’’s. The ratio of A’s to D’s produced is 


19 r 19 t/ , gx we Mx ’ 
pz| fal?/pa| fs|?=psla’/pal x’ =2—{ — — 
gy’ WA My 


or 
fx foxMa\! 
y od ‘of 
fe? \wrMy 





in the resonant state. We can probably say that the 
qualitative feature of more A’s than 2’s will not be 


altered. 
K--p CAPTURE AT LOW ENERGY 


The K~-p reactions have been relatively extensively 
examined. Large cross sections are observed at low 
energy. Let us assume that there is a 3 resonance which 
is shifted (relative to its energy in the 2-N system) 
so that it occurs near zero K-particle energy. Since the 
final state is p;, the initial state must be 


d; for scalar K, or p; for pseudoscalar K. 


Here the hyperon parity is set by convention equal to 
nucleon parity. The threshold cross section energy 
dependence for production is kx*' and for elastic 
scattering kx*'. It is not necessary to go into the details 
of either this theory or of experiment. Looking at the 
results of Alvarez et al." and of emulsion data, we see 
that the scant information on cross-section energy 
dependence indicates s-wave processes. Actually the 

12 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, 
and Tripp, University of California Radiation Laboratory Report 
UCRL-3775,. (unpublished), and Nuovo cimento 5, 1026 (1957). 

13 See M. Ceccarelli, Proceedings of the Seventh Annual Rochester 


Conference on High Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Session VI. 
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data are readily fitted with this assumption. An appar- 
ent rise in elastic scattering and a rise faster than 1/kx 
in inelastic scattering with decreasing energy over the 
energy range 0< Ex<100 Mev can be well fitted with 
S$ waves in a variety of ways. On the other hand, it 
might be thought that this energy dependence is, 
instead, coupled with final-state resonance effects. 
Actually the resonance picture is awkard in this 
respect. The observations are, however, not necessarily 
inconsistent with a p-wave process as the resonance 
will quickly change the energy dependence, and could 
yield a very-low-energy peak falling off (slowly) on the 
high-momentum side. The d-wave process seems defi- 
nitely incorrect. 

The hyperon ratios provide more useful information. 
It has been found by Alvarez et al. that, in flight, 


ot:2°-=4:10 


. Meanwhile, in- 
fairly good 


(the actual number of events is shown) 
flight plus at-rest events yield, with 


statistics: 
Zt: 722A 434:8:1. 


If we can assume that a substantial fraction of at-rest 
events proceed by the same /; process involved for the 
in-flight events, then we see that the A-2 ratio is 
completely wrong. This is indeed the case. A Brueckner- 
Serber-Watson" analysis shows that capture from the 
p; atomic orbit completely dominates radiative decay 
to the s orbit if there is a large low-energy ); cross 
section! (here the capture cross section rises to about 
100 mb at kx~100 Mev). We conclude that the 2-Y 
resonance does not play a role in K~-p reactions near 
zero energy. 

It should be noted that the very small A-2 ratio is 
quite puzzling. It may indicate that the two hyperons 
are basically of different character instead of very similar 
as assumed in this paper. 


K--p REACTIONS AT HIGHER ENERGY 


If we assume that the w-Y resonance occurs at an 
energy such that &r<1, where r is the range of inter- 
action, presumably of the order 1/Mx, then we may 
expect that the 7-matrix element for production has 
the energy dependence 


ky hg) 
ty~- 


Ws*wx* 


sind, (16) 


where L(K) is equal to 2 or 1 for scalar or pseudoscalar 
K, respectively. The w factors generally appear in field 
theory. Thus the production energy dependence near 
the resonance, neglecting all other partial waves and 
neglecting the B term of (6), is as follows: 


14 Ascoli, Hill, and Yoon, Nuovo cimento 9, 813 Le): ; Jackson, 


Ravenhall, and Wyld, Nuovo cimento i 834 (195, 
15 Brueckner, Serber, and Watson, Phys. Rev. 81, 575 (1951). 


16 R. Gatto, Nuovo cimento 3, 1142 1956). 
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For pseudoscalar K : 


M Kk K sin’6 


(17) 


Tprod™ 
kw, *wx* 

For scalar K: 
kx* sin’5 


(18) 


Tprod™ 
kiw,*wr* 

The expressions (17) and (18) are plotted in Fig. 2 for 

a resonance at Ex= 150 Mev (w,*=415 Mev for A and 

335 Mev for 2), curves A and B. The siné factor was 

taken from the approximate expression® 


| NkP/we* 
e'? sing = —— -. ——__—__ -- -— ’ 


—irk,*/w,*+ (1—w,*/w,*) 


where \= $f*, f?=0.076 in the r-N case, and M,=1. It 
is noted that if one uses (19), which has some theoretical 
justification,'” the width of the resonance increases 
considerably with higher resonance energies, if \ is kept 
fixed. In Fig. 2, curves A and B (but not C), A has been 
reduced arbitrarily while w,* is higher than in the r-N 
case. It is seen in Fig. 2 that the curves for scalar K are 
very broad. 

The production into the x-Y resonant system occurs, 
of course, in the T=1 state. The hyperon ratio should 
be roughly 


(19) 


A:3+:2°:2-=4:1:0:1. (20) 


If a peak is also observed in elastic scattering, it may 
be permissible to attempt to explain this elastic scatter- 
ing as a second-order effect via the intermediate reso- 
nant state. This will be T=1 scattering. The energy 
dependence of the matrix element (8) can be roughly 
evaluated using (16). One finds that the 6-function 
contribution in the integration dominates if the energy 
is within, say, 50-100 Mev of the resonance. For this 





_ Fic. 2. Cross sections for 
K+N-—Y-+-7in the T= 1 state. 
The right-hand side of Eq. (17) 
is plotted as curve A, and of 
Eq. (18) is plotted as curves B 
and C. The curves A and B 
correspond to a w—Y reso- 
nance at Ex=150 Mev, while 
curve C applies to a r— ¥ reso- 
nance at Ex=0. The units of 
the ordinate are 10-* Mev. 
An intermediate value of 1150 
Mev was used for the hyperon 
mass. 
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17 A more complicated but more justifiable expression than (19) 
would involve a larger and more accurate value for /* [Professor 
R. Serber, quoted by S. Lindenbaum and L. Yuan, Phys. Rev. 
100, 306 ( 1955) ]. The difference is inconsequential for this work. 
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process, then, the total elastic cross section in the T=1 
state is 

Gea= (Rkx*/82) (Gproa)?. (21) 
DISCUSSION 


Assuming that the universal pion-baryon interaction 
is essentially correct, we can say that a principal 
feature of this interaction may be a T=1 peak in 
K+N->r+¥ processes with more A’s produced than 
>’s. This peak cannot be identified with the large cross 
section already observed near zero energy, but may yet 
be found at higher energy. We have found that only if 
the -Y resonance lies at a relatively high energy and if 
the K is pseudoscalar is there likely to be a definite peak. 

It is quite possible, instead, that the r-Y resonance 
lies below the corresponding -N resonance, and below 
the threshold for K-N processes. In this case we would 
have to examine more complicated situations in order 
to detect it. 

K--deuteron processes might be easy to examine 
experimentally. There are many processes with a 
variety of features.'* It would be difficult to disentangle 
the postulated w-Y resonance. We can expect that 
most of the K~ production reactions with deuterium 
will be reactions with individual slow nucleons. The 
large low-energy s-wave K~-N processes should domi- 
nate. The r-Y resonance would be associated with K- 
absorption by high-momentum nucleons in deuterium. 
These relatively rare events will, of course, be strongly 
influenced by interactions with the second nucleon. The 
interpretation would be difficult. 

Also complicated is the process 


r+N—-K+Y+n, 


which can occur above 1.3 Bev (x kinetic energy in the 
laboratory) with the w-Y system in resonance at an 
energy w,*=300 Mev. The peak would at least be 
broadened by the 3-body final state. We would no 
longer have just the T=1 7-Y state but also T=2. 
Only for a T=} initial state would the T=1 17-Y 
resonant state alone appear. It will be difficult to make 
much use of the hyperon ratios, unless T= 4 and T=$ 
processes could be separated. 

High-energy Y-N processes might be easier to 
analyze theoretically. The processes 


A+N—-N+e+Y, 

2+N—-N+r+Y, 
should be similar to the 

N+N-N+N+4 


(22) 
(23) 


(24) 
18 See, for example, Case, Karplus, and Yang, Phys. Rev. 101, 
358 (1956). 
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TABLE III. Laboratory energies (in Mev) required for produc- 
tion of pions in hyperon-nucleon and (for comparison) nucleon- 
nucleon scattering [ processes (22), (23), and (24)]. 





A-—A 


317. «507.—Ss«W1:38 


Process 


Threshold 
Threshold plus 
150 Mev* 678 








® The lab energy required to yield 150-Mev kinetic energy in the center- 
of-mass system 


processes which have been analyzed with considerable 
success in terms of the N-m final-state resonant inter- 
action.’ In all probability there is no bound state for 
the A-N system, although there may well be such a state 
for the 2-N system.” This is unfortunate because pro- 
duction of deuterons in (24) has been the most useful 
of all processes (24). Various laboratory energies of 
interest for (22) and (23) are presented in Table III. 
It is seen that only production of A’s by 2’s can occur at 
relatively low energy. In the latter reaction we already 
have some possibility to detect a -Y p-state resonance. 
It would be indicated by enhancement of production 
of p-wave mesons in the T=} state. For this purpose 
the processes 


(A+a-+p 
A+7°-++-n 


(25) 


can be examined. We can assume that the predominant 
AN states will be 1S and *S. The production of p-wave 
pions should dominate except very near threshold, at 
least in the T= # state. In this state the strong 1-N 
final-state interaction is effective. If it is indeed found 
that the excitation function for the 7=% process indi- 
cates strong production of p-wave pions, we can look 
to see if the production in the T=} state is comparable. 
There the enhancement would have to come from the 
n-Y interaction. The T= 4 production can be detected 
by comparing (25) with 2++p—-A+a++ 9, or by 
examining the deviation of the production ratio 


(x-+ p)/(x°+p) from 3. 
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The contribution from nucleon structure to the process *~+) — n+e+e?* is calculated. The dispersion 
relations for photoproduction of + mesons by virtual photons together with crossing symmetry are used. 
The nucleon structure contribution is found to be of the order of 2% and of the same size as the contribution 
from longitudinal polarization. The effect cannot be detected from present data. A 25% discrepancy be- 
tween theory and experiment, which results from using the more reliable Panofsky ratio 1.8, still persists. 





1. INTRODUCTION 


HERE has been considerable experimental and 
theoretical interest in the electromagnetic struc- 
ture of the nucleon. In order to detect deviations from 
point nucleons it has been necessary to perform experi- 
ments (electron-proton scattering, pion production by 
electrons) at electron energies 2100 Mev.' It may be 
asked whether nucleon structure may be detected in 
the low-energy region as well. In this region nucleon 
structure will arise only through combinations of 
processes which individually are off the energy shell. 
One such low-energy process is the formation of elec- 
tron-positron pairs in the capture of x by protons.?* 
We consider this process r~+ p — n+e~—+ et here. Our 
principal concern is the determination of the contribu- 
tion from nucleon extension to the transition rate. In 
particular, we attempt to obtain agreement between 
experimental and theoretical values of the conversion 
coefficient using a more reliable value of the Panofsky 
ratio.‘ The detailed kinematical analysis made by Kroll 
and Wada,? where a perturbation theoretic calculation 
in the rigorous 4/M=0 limit was performed, gave 
agreement between theory and experiment using a 
Panofsky ratio of 0.94. The recent more reliable experi- 
ments referred to above, however, indicate a Panofsky 
ratio of about 1.8, no longer in agreement with the 
result of Kroll and Wada. 

Our calculation proceeds within the framework of the 
dispersion relations, where by crossing symmetry one 
may relate the formation of internal pairs to pion 
production by electrons. This allows us to make use of 
the dispersion relations for photoproduction of mesons,® 
as extended by Fubini ef a/.* to virtual photons, pro- 


(1957- 


* National Science Foundation Postdoctoral Fellow 
1958). 

+On leave of absence from Christ’s College, Cambridge, 
England. 

1Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957); Panofsky, Woodward, and Yodh, Phys. Rev. 102, 1392 
(1956). 

2.N. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955). 

* Sargent, Cornelius, Rinehart, Lederman, and Rogers, Phys. 
Rev. 98, 1349 (1955). 

4 Fischer, March, and Marshall, Phys. Rev. 109, 533 (1958); 
Cassels, Fidecaro, Wetherall, and Wormald (to be published), as 
quoted in reference 4. 

5 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). 

6 Fubini, Nambu, and Wataghin (to be published). 


vided we treat the photon-electron coupling in lowest 
order. We use these dispersion relations in order that 
our treatment of the strong interactions be independent 
both of any Lagrangian and also of the usual weak- 
coupling assumptions. While the dispersion relations 
for photoproduction of mesons have not yet been 
proved,’ they are assumed here. In the event that no 
proof can be found, we think their value in correlating 
data is ample justification for their use. It is worth 
noting that because of crossing symmetry, the nucleon 
form factors are evaluated for imaginary momentum 
transfer. 

The details of the derivation are exhibited in Sec. 2; 
relevant conclusions are summarized in Sec. 3. 


2. DERIVATION 


The physical process that we consider is given in 
Fig. 1 (a), where the incoming four-momenta are pi, 
(proton), g, (meson), and the outgoing four-momenta 
are po, (neutron), s;, (positron), and so, (electron). To 
lowest order in the electromagnetic coupling, the process 
of Fig. 1 (b) results. The momentum of the virtual 
photon in Figs. 2 (a), (b) is denoted by &. By crossing 
symmetry, we relate the process 1 (a) to 1 (b) and 
2 (a) to 2 (b), ice., 

1 (a) > 1 (b) 


under the transformation 


Qu? ~Qu, Sin? —Siy, 
and 


2 (a) > 2 (b) 
under the transformation 


Qu? —Quy Sip ~Siyy k,—> —h,. 


The 7-matrix element for process 2 (b) in the notation 
of reference 6 is given by 


a hy 0) 1)U(So “ (Sy 
rags (0) | pi)@(se)vute(s ) at) 


(S1— $2)? 





where j,(0) is the current operator for the photon field 
in the Heisenberg representation. In the static limit 
the relevant matrix element of 7,(0) (a matrix in the 
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INTERNAL PAIRS 


P, P, 
(a) (b) 
Fic. 1. (a) e~(g) plus proton (f;) going to neutron (f2) plus 


electron (sz) positron (s;) pair; (b) Production of x*(q) in electron- 
proton scattering. 


nucleon spin and isotopic spin space), keeping only 
those terms which do not vanish in the limit q— 0, is 
given by 


J=lim(pega|j(0) | p:) 
qd 


eo: kk 1 
? + 2kogo 1+-90/4 J 


where \?=k?—&,?, and the limit has not been taken 
on qo. 
We have for the isotopic vector part of the nucleon 


charge form factor, 
e” (A?) e(1—2(r?)d?2) (3) 


for small A*?. The matrix element Jo of jo can be ob- 


tained from the equation k,j,=0. 
Under the crossing transformation which takes 2 (a) 
to 2 (b), we have 
(P2| ju(O) | Prger) (2) te — 81) 
T— —te— 
(Sit+S2)? 


and 


J — hiflra,73 }} ve’(—2*)— 


eo: kk 
—A+ thal t—p/ 


1 


We now, in consideration of its actual sign, take 
= —))?, where 4m? <2? <p’. 
We now concern ourselves here with the calculation 
of the conversion coefficient p,. Following the treat- 


ment of reference 2, we have® 


w Bf 


ott M)? + M2— x2 


(yi M)-+M? 


(2) (2) 


Rr(x) 4(u+M)*«x 
x (2uM +y?+2*)* 


8 A correction has been made in the coefficient of Rz(x). 


Rx (x) ? (6) 





IN CAPTURE 


OF r- BY PROTONS 


's 


24 


(a) 


Fic. 2. (a) and (b) result from Fig. 1 (a) and (b) respectively, 
taking the electromagnetic coupling constant in lowest order. & is 
the four-momentum of the virtual photon. 


where 


(u?—2*)[ (2M+p)' *— a] 
Ansan 
y+ 2uM)2 


Ji" (x?)+ F¢2)"(#") 


Rr(x)= 
Te*(O)+J (0) 


Jca)*(2") 


Te2(0)-+J o)2(0) 


J (1), J(2) are the components of J along the directions 
transverse to k, J,3) the component along k. 
Hence we have 
[J (x?) P= J (2y?(x?) x [e*( — x?) P 
J ¢3)?(x") 
——— e(p*#—2*) )Lx*— (2M+n)*] 2 
e’(—x?)+ (8) 
| 4(M-+u)[ (2M+u)u?— Mx?) 


The contribution to p, from transverse polarizations is 


3a 2a 
ore —+$—(r?)u2+O(u?/ M2) 
nw OF 


= (),00693-+-0.00013 == 0.00706, 
where we have taken (r?)'=1/2u. The contribution 
from the longitudinal polarization, pz, is given by 

a 


pL=— 
127 


(be—1) + ryt 0.00011. (10) 


It is seen that nucleon structure contribution to p, is only 
about 2% and is of the order of pz. Thus, our final value 
iS pPytheo= 0.00717. The experimental conversion ratio’ is 
given by pyexp=R(1+ P), where 


R= (+p nte+e)/ 
sanihere [+p n+m°)+ (m-+p— nty)] 


® Note added in proof.—A calculation of the radiative correction 
to py shows the effect to be less than 0.5%. We would like to 
thank Professor R. Oppenheimer for raising this question. 
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and P denotes the Panofsky ratio. Using the value 
P=1.8 and the experimental value of Sargent ef al. for 
R, we obtain pyexp=0.0089. We see that theory and 
experiment are no longer in good agreement. 


3. CONCLUSIONS 


We have found that the nucleon structure contribu- 
tion to the internal conversion coefficient, p,, for the 
process *+p—>n+e+e* is of the order of 2%. 
Present experimental data are not sufficient to detect 
this contribution. Indeed the most reliable value of the 
Panofsky ratio to date reveals a discrepancy of 25% 
between theoretical and experimental values of p,. This 
situation may be removed through the collection of 
more events, and indeed may be regarded as the result 
of a statistical fluctuation. 


ROCKMORE AND J. 
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The stopping of high-energy +~ mesons with subse- 
quent formation of pairs’ would seem to be of more 
theoretical interest with regard to effects of nucleon 
structure. However, the application of the photo- 
meson dispersion relations to this problem is not so 
straightforward. 
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The ground-state energy and low-energy excitations of single-particle character of an infinite medium 
of fermions are discussed with the aid of time-dependent Green’s functions, which are convenient general 
izations of the exact particle correlation functions in the ground state of N particles. The power series 
development for the one- and two-particle functions, under the restriction to two-body forces, is derived 
and described by means of Feynman diagrams. The derivation of the linked-cluster expansion for the 
energy tien follows immediately. The equivalence to previous versions is established. The one-particle 
function is examined in particular detail, and it is shown that the poles of its space-time Fourier transform 
studied as a function of the energy variable, for fixed momentum, determined the (N+1)-particle and 
(N—1)-particle excited states which have single-particle character. For a reasonable assumption about 
the full spectrum of excited states, it is found that for the interacting system, single-particle excitations 
with a real energy occur only at the Fermi momentum. It is pointed out that the corresponding energy, 
termed the perturbed Fermi energy, equals the binding energy per particle in the ground state of N particles 
for a saturating system at equilibrium density. 

It is shown, finally, that the entire structure of the theory may be carried over to the case of finite 
temperature, requiring only a redefinition of the Green’s functions. The analogy is constructed from a 


discussion of the internal energy. 


I. INTRODUCTION 


HE important advances made recently in the 
understanding of many-body problems in quan- 
tum mechanics has resulted in the first instance from 
the realization of a suitable form of perturbation theory, 
the so-called “linked-cluster expansion,” and in the 
second instance from the recognition that both for 
Fermi and Bose statistics certain subseries of terms, 
which can (and must) be summed, are most relevant 
to the extreme low- or high-density approximations.’ 
By this time there exist several distinct derivations of 
the linked cluster property,’ as well as fundamental 
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With this paper we initiate yet another study of 
the same class of problems. The formal development 
of the subject has been marked by an increasing 
reliance on the method of second quantization, not at 
all surprising in view of the fact that we are dealing 
from one standpoint with a class of particularly simple 
field theories. What has seemed surprising to the authors 
is that the detailed treatments so far published have 
for the most part been either special to the problem 
at hand or else have taken over general techniques of 
quantum field theory which date from the “early 
part” of the last decade of profound development of 
methodology. It appears to us completely appropriate 
therefore to introduce current history into this class 
of problems by applying to it that method which has 
proved most satisfactory in the more difficult instance 
of the field theory of elementary particles both for the 
elucidation of general properties and also for many 
applications. 

The method in question makes use of Green’s 
functions or propagators which are suitably defined 
matrix elements of Heisenberg field operators taken 
between exact eigenstates of the system.’ The utility 
of such constructs is at least twofold: If one studies 
the equation of motion of the “one-particle” Green’s 
function, for instance, one finds that it describes only 
the interactions which the particle in question under- 
goes with other particles of the medium; in short, 
only connected or linked diagrams occur. Again, the 
“two-particle” Green’s function describes either the 
interactions of each particle with the medium or of 
the two particles with each other. The second point 
is that these functions are most closely related to the 
computation of observables: From the one-particle 
Green’s function we may compute all one-particle 
observables of the system such as the kinetic energy; 
from the two-particle Green’s function we can compute 
that part of the potential energy due to two-body 
forces, etc. It may be inferred from these remarks that 
the N-particle Green’s function is nothing more than 
a convenient generalization of the N-particle correlation 
function, chosen so as to facilitate a systematic con- 
struction of its equation of motion and of that equation’s 
solution. 

The present paper illustrates this general point of 
view by detailed study of a particular example, the 
ground state and restricted excited states of an infinite 
medium of fermions. We are dealing with the problem 
near zero temperature. The initial emphasis is also on 
formal questions of the structure of the perturbation 
series. In the latter portions of the paper, however, 
the discussion is carried beyond perturbation theory 
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and in a final section we point out how our results may 
be generalized to finite temperature. 

The detailed contents of this paper may now be 
described as follows: In Sec. II we define the one- and 
two-particle Green’s functions appropriate to the study 
of the zero-temperature problem, and several formulas 
are given for the computation of the ground-state 
energy by their means. The analogy to the field theory 
of elementary particles is already sufficient to imply 
the linked-cluster expansion. The equations of motion 
of the various Green’s functions are derived in Sec. ITI, 
and it is seen that they are coupled in virtue of the 
nonlinearity of the fundamental field equation. In 
particular it is shown that all properties of the two- 
particle Green’s function required for the computation 
of the energy may be inferred from the structure of 
the one-particle Green’s function through its dependence 
on the self-energy operator, analogous to the operator 
so designated in quantum electrodynamics,’ for 
instance. The power series for this operator is derived 
and interpreted in terms of Feynman diagrams. 

In Sec. IV, we return to the problem of the ground- 
state energy. This fundamental quantity is now related 
to the self-energy operator, the follow-through on the 
diagrammatic analysis of the previous section constitut- 
ing an explicit proof of the linked-cluster expansion in 
power series form. The equivalence to previous time- 
dependent expressions such as that of Goldstone? is 
demonstrated explicitly. We next turn to the time- 
independent form of the theory. The expression of the 
self-energy operator and of the energy as a series of 
terms of the type occurring in conventional perturbation 
theory is given in Sec. V and here interpreted by means 
of time-ordered diagrams. In carrying out this trans- 
formation, an explicit representation of the one-particle 
Green’s function for a Fermi gas introduced. 

The investigation shifts to more general ground in 
Sec. VI with a discussion of those properties of the 
exact one-particle Green’s function which can be 
inferred from invariance and plausibility arguments 
alone. The altered structure of the self-energy operator 
when expressed in terms of the exact propagator is 
described. It is indicated that it has a branch point at 
the perturbed Fermi energy, defined as the (negative) 
binding energy of the (V+1)st particle added to the 
ground state of N particles, at constant volume. In 
Sec. VI an eigenvalue equation for this excitation 
energy is derived from the requirement that it be a pole 
of the Fourier transform of the one-particle Green’s 
function. It is remarked that for large systems the 
Fermi energy equals the binding energy per particle. 
A proof is then outlined, with some details left to an 
appendix, that the binding energy per particle does 
indeed satisfy the given eigenvalue problem. (This is 
the content of a theorem due to Hugenholtz and Van 
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Hove.") It is moreover the only real solution. We then 
discuss the essential limitation on the concept of real 
single-particle excitation energies implied by this 
result. There remains the possibility of defining metasta 
ble single-particle states under suitable conditions. 
The final section contains an account of how the 
theory may be generalized to finite temperatures. 
Using the example of the internal energy, defined with 
respect to the grand canonical ensemble, it is proved 
that it is given by a power series formally identical 
with that for the ground-state energy, requiring only 
the insertion of a modified temperature-dependent 
one-particle Green’s function. Finally, the form of this 
Green’s function for the noninteracting case is derived. 


Il. FORMULATION OF THE MANY-BODY PROBLEM 
IN TERM’S OF GREEN’S FUNCTIONS 
We are interested in the eigenfunctions and eigen- 
values of the Hamiltonian 


H= f de:wy'(x) W(x) +40 dx' dx 


XK VW (x’)W (x)o(|x—x’| (x) (x’):=Ao+AHi, (1) 


describing a system of identical particles interacting 
pairwise through the potential energy function ». We 
choose units in which #=2m=1. The colons indicate 
that the normal product of the operators is to be taken." 
This means that in any such sequence of operators all 
referring to the same time, destruction operators are 
to be brought to the right of creation operators. In 
this or any subsequent rearrangement, the anticom- 
mutation relations of Eq. (2) below are to be used, 
except that 6-function contributions must be omitted. 
For the sake of definiteness, we shall throughout this 
paper study the case of Fermi-Dirac statistics neglecting 
spin. The ¥(x), ¥'(x) are then operators satisfying 
the algebra 


(xh! (x') +" (x) (x) = (x) WH (x’)} =8(x—x’), 
(W(x) (x)} = (W" (x), W"(x’)} =0. 


The Hamiltonian (1) conserves the number of 
particles, here represented by the operator 


v= f exvv() a (3) 


whose eigenvalues will label the states of interest. In 
addition we shall restrict ourselves throughout this 
discussion to situations of complete translational 
invariance such as the infinite nuclear medium or the 
electron gas and shall therefore employ the total 


1 N. M. Hugenholtz and L. van Hove, Physica 24, 363 (1958). 
1G. C. Wick, Phys. Rev. 80, 268 (1950). 
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momentum operator 


P= [ ax"(a)(—iv v(x): 


for a further labeling of states. 

We first derive an expression for the energy of the 
ground state of N particles, which we take to have 
zero total momentum and therefore to be designated 
|N,0). This will serve to introduce the objects of 
fundamental interest in the present investigation. Such 
an expression is 


E(N,0)=(N,0| H|N,0) 
= f dx(N,0| 2 (x)(— V*)y(x) :| V,0) 
+n fae d*x’ v(|x—x’|) 
x (N,0| 3 (x) (x)o (x) (x) :| V0) 


= ~i fox lim V°G(x,t; x’,t’) 
x’->x, t’/--t+ 


+(—i'p fas dx’ lim v(|x—x’|) 
t'’ t+ 


XG(x,t,x’,t; x,",x’9, (5) 


where the new functions introduced, the one- and 
two-particle functions G; and Gi, are defined, respec- 
tively, as 


G(x 5x") =1(N,0| T(«)W"(x’))| N,0), (6) 


/ , / 
G(x1,%25 x1’ 2") 


= i?(N,0| TY (ar)b(x2)* (ae! (a1'))|.N,0). (7) 


In these definitions x now represents a point in space 
and time, and T is the chronological ordering symbol 
of Wick" which directs that the operators be arranged 
in increasing time from the right and an over-all 
sign factor affixed according to the parity of the 
permutation from the standard order given. The 
generalization of the definitions (6) and (7) to any 
number of particles is obvious. 

Though the introduction of the functions G, and Giz 
into Eq. (5) may appear forced, such should not be 
the reaction of those readers who are conversant with 
current practice in the quantum theory of fields, for 
they will recognize that Eqs. (6) and (7) define Green’s 
functions of interacting fields whose properties have 
been widely studied. For example, G; provides a 
convenient basis for the study of the propagation of a 
single “particle” through the medium. As we shall 
derive anew below, such a propagation can be described 
in terms of Feynman diagrams in which all interactions 





INFINITE MEDIUM OF FERMIONS 


occurring are directly connected with the given particle. 
Also for Gy. all interactions are linked with one or 
both of the “particles” which occur in this function. 
It follows that Eq. (5) can be interpreted as a closed form 
of the linked-cluster expansion. 

As a matter of fact, Eq. (5) differs in an essential way 
from any recent versions of the theory of the many-body 
problem, for it contains the actual kinetic energy of 
the system. This has certain advantages which we plan 
to exploit in a future publication. For the present, our 
goal is to make contact with previous forms of the 
theory. For this purpose we require a formula in which 
the kinetic energy is evaluated in the unperturbed 
Fermi-gas state. To this end, we employ a familiar 
device based on the variational principle. Upon differen- 
tiation of Eq. (5) with respect to the coupling strength 
A, remembering Eq. (1), we find 


dE(N,0)/d\= (N,0|H,\N,0), (8) 


owing to the stationary character of the energy upon 
variation of the wave function. Upon integration, we 
now have 


A 
E(N,0) = Eo( vo+f dd’ (N,0| H,| N,0) 


= = Eo( N ,0) 


inf a foree lim 0 x—x’|) 
¢ 


XG(x,t,x’,t; x,0,x’,’), (9) 


where Eo(N,0) is the kinetic energy of the Fermi gas, 
and it is understood that the integrand in the second 
term is taken at }’. 

For the sake of completeness, we note here that 


Q fr 
E.(N,0)=> p=- —f 4rp'dp p’, (10) 
P (2r)5 Jo 


where @ is the volume of the system and pp the Fermi 
momentum, is defined by the equation 


Q pr 
™ J 4rp'dp. 


(27)* 


N= (11) 


For the particle density p, we therefore have 
p= (N/2)= (pr*/6n"). 


Both Eqs. (5) and (9) now suggest that further 
progress be predicated upon a study of the functions 
G and Gio. 


(12) 


Ill. STRUCTURE OF THE ONE-PARTICLE 
GREEN’S FUNCTIONS 


We consider initially the one-particle function 
G(x; x’). From Eqs. (1) and (2), there follows the field 


equation 


id (x) =[9(x),H ] 


= pU(a)-+0 fae” v(|x’’—x|) 


K W(x” OW (x” DW(x):, (13) 


where p?= —V*. Upon this equation we carry out the 
operation indicated in the definition Eq. (6) and obtain 
the equation” 


(—10.+ p*)G(x; v)+in fax” v(|x’’—x!) 


XG (x! t,25 x" 1,2’) =5'(x—2’), (14) 


with the four-dimensional unit source on the right-hand 
side. The latter enters because of the relation 


TOW (x)V' (x’)) =9:T W(x)" (2’ 


which can be verified by applying the operation 


t'+e 
im f dt 
e>0 . 

t € 


to (15), noting that the left-hand side contributes 
nothing, and making use of the anticommutation 
relations (2). 

Equation (14) can be converted to an integro- 
differential equation for G(x; x’) by defining an integral 
operator M(x; x’) by means of the relation 


— fax" M(x; x")G(x"; x’)= an fare” x’’—x!) 


XG(x" 
At the same time the right-hand side bears an obvious 
kinship to the energy expression, Eq. (9). 

Through various techniques are available for the 
construction of the operator M (x; x’), the “irreducible 
self-energy operator,”’ we shall first describe a method 
which suffices to express M as a power series in the 
coupling constant A. Proceeding as in the derivation 


))—54(x—x’), (15) 


(16) 


eee Ee’). (17) 


(a) 


Fic. 1. Lowest order contributions to the 
single-particle Green’s function. 


2 This method is due to J. Schwinger, Proc. Natl. Acad. Sci. 
U. S.37, 452, 455 (1951). 
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Fic. 2. Complete second-order contribution to 
the single-particle propagator. 


of Eq. (14), we obtain the equation 


[ —1(0/dt:)+ pi? JL —1(0/dt2) + po? Gi2(x1,%2; x1’ x2") 


= (— i f dtydty v( | yi—X1| )0( | yo— Xe] ) 


X Gi234(€1,V1,%2,¥25 X1' W152" Vo) 


—i8l(m— an f dy 0( | yo—X2|)Gi2(x2,925 a2’ V2) 
+164(x;— anf dy 0(| Yo—X2| )Gi2(%2,¥2; 21,2) 
—i8"(a— a f dy v( | Yi-—Xi )Gi2(%1,913 x1’ ,91) 


+ibt(r—nr f dy 0( | ¥r—X1| )Gr2(¥1,915 X92") 
+in fay 5*(%2—y1)0( | yi— X1 | )Gi2(a1,y15; 21’ Xe’) 


+-84( 2) — 2y')54*(2o— x9") — 6401 — 200) 84(H2— 211’). 

(18) 
Throughout, it is understood that whenever two points 
are connected by the interaction » they occur at the 
same time. 


PRANGE 


The structure of Eq. (17) will be sufficiently clear if 
we obtain the right-hand side to second order in X. 
We therefore require the solution of Eq. (18) to first 
order in A, which we obtain by neglecting the first 
term on the right-hand side of (18) and converting the 
differential equation to an integral equation by means 
of the noninteracting single-particle Green’s function 
satisfying 

(—10¢+ p*)G (x; 2’) =54(x—2’). (19) 
(Boundary conditions will be studied below in Sec. V.) 
We then replace Gj, in the linear terms by its zeroth 
approximation 


G(1,K25 x1’ a2’) ~G (x1; 21')G (a; x9’) 
—G (x; x2 )G (x9; a1’). 


(20) 


When we insert the result into (17), we obtain two 
terms linear in A and ten quadratic in A. By extension 
of the techniques described, we could generate the 
higher terms in the series. 

We now attempt to survey the nature of the resulting 
expressions. For this purpose it is first convenient to 
obtain a formal expansion for G(x; x’) based on Eqs. 
(15) and (18). If we insert (17) into (14) and convert 
to an integral equation, we obtain 


G(x; x')=G (x; v)+ fate d*x_. G (x; x) 


XM (x1; x2)G(x%2; x’), (21) 


or symbolically 


G=G+4+GMG 


= G®+GMG®+GMG®MGo+ see, (22) 


By comparison of the series (22) with the power series 
expression which corresponds to the right-hand side of 
(17), it is a straightforward matter to identify the 
structure of M(x; x’). 

As usual, the results are most simply stated by the 
introduction of Feyman diagrams accompanied by the 
statement of rules for writing down the associated 
contributions. We proceed by induction. Writing M 
as a sum, 

M=M®+M-+..-, (23) 
the first-order contribution, G9M%G, to Eq. (22) is 
represented by the two diagrams of Fig. 1, and as 
follows from Eqs. (17) and (18) by the expressions 


GOM,G = —in f ate d*y, v( | Xi—- yi!) 


X[G (x; 2G (x15 2) IG(n1; 91), (24) 


GOM,%G =a fate d*y; v( | Xi- Ji | ) 


KE (x5 2G (x1; 1G (1; 2”) J. (25) 
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In (24), (25), and henceforth in all subsequent expres- 
sions, it is understood that whenever a single-particle 
Green’s function contains equal temporal arguments 
it represents the matrix element of the number density 


G (913 v1) = —1(N,O| "(yi ()|N,0). (26) 


That this is correct stems directly from the occurrence 
of the normal product in the field equation (13). 

In Fig. 2 are represented the ten diagrams quadratic 
in } whose sum is GOM?G®+GOM%GOM%G®, 
The latter may be identified directly with diagrams 
(a)-(d). Of the remaining terms we record a few 
typical contributions : 


GOM OG = — (id)? f d'x,d* y\d*xod* yo 


X 0(|xi— y1| )v(|xe— ye] ) 
XK [GO (x; 2G (41; x2)G (x2; x’) ] 


X [GE (91; y2)G (ye; yx) J. (27) 


GOM GO = (id)? f d'x,d*y,d'x_d*y. 


X 0(|xi— y1| )0( | x2— yo!) 
XK [GO (x; 2 )GO (415 y2)GO (v2; y1) 


XG (p15 22)G (x2,2")]. (28) 

From these equations and the corresponding ones 
for the remaining diagrams, the general rules for 
G®M™G are inferred without difficulty. Draw all 
topologically distinct diagrams consisting of the 
following elements: (i) A continuous open particle 
line which may reverse direction several times, is 
directed from the point x’ to the point x, and traverses 
m interaction points, where m may take any of the 
values m=1, 2---2n, as illustrated in Fig. 2. (ii) Some 
number of closed loops including the degenerate one 
represented by Eq. (24). The sense of traversal, 
clockwise or counterclockwise is to be indicated. In 
most cases, for example, as in Figs. 3 (b), (c), the 
reversal of this sense yields a distinct contribution. 
The rule for this will be given below. (iii) A total of n 
horizontal (instantaneous) undirected dashed lines 
representing the interaction. (iv) Only connected 
diagrams are to be drawn. This is essentially the 
linked-cluster theorem. From the totality of such 
diagrams we then discard those that can be understood 
as the interates of lower order diagrams (the “reducible” 
ones) in the sense of Eq. (23). Thus in Fig. (3), where 
selected third-order diagrams are given, (a) is discarded 
and (b)—(d) retained. 

To record the contribution of one of the remaining 
diagrams, we employ the following prescription: (i) 


---0 


---0 


(a) 


Fic. 3. Selected third-order contributions to the one-particle 
Green’s function. Figures (b) and (c) here represent distinct 
contributions. 


For every interaction connecting the points x,, y,; there 
is a factor (id) fd‘xd*y; v(\x;—y;|). (ii) For the 
propagation of a particle from interactions point xi+1 
to point x,, there is a factor G(x;; xi41). There are 
corresponding factors for the initial and final propaga- 
tion of the particle. (iii) There is an over-all sign factor 
(—1)' where / is the number of closed loops. 

Except for rule (iii), the others are obvious from the 
examples already given. The rule in question is most 
easily seen by consideration of an alternative mode of 
constructing the totality of diagrams (reducible and 
irreducible) in a given order. We illustrate this by 
consideration of Fig. (2). Let us refer to diagram (a) 
as the standard one. As a manner of speaking, we then 
say that all the remaining diagrams can be obtained 
from the standard one by a suitable number of ex- 
changes. The parity of the latter determines the sign 
of a diagram relative to the standard one. Thus Fig. 
2(b) results from the exchange x.y. and carries a 
relative minus sign, Fig. 2 (e) from the exchange 
yie>ye, and Fig. 2 (g) from the exchange x22, in 
Fig. 2 (e), ie., in this case the replacement of x2 by 
an arbitrary contemporaneous point of the “medium.” 
Each such exchange, which brings in an additional 
minus sign, alters the number of closed loops by unity. 
Rule (iii) now follows if we note that the standard 
diagram carries a minus sign for each of its simple 
closed loops, as follows directly from Eq. (25). We 
may also remark that this method accounts for the 
nonidentity of contributions (b) and (c) of Fig. 3. 
They result from distinct permutations of the variables 
V1, Y2, ¥s, and all distinct permutations giving rise to 
linked diagrams are to be included. 

We have thus arrived at a complete account of the 
power series for the integral operator M(x; x’). For 
many problems it is necessary to carry out at least a 
partial summation of the power series in question, 
the particular summation depending on the problem at 
hand. In fact one can also give a formally exact expres- 
sion for this operator as has been done also in the 
more complicated field-theoretical cases. All these 
matters will be detailed at the apposite juncture. For 
the present we shall exploit the power series method 
already developed. We first return to the problem of 
computing the ground-state energy. 
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IV. GROUND-STATE ENERGY; LINKED- 
CLUSTER EXPANSION 


It would be useful for future applications to carry 
out an analysis of the two-particle Green’s function 
without the restriction on the coordinates implied in 
Eq. (17), For the present purpose, however, the 
comparison of (17) with (9) yields the immediate 
prescription 


d an! 
E(N,0)=E,(N,0)—}i f ws f d¥xd‘x!” 
o XV 


XM (x; x")\G(x"; x). (29) 
An alternate form, more appropriate when the direct 
utilization of the power series is contemplated, is 
obtained if we define the reducible self-energy operator 
Mx» by the equation 


M rG®= MG 


={M+MG9M+MG9MGM+---JG, (30) 


as follows from Eq. (22). We thus find 


» dy’ 
E(N,0)=Eo(N,0)—}i f ened f d*xd‘x' 
ie 


XM R(x; x’; r’)G(x’; x). (31) 
In conjunction with the results of the previous section, 
Eq. (31) immediately settles all questions relating to 
the enumeration of independent contributions to the 
ground-state energy. It also constitutes an explicit 
proof of the linked-cluster expansion. 

Though Eq. (31) may be used as is and for certain 
applications, as to the electron gas, is most useful in 
that form, it is a simple matter to show the equivalence 
of (31) to the formulas employed in Goldstone’s 
treatment.’ 

The proof (for a summary see the last paragraph of 
this section) depends on a special property of the type 
of diagram which contributes to (31), namely a collection 
of closed loops connected by instantaneous interactions. 
Let us write 


Me(A)G= ¥ rc, (32) 
n=! 








X3 


Fic. 4. Third-order contributions to the energy which indicate 
the redundancy of those contributions to Eq. (33) which differ 
only by a relabeling of coordinates. 


AND R. 


PRANGE 


The term of order m in (31) may therefore be written 
CM = — bi(ony-ae faredy, Xn *y,, 


XC (xs +005 Men). (33) 
Here, besides performing the \ integration, we have 
introduced an additional time integration for the sake 
of symmetry and divided by a “large” time interval r 
as compensation. Again the coordinates with the same 
subscript are connected by the interaction. 

We now divide the total n-dimensional region defined 
by the time integrations into m subregions obtained 
by choosing in turn each of the m times ¢,---t, to be 
the latest in any otherwise arbitrary time-ordered 
sequence, i.e., we divide the total of m time-ordered 
sequences into m classes. If the selected time integration 
is then reserved for last, the contribution to (33) of 
the particular class is independent of this coordinate, 
as follows from translational invariance, the integration 
merely cancelling the factor 7’. We may, in fact fix 
this last point and take it as the origin of time. 

We now assert that each of the m classes yields in toto 
the’same contribution to (33). For example, we compare 
class t, (t; latest) with class tg. The contribution of 
any diagram of the first class corresponds in the sense 
illustrated in Fig. 4 to the contribution of some, in 
general different, diagram of the second class. By a 
simple relabelling of variables, however, the latter is 
identical with a contribution to class ¢;. Moreover, the 
correspondence is both single-valued and complete. We 
may consequently choose the contribution of class ¢, 
and discard the factor n™ in Eq. (33). 

We summarize this result as follows: To find the 
nth order contribution to Eq. (31), we draw the same 
totality of graphs as contribute to M g(x; x"")G (x; x), 
except that topologically equivalent distortions are 
now restricted to those for which all other coordinates 
chronologically precede x (which we identify with x, 
and take 4;=0). The time integrations over these 
coordinates extend from — to the origin. Correspond- 
ing to these restrictions, we define an operator 
Wr(x; x"). It follows that the ground-state energy is 
given by the formula. 


E(N,0)=Eo(N,0)—}i f d*xd*x' f dt’ 


Mr(x,0; x )GO(x’; x"), (34) 


the result sought. 


V. TIME-INDEPENDENT FORM OF THE THEORY 


The discussion of this section will concern itself with 
the conversion of Eq. (34) and its predecessors to 
summations of the type which occur in time-independent 
perturbation theory. Toward this end we must finally 
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state explicitly the form of G (x; x’) which is required 
in order that we be able to perform the time integrations. 
Introducing the Fourier transform 


ea) 


Lo 
G(x; 2.)=-—Y ] dpo 


Q 2x p Y_. 
Xexp[ip: (x—x’)—ipo(t—)]XG(p,po) (35) 
into the differential equation 
(—10,.+ p?)G (x; x’) =64(x—2’), 
we find that 


(36) 
G (p,po)=(—pot Pt". (37) 
We tentatively choose as path of integration for variable 
po in (35) a contour which remains slightly below the 
real axis for po< pr’, crosses at this point, and remains 
above for po >pr*. Alternatively we integrate along 
the real axis and replace (37) by the formula 

G (p,po)=(— pot p?—ine(p?— pr’) T", 

with » arbitrarily small and positive and 

e(p’—pr)=+1, p >pr’ 

=—1, p< pr’. 


By elementary contour integration, we then find that™ 


(38) 


(39) 


GO (x; x’) 


i 
=— > exp[ip- (x—x’)—ip(t—?’)], 


Q | pi>pr 


i>’; 
(40) 


i 
=—-— D> exp[ip- (x—x’)—ip(t—?’)], 


Q | pl<pr 


tek. 


That our choice (38) is correct is easily verified from 
the definition 
G (x; x’) =i(N,0| TW(x)¥" (x’))| N,0)| 0. 
For ¢ >t’, we can write, for example (all states are now 
Fermi-gas states),'* 
GO (x; 2’) =120 p(N,0|y(x)| N+1, p) 
X (N+1, p| yt (x’)| N,0). 
Equation (42) is evaluated by the introduction of 
the expansion 


¥(x)=2"> pa, explip-x—ip*t], 


and its Hermitian conjugate, both valid in the absence 
of interaction. Since the state |N,0)o is that of NV 
particles filling the Fermi sphere in momentum space, 


(41) 


(42) 


(43) 


This propagator has also been discussed by J. Hubbard, 
reference 2. 

4 There is of course a whole spectrum of excited-state energies 
for given momentum pand more properly this should be indicated 
in Eq. (42). However, only the one involving single-particle 
excitation contributes to the unperturbed sum. 
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the only nonvanishing contributions to (42) occur when 
the state |N+1, p) contains one additional particle of 
momentum p, | p| > pr. This leads immediately to the 
first of Eqs. (40). For t< ¢’ a similar treatment results 
in the second of Eqs. (40). 

As a first application we compute the Fourier 
transform 


M(p,p0)= f a's 


Xexp[—ip:(x—x’)+ipo(t—t’) |M(x; x’) (44) 
of the irreducible self-energy operator. Here we consider 
a typical diagram of order » which will contain [includ- 
ing the integration in (44)] (i) 2n—1 factors of G® 
for each of which we substitute (40); (ii) m interactions 
v(|x,;—y;| ) for each of which we substitute the Fourier 
resolution 

v(|x|)=2-"Lge**-*0(|q]); (45) 
(iii) 2” vertices of interaction, 2n—1 spatial integrations, 
and m—1 temporal integrations. The spatial integrations 
insure momentum conservation at each vertex and are 
done once for all. We then divide the total time integra- 
tion into 7! contributions, one for each relative ordering 
of the n times. 

We content ourselves with a description of the 
contributions of the individual time-ordered parts, 
the rules to be given following easily from the ingre- 
dients described above. To each original ‘““Feynman”’ 
diagram we draw m! time-ordered diagrams which 
are merely different distortions of the same diagram, 
as required to achieve the given ordering. [The two 
diagrams resulting from Fig. 2(e) are shown in Fig. 5. 
The wavy lines are inserted to help keep track of the 
incident and emergent energy and momentum. | 
Momenta are assigned at each vertex with the help of 
momentum conservation. There will be ” free momenta 
after this is done. It is important to remark that the 
directional structure of the original space-time diagram 
is maintained: In virtue of Eq. (40), an arrow directed 
upwards now represents a particle with momentum 
p, |p|>pr one directed downward a particle within 
the Fermi sphere, momentum <r (actually a particle 
missing from the sphere, i.e., a “‘hole’’). 

For the sake of a simple survey formula we leave the 
momentum conservation in the form of 6 functions, and 


P,Po 
3<2 
me Jira 
ip 
we (b) 
Fic. 5. Second-order contributions to the Fourier transform 


of the self-energy operator which arise from the same Feynman 
diagram. 
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label the interaction momenta q:---g, and the particle 
momenta 1:--pP2n-1. The general contribution of a 
single time-ordered diagram of order m may be written 


2n—1 


1 
A"(—1) 4 rhH— > i II 5; 


Q” Qi-++Qn Pi-**Pen-1 j=l 


*v( Qn )\[D. Di] 1 (46) 


Xv(qil)-- 
Here / is still the number of closed loops and m is the 
number of holes in the Fermi sea, the residual factor of 
minus one arising from the definition, Eq. (17), of 
the operator M ; 6; is the 6 function for conservation of 
momentum at the jth vertex. To complete the specifica- 
tion of Eq. (46) we require merely the energy denomina- 
tors. Let us consider the ith energy denominator Dj. 
A horizontal line drawn between the ith interaction 
time and the one immediately following will cut an 
odd number of “particle” lines counting the undulating 
lines for the initial and final states. For every such line 
directed upwards, of momentum #,, there occurs in 
D;* a term — (p,?—in). For every such line propagating 
backwards in time with momentum p_ there is a term 
(p_?+in). In all we then find by carrying out the time 
integrations that 


D*= po— vepot+ L-(p?+in)— Xs (Ps? in), 


where y, is the number (0, 1, or 2) which specifies 
whether the initial and/or final state lines are cut. 

In the summations in (46), the momenta p, are 
restricted to be above the Fermi surface, the p_ to be 
below. This has several interesting consequences. In 
the first place, there are a large number of diagrams in 
which momentum conservation requires a p, to be 
equal to a p_. All these then vanish. Such is the case 
for the contributions of Figs. 2 (g)-(j). Here the 
simplest interaction with the medium as represented by 
the simplest closed loop or its associated exchange 
interaction can result only in forward scattering of the 
interacting particle and therefore cannot reverse the 
sense of its propagation line. Of greater moment is 
the fact that the structure of the D; provides us with 
information concerning the analytic properties of 
M(p,po). This will be discussed in the next section, in 
connection with a brief consideration of excited-state 
energies. 

We now turn to the formulation of the rules for 
calculating E(N,0) from time-independent formulas. 


-=— ii <«— +f-0 
(o) 
Fic. 6. Selected contributions to the fourth-order energy. Each 
of them corresponds to one or two distinct diagrams of the 


self-energy kernel Sz obtained by removing the downward- 
directed lines indicated. 


(47) 
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These rules are closely those given for M(p,po) and 
follow directly from consideration of Eq. (34). Thus 
to every contribution to Ie there is a contribution to 
E(N,0). It is also easy to see that at most two different 
diagrams of Ir give the same diagram for E(N,0) 
when the single-particle propagator is closed. This may 
be concluded by considering the alternative definition 
of E(.N,0)—Eo(N,0) as one-half the sum of all distinct, 
connected, closed-loop diagrams which disappear at 
time ‘=0. According to Eq. (34), the diagram of 
Fig.6(a), for example, could have been formed from those 
contributions to 30, in which either of the two down- 
ward directed lines marked with \, or 7 is opened. 
In such cases the factor of $ in (34) is removed. The 
only other type of possibility, illustrated in Fig. 6 (b), 
arises from but a single distinct term of Iz, and the 
factor of } is thus retained in calculating the contribu- 
tion of this diagram. 

The time integrations may now be performed and the 
spatial integrals transformed to sums over momenta 
as for M(p,po), with the even simpler result that a 
typical contribution, exclusive of a possible factor 3, 
has the form 


2n—1 


1 
A"(—1)4 > x II 6; 


QQ" qu-++qn Pis+-Pm j=l 


Xv({ai|)-+-0({an|)CDra- + Did, 


(48) 
where 


DA =L-(p?+in)— Xs (p42 in), (49) 
the right-hand side having already been defined in 
connection with Eq. (47). In the present case, since 
the number of , equals the number of p_, D;' never 
vanishes and the factors in may be dropped. Though 
there are 2n vertices, in (48) we have already taken 
cognizance of the fact that momentum is automatically 
conserved at one of them if it is at the 2n—1 others. 
There are (n—1)! terms of type (48) for every original 
diagram. 


VI. ANALYTIC PROPERTIES OF THE SELF-ENERGY 
OPERATOR AND OF THE ONE-PARTICLE 
GREEN’S FUNCTION 


We turn in this section to a further study of the 
properties of the self-energy operator and of the 
one-particle Green’s function. The reason for this is 
that though the various perturbation expansions may 
well converge for potentials that are sufficiently regular 
and sufficiently weak, the attempt to infer the analytic 
properties of the functions so defined from the individual 
terms of the series can, of course, be quite misleading. 
But, as we shall see, both the occurrence and position of 
“one-particle” excitations, for example, depend in- 
timately on just such analytic properties, in this case 
of the self-energy operator. 

We consider first the general form of the full one- 
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particle Green’s function. We have 
t>t': G(x; x’) 
=i) (N,0|¥(x)|N+1, pa)(NV+1, poly! (x’) | V0) 
pa 


=i >> exp[ip- (x—x’)—ie, (p,q) (t—@’) ] 
pa 


x (V,0|¥(0) | V4-1, p,a)(V+1, a|y¥*(0)|V,0), (50) 


where 


e,(p,a)= E(N +1, pia) — E(N,0), (51) 


and we have used only completeness and translational 
invariance. In (50) and (51), @ is a parameter of 
degeneracy distinguishing states of given momentum. 
It is in fact clear from a consideration of the unperturbed 
situation that @ will take on an infiite number of values. 
Introducing the “wave function” 


20, (pa) = (NV,0/¥(0) | N-+1, p,q), 


which can be interpreted as the amplitude for finding 
the ground state of NV particles if we remove a particle 
from the state | V+1, p,a), we thus have 


(52) 


i 
t>t': G(x; x’)=-> 


Q pa 


Xexp[ip: (x—x’)—ie,(p,a) (¢—7’) J. 


P+ ( pa) . 
(53) 


For the unperturbed Green’s function we have 
€,(p,a)= p’, and | ¢,(p,a) |?=0,(p’— pr’) is a projection 
operator onto that state of momentum p which is of 
single-particle character. In the general case the 
range of summation over p need bear no simple 
relationship to the corresponding unperturbed sum, 
where the (N+1)-particle states must carry at least 
momentum pr. For the sake of simplicity we shall 
however ignore the possible occurrence in this first 
discussion of “anomalous” bound states and suppose 
that the «,(p,z) has a minimum for | p| = pr, though 
states with |p|< pr certainly occur. More precisely, 
there will be a spectrum ¢,(p,a) for every p, with some 
minimum. We are now supposing that the minimum 
among the minima occurs for |p|=pr. That such a 
minimum may occur for some systems is reasonable 
physically since the unperturbed state consisting of 
the Fermi-gas state of N particles plus one particle, 
of momentum pr, just above the Fermi sea is the 
(N+1)-particle state of least energy. Unperturbed 
states with |p|< pr, for instance, must contain at 
least two of the N+1 particles above the Fermi sea. 

Similarly we find 


1 
t<t': G(x; 2’)=—- ZX | ¢-(p,a) |? 


pa 


XexpLip: (x—x’)—ie_(p,a)(¢—/’) J, 


(54) 
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where 
(55) 


(56) 


e_(p,a)= E(N,0)—E(N—1, —p, a), 
Q-t¢_(p,a)=(N—1, —p, aly(0) | NV,0). 
Arguing as above, we suppose the maximum value of 
¢_(p,a) to occur for | p| = pr and to be the same as the 
above minimum. Their common value defines the 
perturbed Fermi energy er. 
We may note that }°«! ¢_(p,a)|? is the momentum 
distribution in the ground state, 


(57) 


N= f d*x(N,O| yt (x)¥(x)|N,0)= ¥ | e_(p,a)|?. 


pa 


We have further a connection between | ¢_(p,q)|? 
and | ¢,(p,a)|*, 


= fare iPx(N 0! {'(x),W(0)} | V,0) 
= Deal! ¢+(p,a) |?+ | e-(p,a) |*]. 
It is also worth remarking that the approximation of 
| ¢_(p,a)|? and | ¢4(p,a)|? by their Fermi-gas values 
can lead to serious errors. As an example of this, let 


us consider the exact Eq. (5) for the ground-state 
energy of N particles. The kinetic-energy term,here is 


> P| ¢_(p,a) |”. 
p.a@ 


(58) 


(59) 


A measure of the difference between the value of (59) 
and the kinetic energy of the Fermi gas can be achieved 
by considering the perturbation form of the second term 
of (5). Comparing this with the corresponding term of 
(9), we see that in jth order it is 7 times larger than 
the latter. 

In general then we must expect | ¢:(p,a)|? to be 
smooth functions, subject only to conditions like (57) 
and (58), and the corresponding summations in (53) 
and (54) to involve no sharp cutoff. With these introduc- 
tory remarks, we renew our discussion of the self-energy 
operator. 

We have so far defined the irreducible self-energy 
operator as a power series. A considerable summation 
of terms in this series [consider the time-dependent 
form, M(x; x’) ] can be achieved by use of the exact 
propagator"® in place of G. We need merely write 


M[G]=M[G], 


and mean by M’ that subclass of diagrams of M 
obtained by omitting all diagrams that can be obtained 
from M’[G ] by replacing G by G+GM 7pG =G. 

It is now a simple matter to record the time-ordered 
contributions to M’ by reference to the corresponding 


(60) 


16 Further summations, which can be carried out by the intro- 
duction of “vertex operators” and “polarization operators,” 
might well alter some of our conclusions. To this extent our 
discussion, based on the partial summation introduced here, is 
subject to some of the same reservations voiced at the beginning 
of this section. We plan to return to these questions in the future. 
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term in M, Eq. (46). From Eqs. (59) and (60), it is 
clear that the following replacements are necessary: 
(i) Summations are no longer restricted to be above 
or below the Fermi sea. In fact we have 


EE les(a)l’ 


| pl>pF p.a 


~ —L | e(pa)|?. 


| pi<prF Pa 


(ii) In the energy denominators we set 


ps2 a, (p,a) ’ 


(62) 
p—e_(p,a). : 


We now apply the above rules together with the 
assumed nature of the excitation spectrum to draw 
conclusions about the analytic properties of the self- 
energy operator. These follow from the general structure 
of the energy denominator of M’(p,pfo) which is now 


po—vepot d[ «(p,a)+in]—>-[e,(p,a)—in]. (63) 


We use only the assumption that ¢,(p,a) has its 
minimum value for |p|= fr, and that at the same 
point ¢_(p,az) has its maximum value, both referring 
to the common point «,= er. It follows from (63) that 
for every p, M’(p,po) is real for po=er (and only this 
value) which is a branch point of the operator. We may 
well consider that branch lines run from er to + 
slightly below the real axis and from er to — slightly 
above the real axis corresponding, respectively, to 
the continuum of values of e, and e_. 

We remark finally that summed formulas for the 
energy for Eq. (29), for instance, may be recorded, 
but no use of such formulas will be made in the 
remainder of this paper, and we relegate this exercise to 
the interested reader. 


VII. DISCUSSION OF SINGLE-PARTICLE 
EXCITATIONS 
The discussion above bears directly on our ability to 
define real single-particle excitation energies. The 
wave function of a single-particle state will satisfy 
the equation 


[—idet+ PWN, 0|y(x) | N+1, p) 


~ fav M(x; x’)(N, O|y(x’)| N+1, p)=0, (64) 


which is immediately plausible’® as one of the homo- 
geneous equations associated with the equation for 
G(x; x’). Since we have 


(N, 0\y(x)|N+1, p)=2-4¢, (p) 
Xexp[ip-x—ie,(p)t], °(65) 


16 Equation (64) can also be derived by use of the limiting 
procedures of M. Gell-Mann and F. Low, Phys. Rev. 84, 350 
(1951). 
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we obtain from (64) and (65) the equation 
[e.(p)—p~?-+M'(p,e,(p)) Jos (p) =0. 


We are thus constrained to find the real solutions of 
the eigenvalue equation 


e,(p)=p’—M’'(p,e,(p)). 


It is essential to realize that the solutions of (67) by 
no means constitute the entire spectrum, but merely 
those eigenfunctions of N+1 particles which can be 
connected adiabatically (in the sense of perturbation 
theory) to an eigenstate of the unperturbed Hamiltonian 
consisting of the Fermi-gas state of N particles plus 
one additional particle above the Fermi sea. In other 
words they are the true bound states of single-particle 
character, and the corresponding e, may be considered 
as the excitation energy of a “real’’ particle in the 
medium. From the considerations of the previous 
section, there can be at most one such state, namely 
for e,=er. For this reason we have suppressed the 
degeneracy index a, since €,(p,a) does not obey (67) 
in general. 

In addition to the real root, there may of course be 
complex pseudo-roots which describe metastable single- 
particle states of the system (which decay into collective 
states). 

That the equation 


(66) 


(67) 


er = pr’—M' (pr,er) (68) 
is indeed satisfied hardly requires formal proof. For if 
we write (68) as 


E(N+1, pr)=E(N,0)+pr°?—M'(pr,er), (69) 
we can view the result as an equation for the ground 
state of N+1 particles for the given volume 2. From 
(69) we can at least aver the existence of a real power 
series for E(N+1, pr). To generate this power series, 
we first replace M’(pr,er) by its formal equivalent 
M(pr,er) (i.e., the power series for M). Then from 
(68) or (69) we carry out a further expansion, 


OM 
r= pr’— M (pr, pr’)———(er—pr’)—---, (70) 
Apr? 


of M about er=pr’*. It follows from the structure of 
its power series that M(pr,pr*) is real. Indeed the 
Taylor series (70) is term by term real and when 
solved for er by successive iteration yields the desired 
power series for that quantity. 

It is now essential to remark that in (68) or any of 
its equivalent expressions, we have an alternative 
formula for computing the binding energy per particle 
in the limit of large N and &. From its very definition, 
er is the binding energy of an additional particle at 
constant volume. Expanding this finite change in a 
power series in the change in the number of particles, 
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we have 
dE(N,0) 


€p = ————_ 


1 #PE(N,O) 
— ——_——_ (71) 
lo 2! ON? Io 
In the limit of large V and Q, we may neglect the second 
and higher derivatives, for remembering that E(N,0) 
=Ne(p), where e(p), the binding energy per particle, 
is a function only of the density, we have for a saturating 
system 
de(p) 


= e(p) +N——=ce(p), 
aN 


/ Q 0! 


1 de(p) 


dE(N,0) 


(72) 


@E(N,O) 
neue : st ) 
ON? ia 


Q dp 


as 2+, p constant. 

Having noted the identity of the Fermi energy to 
the binding energy per particle, it is possible to demon- 
strate directly that e(p) satisfies (68), through the 
proof is somewhat lengthy. We proceed from the 
identities 


dE(N,0)| df E(N,0) 
e(p) = - | 
ON 2 dp Q) 


2r 


E(N,0) 
} (74) 


We compute the last form of Eq. (74) directly from 
the power series for E(NV,0) in which, according to 
Eq. (10), we make the replacements 


d | 
t pr’ dpr 


Q 


x 


PF 
> 227) +f dp; or Q(2m) f dpi, 


" 0 Pp 
as appropriate. We then find 


2r 


d | E(N,O) 
|: (76) 


pr’ dpr 


To establish Eq. (76), we first note that it holds 
trivially for the kinetic-energy term. To see that its 
validity extends throughout, we study Eq. (48), a 
typical term of E(N,0). The contribution of (48) to 
the left-hand side of (76) is then a sum of 2 terms, 
one for each particle or hole line, each one a time- 
ordered contribution to Mr(p,po), evaluated for 
\p|—pr, po-pr’. Conversely any contribution to 
Mr(p,po) is related uniquely to some parent term 
(48) in the present sense. For those terms of (48) 
which bear a factor 4, the process of differentiation 
will yield the corresponding terms of M,» exactly twice. 

A cautionary word or two is required before proceed- 
ing. In order to claim the formal identity (76), it is 
necessary to retain and differentiate a large class of 
contributions to E(N,0) which actually vanish. These 
comprise all diagrams in which at least two of the 


| = pr’ —M r( pr, pr’). 


Q 
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particles, one constrained to move above the Fermi 
sea, the other below it, are nevertheless required to 
carry momenta of the same magnitude. The resulting 
kernel Mr(pr,pr*) is then highly singular, owing to 
the presence of terms in which there is at least one 
intermediate state containing but a single particle and 
a single hole both at the Fermi surface. To complete 
the demonstration of the assertion preceeding Eq. (74), 
we must finally show that a careful evaluation of 
Mx(pr,pr’) will establish the identity!” 


M x( Pr,pr’) = M (pr,er). (77) 


We refer for this last point of the proof to the Appendix. 

We complete our account of the positive results of 
this section by the statement without proof, that by 
methods similar to those which lead to Eq. (66), we 
can show that ¢_(p) satisfies the equation 


[e_(p)—p’+M'(p,e_(p)) ]y_(p) =0. 


Thus the energy of a “hole,” analogous to that of a 
particle, is real only at the perturbed Fermi energy er. 
On the other hand, for |p| pr the solutions of Eqs. 
(66) and (78) are complex. Where the imaginary part of 
e,(p), for example, is “small,” we can associate with 
those values of p (near the Fermi surface) approximate 
single-particle excitations in a manner familiar from 
the theory of atomic spectra, with the qualitative 
difference that we have a continuum of such states. 
Similar remarks obtain for holes near the Fermi surface. 


(78) 


VIII. GENERALIZATION OF THE THEORY TO 
FINITE TEMPERATURES 


Though the main purpose of this paper has been to 
study the zero-temperature problem, we cannot forbear 
from pointing out the relative ease with which the 
theory can be generalized to finite temperatures by 
the method of Green’s functions.'® Let us study the 
internal energy of a system of N particles at reciprocal 
temperature 8=1/kT. This quantity, reducing to 
the ground-state energy as B—-, is given by the 
well-known canonical average 


trLHy exp(—6H yw’) | 
fi trLexp(—8Hy-) | 


En: (79) 


where Hy: is specifically the N’-particle Hamiltonian, 
and therefore ‘tr’ means the trace with respect to 
states of a definite number, NV’, of particles and appro- 
priate symmeiry. In accordance with our program we 
shall deal here with Fermi statistics alone. 

As is usual in such problems—because of the great 
formal simplification resulting therefrom—we replace 


17 Equations (76) and ‘(77) together constitute the theorem of 
van Hove and Hugenholtz, reference 10. 

18 The authors wish to point out that they did not arrive at 
this generalization before seeing the work of P. C. Martin and 
J. Schwinger, reference 6, where the general Green’s function 
of the type illustrated by Eqs. (82) and (83) is defined. 
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the averaging process (79) by the grand canonical 
average 


> tr{ Hy: expl—BHw+uN’]} 


N’=0 


> tr{exp[—8Hw+uN"]} 
N’=0 





(E)= 


_ Tr{H expl— BH+uN y 


Tr{exp[— 6H +! V 3}? 


(80) 


where H and N are now the second-quantized operators 
of Eqs. (1) and (3), respectively, and the symbol 
“Tr denotes trace restricted only with respect to 


TH TOW" x’) exp(—6H+uN}) 


G(x; g)= - 
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symmetry. The parameter y is chosen so as to yield 
the correct number of particles, 


Tr{N expl[—8H+pN 3 
OA li ald oil (81) 
Tr{exp[— BH+uN}} 


The essential new step in the development is the 
recognition that if we introduce the explicit form of H 
into the numerator of (80), the resulting expression can 
be made formally identical to Eq. (5) for the ground- 
state energy if only we introduce a new set of tempera- 
ture-dependent Green’s functions, of which the relevant 
members are 





(82) 


Tr{exp[— pH+uN} 
)* Tr 2 (adv (wa) (x2! (or )) exp[—- pa+eN 


Ga(x1, Xe; x1’, Xs = 


These functions satisfy formally the same equations as 
developed from Sec. III onwards. In particular if we 
confine ourselves here to the perturbation series for 
(E), all that is required completely to define that 
series is to obtain the form of the noninteracting 
one-particle Green’s functions Gs. 

Toward this end we carry out the discussion anal- 
ogous to that developed for G® =G,, at the beginning 
of Sec. V. We first state the result, 


Fs 
ati 
92 


po(t—t’) |[—pot Pr}, 


with the contour C chosen as follows: It is the weighted 
average of two contours C; and C2. C; runs from — « 
to 2 slightly above the real axis and has its contribution 
weighted by the factor [1+exp(—§p’+u)]}", the 
probability that at temperature 6“ the state of momen- 
tum p of the noninteracting gas is empty; C2 runs 
from — to slightly below the real axis, its contribu- 
tion being weighted by the factor exp(—$p’+u,) 
<[1+exp(—8p*+u)}", the probability that under 
the given conditions the said momentum state is 
occupied. The same result is achieved by writing in 
place of (84) 


Ga (x; : 


Xexp[ip: (x—x’)— (84) 


x 


Gs (x; x’) dpo 


send 


Q 27 p 4_, 


XexpLip: (x—x’)—ipo(t—V’) ]Gs (p,po), (85) 


with 
Gs (p,po) =[1+exp(—Sp?+z) 1" [—pot p?—-in} 
+exp(—6p?+n)[1+exp(—6p?+n) }? 


X[—potp+in}. (86) 





T rfexp[— BH+uN }} 





Performing the integral with respect | to po, we then 
obtain 


1 
t>t': Ga (x; x’) = => exp[ip: (x—x’)—ip?(t—/’) J 
Q Pp 
_ X[1+exp(—sP+n) Tb, 
= belie (x—x’)—ipr(t—//)] 


(87) 
s Ga ( x: x’) 


eeiduan +exp(—6p*+nu)F'. (88) 


The correctness of the results (87), (88) may now be 
verified directly from the definition (82), employing 
the methods of Sec. V. 

It is furthermore clear from (87) and (88) that also 
the general structure (with its associated diagrams) 
of the time-independent form of the perturbation 
series is maintained.” The designation of ‘‘particle”’ 
and “hole” now refers to the contributions from (87) 
and (88), respectively. Instead of sharp cutoffs in 
the momentum sums, as occurs in the limit of zero tem- 
perature, the corresponding sums here range through- 
out all possible values, weighted by the probabilities 
for non-occupation and occupation, respectively, of 
the given momentum state. Further development of 
this and related approaches to statistical mechanics 
will be referred to future publications. We do remark, 
however, that to define completely the procedure 
described here, the value of « must be obtained from 
a simultaneous study of the expansion for (J). 
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APPENDIX 
We study here the validity of the formula 


M x(Ppr,pr’) = M (pr,er), (A.1) 
Eq. (77) of the text. We shall show that these functions, 
with a proper interpretation of Mz are represented by 
identical power series. The series in question can be 
readily constructed by solving Eq. (70) by iteration. 
Let 
: 0 
My= M (pr,pr’), M,=—M (pr, po) | prt, «++. (A.2) 


c Po 


We then find that 


M (pr,er) 


= Mot Mot | Mall e-+— Mola 


+| aeat-+4areattto+ Mite} + eee 


1/sa lis 
= M,+- (—1r) of ( uw) 
2!\apo Jo 3!\ape? Jo 


1s 3 
+- (—a) Se 
4 ! Opo*® 0 


the last a highly suggestive form. 

We next turn to the study of Mr(p,po). The rules 
for constructing this kernel are, of course, the same as 
those for M(p,po) except that there are additional 
diagrams. Thus if we consider the Feynman diagram 
corresponding to Fig. 6(a), this gives rise as usual to 4! 
time-ordered contributions to Mg(p,po) To deduce this 
series (A.3) from the limiting form of the complete 
time-ordered series is cumbersome. Essential simplifica- 
tion is achieved if we realize the availability of an 
alternative form of Mr(p,po): It follows directly from 
Eq. (22) that 


M r(p,po)= M (p,po) +M (p,po)G (p, po) M (p, po) 


+MGOMGOM+:--, {A.4) 
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with 


GO= lim [— pot p’—ine(p’— pr’) |. (A.5) 


We are now concerned with the limit of (A.4) as 
|p|—pr, pope’. Because of the multiplicity of 
limiting procedures and the singularity of Mr(p,po) 
at the limiting value, a correct order of the limits must 
be inferred from the original expression for E(N,0), 
from which Mp(pr,pr’) is obtained by differentiation. 
Since in the former all energy denominators are 
non-singular, the limit 7-0 may be taken first. A 
further study of the structure of the terms of E(V,0), 
Eq. (48), shows that the limiting procedure is correctly 
represented if we replace G by PL—potp?}', the 
principal value, and study the function 


fer 5(po— pr’) lim M p(p,po). (A.6) 
|pl>pF 


We have therefore in general to study the “function” 
5(x)Px-" = (—1)"[ (n+1) ! 'S™ (x). (A.7) 


If we adopt Eq. (A.7) provisionally, then the evaluation 
of (A.6) leads immediately to (A.3). 

Finally the validity of (A.7) may be concluded by 
means of the representations” 


x 1 a 
5(x) =— lim - (A.8) 


des Yr +? 


Px = lim 
o->0 +o 


For example, 


nubs. 1 o 1 2ox 
6’(x) =— lim (~ )-- lim——— 
mw dx\2x+o? T (x?+-07)? 


—2!5(x)Px, (A.9) 


—2o 8x0 


(a?+-07)? (x2-+-02)3 


1 - e¢€ 1 
6’ (x) =— lim— - -=— im| 
x dvx+o? x 


=—lim3! -=315(x)Px-, (A.10) 
(#202)? 
etc. 
* W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, Cambridge, 1954), third edition, p. 70. 
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A closed set of coupled, nonlinear integral equations is obtained which completely describe a system of 
Fermi particles. The equations define the one and two-particle Green’s functions which are completely 
analogous to those used in the field theory of fundamental particles. Special boundary conditions appropri- 
ate to the infinite medium of fermions are employed. Approximations to these equations are made which lead 
to a generalized Brueckner reaction-matrix formalism in the case of nuclear matter and which lead to an 
expression for the correlation energy in the case of the electron gas. The approximations for the system of 
nuclear matter are of three types: Ones which neglect the simultaneous interaction of three or more nucleons, 
the effective interactions of the vacant states below the Fermi sea, and the self-energy interactions with 
excited nucleons. The relationship between the reaction matrix and the expectation value of the actual 
potential energy is discussed. It is found that the energy levels given by the Brueckner formalism are nearly 
those given by a consideration of the actual energy, thus indicating that the shell-model energy levels for 
closed-shell-plus-one nuclei should be almost correct. A formula for the momentum distribution of nucleons 


in nuclear matter is obtained. 


I. INTRODUCTION 


N the preceding paper, a formalism was developed 
in which the many-body problem is studied with the 
aid of Green’s functions strictly analogous to those 
currently of interest in the field theory of fundamental 
particles. In that paper, the emphasis was on the 
possible expansions of these Green’s functions, and 
particularly on the time-independent form of such 
expansions. The past successes in the study of the many- 
body problem have been mainly achieved by considering 
a suitable time-independent expansion, picking out the 
most important terms, and resumming these subseries. 
In the present paper, the interest in part is to obtain the 
final result of the previous work by a less devious route. 
Here we will start from exact expressions in closed 
form and approximate to them appropriately in order to 
obtain a tractable set of integral equations, that is, to 
obtain a self-consistency problem. The virtue of this 
approach lies in the brevity and clarity of the deriva- 
tion, as well as the possibility of generalization of the 
results. 

The discussion of this paper will be centered on the 
properties of an idealized infinite nuclear matter 
although for the sake of completeness, the properties 
of the electron gas will be briefly examined. Approxima- 
tions are made which lead to the Brueckner’ reaction 
matrix formalism for nuclear matter. Somewhat more 
general formulations are also proposed, and the ap- 
proximations involved in each are discussed. In par- 
ticular, the role of “off-the-energy-shell’ propagation is 
understood as being a (real) approximation analogous 


* Supported in part by the U. S. Atomic Energy Commission. 

1 A, Klein and R. Prange, preceding paper [Phys. Rev. 112, 994 
(1958) ]. Hereafter, this paper will be denoted by I. See this paper 
and reference 2 for many references omitted here. 

2 For example, see K. A. Brueckner and J. L. Gammel, Phys. 
Rev. 109, 1023 (1958). 


to the use of a complex energy for a decaying state. 
The simplification made possible by the use of the fact 
that the Fermi sphere is only a small part of the total 
volume of momentum space to which nucleons may be 
excited is also stressed. 

Finally, a clear distinction is drawn between the 
“model” approach and the “true” approach. In the 
model approach, the wave function hardly overlaps 
with the actual wave function, no matter to what ac- 
curacy the model wave function is calculated. While 
certain quantities such as the binding energy may be 
calculated accurately, it remains to determine what 
classes of observables are predicted correctly. For 
instance, neither the total kinetic energy nor the total 
interaction energy may be found from the model, 
whereas the sum of the two is correctly given. In the 
“true” method, on the other hand, all quantities of 
interest may be found, if only the calculation is made to 
great enough accuracy. It is clear that a “true” calcula- 
tion will in general be very difficult ; nevertheless, by its 
aid we may draw some conclusions about the validity 
of the model and may also study directly some quan- 
tities of independent interest. The energy levels (of 
infinite nuclear matter) are shown in this manner to be 
given correctly by the model. 

In the next section, the equations basic to the study 
are set down. The formal difference between the “true” 
and “model” approaches is noted. The third section 
contains the derivation of the Brueckner reaction- 
matrix formalism, together with some generalizations 
of it. Section IV discusses the relationship between the 
shell model and a “true” approximation. An equation 
for the momentum distribution for nuclear matter is 
also obtained. The last section sets forth briefly the 
solution of the electron gas problem. The generalization 
to Bose statistics will be reserved for a future publica- 
tion. No numerical results are reported at this time. 
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II. GENERAL FORMALISM 


Nearly all the interesting properties of a system of 
many particles may be found from a knowledge of the 
functions G and Gj. variously called the one (two) 
particle Green’s functions or propagators, at least for 
systems in which the two-particle interactions are 
dominant. These Green’s functions contain all the 
information necessary to compute single-particle expec- 
tation values such as the magnetic moment, or two- 
particle quantities like the interaction energy. We 
recall the definitions of the propagators given in I: 


G(x; x’)=i(N | T(x)" (2’))| NV), (1) 


G (1,2; 21’ ,x2’) 


=0(N | T(x) (x2) (x2’)W" (a1) |N). (2) 


The state vectors |) in these equations are to be 
interpreted as the ground state of a system of NV 
particles in a box of (large) volume 2. The expectation 
value of any single-particle property P, for instance, is 
given by 


fexvive P(x) | N) 


=i fas 


where P is an operator on the coordinates of a particle; 
i.e., it does not itself depend on the creation and 
annihilation operators. A similar definition holds for 
two-particle expectation values. The most important 
example, which combines one- and two-particle opera- 


lim PG(x;x'), (3) 


zz’ ,t<t 


tors, is that of the expectation value of the Hamil-' 


tonian, which gives the result for the ground-state 
energy, E(N), 


E(N)= (| fae (x) (—V*)y(x) 


+4 f arate’ v(|x—x’|) 


Ky" (x’t)W (xt) (xd) (x’t) v) 


-ifes 


+48 f aay lim »(|x—x’|) 
t’—>t,t’>t 


lim (—VZ)G(xt; x’t’) 


x’->z,t'>t 


XG(xt,x’t; xt’,x’t’). (4) 


The propagators obey a set of nonlinear integral 
equations. These equations have essentially been ob- 
tained in I. They may also be derived by following the 
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(a) (c) / (d) 


Fic. 1. Lowest order graphs defining the two-particle 
interaction operator. 


formal procedure of several previous authors in field 
theory,’ merely replacing the vacuum state vector 
|0) by the state vector | V). The main idea of the deriva- 
tion is to use the equation of motion for the destruction 
operator 


(Via) + far v(|x—x’| 
XV" (x’dy (x’Dy (xt) =0 


to obtain a set of equations coupling the various 
n-particle Green’s functions. The set may be broken 
off at any point by defining an n-particle interaction 
operator which formally accounts for the discarded 
equations. The one-particle interaction operator for 
instance is known as the self-energy operator and was 
described in detail in I. Since we are presently interested 
in the situation with two-body forces, it is appropriate 
to consider more closely the two-body interaction 
operator, /12. The equation for the two-particle propa- 
gator, which contains the operator 2, is usually known 
in the literature of field theory as the Bethe-Salpeter 
equation.’ This equation, together with the equation 
for the single-particle Green’s function is reproduced 
below: 


(—V?—10,)G(x; v)+i fae” v(|x—x’’|) 


XG(x"t,xt; xt,x't’) = 54(x—x’), (5) 
G(x%1,%25 x1’ ,22') 


=G(x1; x1')G(x2; x2’) —G(x1; x2')G(x2; x1’) 


+ f dtyud'yedteae G(x1; y1)G(x2; ye) 
XI (1,925 21,22)G(21,22; *1',02'). (6) 


The simplest approximation to (5) and (6) going 
beyond the Fermi-gas model is the Hartree-Fock 
approximation in which the two-particle interaction 
operator is neglected completely. This of course is only 
justified if the potential function itself is rather weak. 
The interaction operator is usually defined explicitly as 
a sum of Feynman diagrams or in terms of variational 
derivatives. The operator may be represented as the 
sum of all irreducible graphs connecting the four 
points x1, %2, x1’, x2’, of which the first few are shown in 
Fig. 1. The explicit rule for the matrix elements as- 
sociated with these graphs was given in I. In these 

3M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951); E. E. 


Salpeter and H. A. Bethe, Phys. Rev. 841, 232 (1951); 
J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452, 455 (1951). 
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diagrams, a horizontal dashed line is associated with an 
(instantaneous) interaction, and a heavy solid line with 
a Green’s function. The lighter solid lines are put in to 
indicate how the interaction operator appears as part of 
a larger diagram. In a full perturbation expansion of 12 
the solid lines would be interpreted as a free-particle 
propagator G®), defined in I, Eq. (40), or in Eq. (17) 
of this paper; a partial summation may be carried out 
with the result that the propagator lines can be inter- 
preted as full single-particle propagators if graphs 
corresponding to self-energy corrections are omitted 
from the expansion of J}2. Exactly this type of change 
was made in I in the series for the self-energy operator 
(Eq. 60). 

It is evident from these remarks that it is permissible 
to consider Ji. to be a functional of the propagator G. 
Since G in turn depends on J: through Eqs. (5) and (6), 
it is clear that a solution to the equations will be 
extremely difficult to obtain in practice. Two ap- 
proximations suggest themselves ; the dependence of the 
propagator on Jj: may be neglected, or the dependence 
of the interaction operator on G may be ignored. Both 
cases occur in practice. 

The time integrals in the equations for the propa- 
gators are implicitly considered to extend from the 
infinite past to the remote future. As seen in I, this leads 
to a formalism different from the usual one in that the 
contribution to the energy coming from the kinetic- 
energy term of the Hamiltonian is no longer 


PF 
two f (pp) =3N pr’, 
0 


but is larger since the actual momentum distribution is 
not that of a Fermi gas at zero temperature. Such a 
“true” formalism has in the past been considered quite 
unmanageable for a number of reasons which we shall 
mention later. To avoid these difficulties and to make 
contact with previous theories, the variational principle 
for the energy was employed in the previous paper. 
It was there shown that the energy is given by formula 


1 1 dd 
E(N) = EN pr+~(i) f 7 f d*xd3x’ 


lim G(xt,x’t; xt’,x’t’), (7) 


t’-—+t,t’>t 


Xv(|x—x’!) 


where A is the coupling parameter (v is proportional to 
d). The integration over \ was shown to be exactly 
equivalent to a restriction of the time integrations in 
Eqs. (5) and (6). This can be easily understood if one 
remembers that the complete power series expansion of 
the second term in (7), before doing the integration, is 
given by the sum of all connected time-ordered closed 
loop diagrams such as the one illustrated in Fig. 2. The 
time of one of the interactions [corresponding to the 
explicit factor v in (7) ] is arbitrarily fixed (at the origin) 
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while, the times of the other interactions are integrated 
to infinity in the past or future according as they occur 
before or after the fixed interaction. This gives rise in 
mth order to m distinct graphs giving identical con- 
tributions, since the explicit factor » may correspond to 
any one of the m interactions and since the origin of 
time is arbitrary. The integration over the coupling 
constant supplies a factor 1/m in the mth order which 
allows one to replace the integral over the coupling by 
a prescription in which only 1/n of the graphs in each 
order appear. These graphs can be chosen so that the 
last interaction appears at the fixed time zero; the 
integrations are consequently restricted to negative 
times. 

We may now define “model” quantities 5, Giz, 912 
which satisfy equations formally the same as (4) and 
(5) in which all time integrations are construed to 
extend only over the past. The model quantities satisfy 


G(x; x’) =G (x; x’) 


0 
-ifavrey’ f dt” G (xt; xt’) 


Xv x’ — y” | \S(y"t" xt” . yt’ x’t’), (8) 


Fic. 2. Typical graph 
appearing in expansion 
of interaction energy. 


G(x1,%2; X1'x9') 


=G (x15 41')G (x2; x2’) —G(a1; x2')G (x2; a1’) 


0 
+ f d*yd*y' d¥zdiz/ f dtdt,'dt,dt,’ S(x,y) 


XG (x2y’)5(y,9' 5 2,2')G(2,2" 5 a'r’). (9) 


Equation (8) is the integral equation corresponding to 
(5): the Green’s function G® supplying the boundary 
condition is the same for the model equations as for 
the “true” equations. It is given by Eq. (17). 

A complete power series expansion of these equations 
yields a graphical representation identical with the 
graphical expansion of Eqs. (5) and (6) except that the 
time integrations must be done differently. The formula 


EWN) Wprt=4e fae d*x! v(|x—x’|) 
XG(x’0,x0; x’0,x0) (10) 


for the model interaction energy then has an expansion 
identical to that of the last term on the right-hand side 
of Eq. (6). Direct approximation to the model equations 
(8) and (9) leads to the usual Brueckner reaction- 
matrix equation for the ground-state energy and 
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generalizations thereof. On the other hand, the model 
propagators G and Gi2 may no longer be used to obtain 
other quantities of interest; for example, Eq. (3) does 
not hold for except perhaps for some special class of 
operators P. 


Ill. NUCLEAR MATTER 


Nuclear forces are extremely strong and singular, yet 
of short range. At moderate or low density, therefore, it 
is relatively improbable that the force field of three or 
more nuclei will overlap simultaneously. On the other 
hand, it is evidently grossly in error to treat the inter- 
action as weak. The approximation desired is one which 
neglects the interaction of more than two particles at 
the same time, but which takes into account the 
repeated action of the potential exactly for a given pair. 
This is in contrast to the situation in the case of the 
electron gas where the potential is basically quite weak, 
but so long-ranged that the most important part of the 
simultaneous interaction of very many particles must be 
treated exactly. 

In this section we wish to develop the model theory 
of the infinite nucleus. The model interaction operator 
$12 includes the many-particle “clusters’” along with the 


(0) (b) (c) l ? 


Fic. 3. Graphs appearing in the ladder approximation. 


simple two-body interaction potential. A typical graph 
representing a cluster is, for instance, the one illustrated 
in Fig. 1(b). This graph represents the interaction of 
two particles in which the first particle interacts with a 
third particle, then with the other particle, and finally 
interacts with the third particle in such a way that the 
third particle returns to its original state. The third 
particle must remain very close to the other two if such 
a process is to have any likelihood of happening. It is 
clear from the diagrammatic representation of these 
cluster terms that the contribution of such processes 
depends functionally on the propagator G. The funda- 
mental approximation of the theory of nuclear matter is 
to neglect the higher order clusters and therefore to 
replace the interaction operator 9(%1,%2; %1',x2’) by 
the potential iv( | Xi1— Xe | )i(4—- te) 54(a4— x1’) 54(a2— %2'), 
which is the only part of 9:2 not depending on §. The 
exact coefficient of the potential may be found by 
considering the power series expansion of 912, of which 
v is the leading term. This approximation is well known 
in the theory of the relativistic two-body system, where 
it is called the ladder approximation because it leads to 
Feynman graphs resembling ladders. A simple iteration 
solution of Eq. (9) for G12 leads to terms which have an 


4K. A. Brueckner, Phys. Rev. 100, 36 (1955). 
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(a) (b) 


Fic. 4. Graphs appearing in the linear interaction approximation 
but not in the ladder approximation. (4a) represents particle-hole 
interaction. 


obvious graphical representation. As an example, the 
first iterated term of the equation 


C(x x1''t)O(xete; x2"t’)0( | xy" —xq""| ) 
XO(x,t”; X1'ty’)G(x2!"t" ; X2' to’) 


may be represented graphically by Fig. 3(a). Higher 
order graphs which occur in this approximation are 
also illustrated. The arrows on the graphs represent a 
particular time-ordering of the propagator arguments. 

The ladder approximation is closely related to the 
“linear interaction’’® approximation, which includes all 
generalized ladder graphs. The linear interaction ap- 
proximation is discussed in an appendix. Figure 4 
exhibits some diagrams appearing in the linear approxi- 
mation that do not occur in the ladder approximation. 
Another way of describing the linear approximation is 
to remark that vertex and “vacuum” polarization 
corrections are neglected. Typical examples of vertex 
and polarization graphs are shown in Fig. 5. The self- 
energy corrections are not neglected, since these are 
contained in the single-particle propagators. A self- 
energy diagram is shown in Fig. 5(c). It is clear that the 
polarization graphs will be unimportant for nuclear 
matter where the force is short range and the repulsive 
core and the Pauli principle prevent the nucleons from 
getting too close together. The same is true of the vertex 
corrections. 

In going from the linear to the ladder approximation 
one keeps only those graphs which have the same time 
ordering on both nucleon lines. In particular, graphs 
such as Fig. 4(a) are excluded, which represent the 
interaction between a “‘particle” (upward directed line) 
and a “hole.” The particle-hole interpretation follows 
by analogy from the definition of the single-nucleon 
Green’s function G, which for positive changes of time 
represents the creation of an extra particle, its propaga- 
tion and destruction, while for negative time differences 
it represents the destruction of a particle already 
present, the propagation and refilling of the subsequent 


+4, 


(a) (b) 


Fic. 5. (a) Typical vertex correction. (b) Polarization 


correction. (c) Self-energy correction. 


5 A. Klein and B. McCormick, Phys. Rev. 104, 1747 (1956). 
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vacancy. The justification for this neglect is given by 
Brueckner, Gammel, and Weitzner,® who show that 
typical energies of excitation are between 150 and 200 
Mev. The reason that such high excitation energies 
enter is that the potential has very high Fourier 
components, since it is so singluar. As a consequence, 
whenever an unexcited nucleon interacts, it is more 
likely to be knocked up into a highly excited state than 
into some vacant state or “hole.” Since the potential 
is strong, very many interactions (in the sense of the 
Born approximation) are likely to occur before the two 
nucleons separate. Particle-hole interaction is precisely 
the process in which an excited nucleon interacts with 
an excited nucleon in such a way that the unexcited 
nucleon is scattered into a hole. The neglect of hole-hole 
interaction is similarly justified. 

We continue by defining a model reaction matrix K 
by the equation 


v( | X1— Xe | )6(—b)G (41,%2; 2X1’ ,X2") 


0 
= f dty!"dty" f d¥xy!"d°x,"" 


XK (x1,025 41/x2")[G (a1 5 x1')G (x2"" ; x2") 


—G(x1"" 5 x2")G(x2!"; a1’). (11) 
This matrix is defined in analogy to the scattering 
matrices of field theory. The reaction matrix nominally 
depends on four times. It can be seen by an inspection 
of Eq. (11) that the final times 4, ¢2 are equal. (L.e., 
there is a delta-function factor in the K-matrix requiring 
the final times to be equal.) Similarly, an iterated 
expression for the K-matrix [see Eq. (12) following ] 
indicates that the initial times, 4;'t2’ must be equal. If 
K were time translationally invariant, it would depend 
on only one time difference, ‘—?’, but this is not the 
case since the expressions for K and Gi2 Eqs. (9) and 
(11) contain the origin of time explicitly in the integra- 
tion limits. An approximation is needed to restore the 
translational invariance. We consequently restrict the 
integrations to the interval prior to the latest time 
appearing ; in other words, the upper limit of the time 
integrations [in Eqs. (8), (9), (11) ]is taken as max(i,t’). 
This approximation is best when one of the times is 
nearly zero and worst when both ¢ and ?/’ are large and 
negative. Since we intend to compute the energy by a 
formula using the K-matrix with one time argument at 
the origin, it is most important to know the functions 
accurately in the former case, and less important to know 
them well otherwise. Figure 6 shows a typical graph 
omitted in this approximation. In addition to the argu- 
ment given above one may easily see that all omitted 
graphs involve a particle falling back into a hole, which 
we have seen is unlikely. Furthermore, the graphs 


6 Brueckner, Gammel, and Weitzner, Phys. Rev. 110, 431 
(1958). 
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omitted are corrections to (self-energy) corrections, and 
consequently enter into the calculation quite indirectly 
and unimportantly. 

We now remember that is is permissible to neglect the 
interaction between a pair of holes. It is easily seen that 
the reaction matrix for positive time intervals (i.e., the 
final time later than the initial time) represents the 
interaction of a pair of particles during that interval, 
while the K-matrix with a negative time interval 
represents the interaction of two holes. We keep only 
the part of the matrix referring to particle-particle 
interaction with the immediate consequence that the 
Fourier transform of the reaction matrix will be analytic 
in the upper half complex energy plane. We write down 
the equation for the reaction matrix obtained from 
Eqs. (9) and (11) where we have included the delta- 
function singularity at ‘=/’ in the “particle-particle” 
reaction matrix. 


K (x1,%25 %1'X2') 


=0(|xX1— Xe] )5(t:— te) 54(a1— 71’) 54 (x2— 22’) 
t 
+if aus" ats" fdas," v(|x1—Xe| )5(t;— te) 
vv’ 


XS(x1 > ay” )G(x2,x0"")R(a1" x00" ; 4X1’ Xo’) ; t> f 


=Q; i<f. (12) 
The Fourier transform of this equation follows.’ The 
limits on the momentum summation will be discussed 


shortly. 
‘Kmnmony(E) = mamony 


-t ™ Ymam jn} $m jn;* Kmynymono( LF), 


m1ni> PF 


(13) 


Smjn;*(E) =— (2ri) 


x f dE, Gmi+(E:)Gax*(E-E;). (14) 


In these equations the Fourier transforms are defined by 
Kaaming=O* f dada Pay 


Xexp(im-xi+im- x2) K (1,225; x1’ ,22’) 
Xexp(— impo: x;'—imo-x,’), 


(15) 
K(t—1’) = (2e)7 f dE 8-9 (E), 


Sx= f e~tk-(2-)G (x; y)d*(x—y). 


7 Equation (13) was obtained independently by D. J. Thouless 
(private communication). 
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Fic, 6. Typical graph excluded to make model reaction matrix 
time translationally invariant. 


To complete the set of equations we must discuss the 
single-particle propagators G(x;x’), whose Fourier 
transforms appear in the reaction-matrix equation and 
the equation for the energy. It is useful to distinguish 
between the “particle” propagators and the “hole” 
propagators, which differ in the sign of the relative time 
coordinate. The Fourier transform of the particle 
propagator, which will be denoted by a (+) superscript, 
is analytic in the upper half energy plane, while the 
corresponding hole Green’s function (—) is analytic in 
the lower half plane. An equation for these functions 
may be constructed by replacing 1G12 in Eq. (8) by 
KGiG2, appropriately antisymmetrized. There is no 
difficulty about the definition when t=?’ since there is 
no delta-function singularity in the propagators as there 
was in the reaction matrix. One immediately obtains the 
equation® 


Gx(t—?’) 


> Gy (t—h) 


m<pF 


max (t,t’ 
=G6,(t—t/)-1 diydts 


X [Kimum (ti— le) — Kiemmu(ti— te) ] 


XGulle—l')Gm(te—t), (16) 
where G, is the unperturbed propagator given by the 
equation 


G, (t—/) =i expl—ik(t—t’/) ]; (>t, k>pr 
=—iexpl—ik(t—0’)]; t<t',k<pe 


=0; t<t,k>pr or t>t’,k<ppr. (17) 


In these equations we have performed the spatial 
Fourier transform, but have not yet done the temporal 
transform. It is clear from an inspection of this equation 
that the spatial Fourier transform of a particle propa- 
gator vanishes for momenta less than the Fermi 
momentum; the Fourier transform of a hole Green’s 
function vanishes for momenta out of the Fermi sea. 
For example, if ‘>?’ and k<p,, the integral is non- 
vanishing only when /,;>¢ whereas this is impossible in 
view of the upper limit of integration. In the other case, 
t<t’, every iterate of the equation vanishes, that is, Sx 
is the solution of a homogeneous equation. This fact 
immediately allows us to limit the sum over momenta 
in Eqs. (13) and (15) to momenta outside (inside) the 
Fermi sea. Notice that this result is a direct consequence 


§In the future we shall often suppress the explicit antisym- 
metrization or abbreviate it by a. 5, 
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of the limitation on the time integrations to max(t,t’). 
The graphs eliminated (Fig. 6) can be interpreted as 
self-energy corrections to the motion of a given particle 
from its interactions with excited nucleons. Since a 
“particle” can propagate with momentum below the 
Fermi surface only if some of the nucleons in the Fermi 
sea are already excited, the neglect of all such interac- 
tions with excited nucleons implies that a ‘“‘particle”’ can 
propagate only outside of the Fermi sea. It should be 
noted that even in the model an approximation is 
needed to eliminate a momentum distribution which 
spreads out the Fermi surface; some results of such a 
diffuse surface are noted in Sec. IV below Eq. (39). 
Inclusion of a momentum distribution is not the only 
effect of diagrams like Fig. 6 however. 

We now perform the remaining Fourier transform and 
separate the Green’s function into its two parts. The 
equations obtained follow 


git(E)=Gx™(E| 1+ (ari fat 


x Zz Rarn(E+ Fa (E)G"(E) | (18) 


m™<DF 


1 x 
G, : (BE) 1— ——— f dE\dF, 
(2ri)? D 


‘D be | E,)Sx ( E2)Sm at E\- E») 


m<pF 


Sx (E)= 


. | : (19) 
E—E.— 4 


The equation for G+ has been simplified by utilizing the 
known analytic properties of the K(#£) matrix. The 
integral equation thus reduces to an algebraic equation 
which has the solution 


G,+(E) =— E B+ (2mi)7 f dE 


a 
Xd Kimum(E+ £:)Gm (Fi) +in| ; 


k> pr 
=0; k<pr. (20) 
The singularities of G*(£) do not generally consist of 
simply a pole since the reaction matrix has singularities 
which we will discuss presently. The equation for the 
hole propagator has such a simple solution however. 
This solution is given by 


Gx (Z)= —[E-8-—-in}, (21) 


where 
6x =P+ SY [Kemem(6s-+ Sa) 


mae Kimmn(6x-+ Sm) ]. (22) 
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The propagator has this simple structure because the 
difficulties associated with the singularities of K(£) 
have been avoided. This in turn is directly related to the 
neglect of particle-hole and hole-hole scattering, i.e., the 
interaction of a hole with the other excitations is 
neglected so that a hole excitation is stable. 

The simplicity of the hole Green’s function allows one 
to do the energy integrals in which it occurs explicitly. 
The particle Green’s function is approximately of the 
same form, so what is usually done is to replace the 
reaction matrix in the denominator of Eq. (20) by its 
real part, (or rather by the corresponding matrix 
defined with a principal value at the singularities) 
evaluated at the pole. That is, after doing the integra- 
tion made possible by the structure of G-, one replaces 
Kuemem(E+ 6m) in (20) by ReKamem(Sx*+ Sm) where 
&,* satisfies 


6, t=h+ . Re[ Kimim(6x*+ Sn~) 


m<PF 
— Kimm«(Ox*+8n-) |; k> pr. (23) 
The situation is very similar to the case of excited 
states in systems such as the hydrogen atom, which has 
been studied in much detail. In analogy to those 


systems, we do not expect the eigenvalue equation 


E=P+30 m Kiemem(E+ 6n~)—2.5. (24) 
to have any roots at all, much less real ones (except for 
the root at &# discussed in I). To understand this more 
fully one may study the analytic properties of the K 
matrix by replacing the propagators appearing in 
Eq. (13) by their approximate form. The resultant 
equation is 


Kmnmono( EF) = Vmnmyny + > Umnm jn} 
m1nl> PF 


1 
xX 
E- $m;*— nyt +in 





Kmynimomo(F), (25) 


which is the reaction-matrix equation neglecting ‘“off- 
the-energy-shell” propagation.” (The usual formulation 
replaces the im prescription in the propagator by a 
principal value. The reaction matrix is real for this 
prescription but obviously cannot describe the finite 
lifetime of the excited states.) Inspection of Eq. (25) 
shows that the reaction matrix has a branch line along 
the real axis from an energy 26 onwards. It is plausible 
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to assume that this is true even when the original 
Eq. (13) is used to define the reaction matrix. 

Even though there are no roots of Eq. (24), one 
generally expects to find a root if the reaction matrix is 
reinterpreted as ‘a multiple-valued function of Z. In 
fact, if the particular solution in question represents a 
long-lived state, there will be a root on the next 
Riemann surface quite close to the position of the cut. 
The imaginary part of this root will be negative 
corresponding to: an exponentially decaying state. One 
can imagine in favorable cases that is is possible to 
deform the branch line of K(Z£) as in Fig. 7. If the 
values of the function on opposite sides of the deformed 
branch line differ negligibly, integrals over real values of 
the energy parameter may be done over the distorted 
contour shown. 

Even when the branch line cannot be deformed, it 
will often be possible to make a similar approximation. 
The approximate position of the pole can be obtained 
by a simple iteration of the eigenvalue equation (24). 
Only the first iterate is meaningful however.’ If the 
imaginary part of these solutions is small, it is clearly a 
good approximation to neglect it completely. Brueckner 
et al.2 make some correction by assuming an additional 
real energy parameter in the propagator of Eq. (25) 
which is then allowed to vary over a suitable range. 
The effect of this on the energy is very small; one may 
thus infer that the finite widths of the excitation 
energies are quite unimportant in this context. 

We now record the equation for the total energy of 
the ground state in this approximation. 


1 0 
E(N)=3N pr’+- [arrateae/ater f dts! 
2 « 


—e 


XK (41,225 x1’ ,x2")[G(ar’ 5 41)G(x2' ; x2)—2.5. ] 
=§NpP+4 DL Kmama(Sm +6a)—a.s. (26) 


mn< pF 


This is identical with the formula of Brueckner et al.? 
except for the difference in the prescription at the 
singularities noted previously. 

It is not difficult to obtain equations more general 
than those already discussed. In particular, it is not 
necessary to exclude hole-hole scattering, which involves 
retaining the part of the reaction matrix defined for 
negative times. The additional complication of the 
equation does not appear to be prohibitive if the hole- 
hole scattering is viewed as a correction. One obtains 


?mnam n;$m4n;* (£1) Kmnymono( EF) 





cee diene dE; y 


11 m)0D] 


2mi 


E—E,+in 
1 
+— fae > 


m)n} 





Vmnmynj{ Smyny* (Ey) + Smyny (Ey) |Kminymong (£1) 
E-E,—in 


(27) 


® The first energy iterate cannot be inserted directly back into the K-matrix onto the correct Riemann surface unless the branch 


line is distorted. 
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Fic. 7. Distortion of branch line in single-particle propagator. 
Integrals over contour C’ are assuiped negligible. P represents the 
position of the pole giving the cor&plex energy characteristic of a 
decaying excited state. 


In this equation, we have separated the particle 
reaction matrix from that for holes by the superscripts 
“plus” and “minus.” The correction to the single-par- 
ticle propagators is neglected. If it is taken into 
account, it will introduce “off-the-energy-shell” prop- 
agation into the hole Green’s functions as well as into 
the particle Green’s functions. 

The hole-hole scattering corrections are not so 
important for a calculation of the total energy as for the 
corrections they introduce into some of the single- 
particle energies, particularly near the Fermi surface. 
It would be of greater interest to study the effect of the 
hole-particle interaction. We have not been able to 
obtain simple equations accounting for this, as this 
would involve a complete solution in the linear interac- 
tion approximation. Certain classes of hole-particle 
scattering diagrams can be summed easily, at least if 
one neglects this effect in the calculation of the single- 
particle propagators. The importance of the summable 
diagrams has not been established however. 


IV. VALIDITY OF THE SHELL MODEL: 
CALCULATION BY THE “TRUE” 
APPROACH 


For some years it has been an open question why the 
shell model is so successful. It is only recently that there 
has been any satisfactory explanation why the magnetic 
moment, for example, is predicted correctly by the 
model.” In this case, it has been argued that the 
magnetic moment depends primarily upon quite general 
over-all symmetries of the shell-model wave functions, 
and that the correlations introduced into the actual 
wave functions do not destroy this symmetry since the 
correlations are short-range and essentially state- 
independent. Other predictions can perhaps be under- 
stood on the basis of this type of argument. 

It seems at first glance to be even more surprising 
that quantities like the energy levels of low-lying 
excitations should be given correctly by the model, 
since these energies depend in detail upon the correla- 
tions. It might be well to give some further arguments 
why the shell model should not necessarily give the 
correct excitation energies. We shall first define what we 
mean by the shell model for infinite nuclei; later we 
shall recall the arguments which allow us to draw con- 
clusions about finite systems. The shell model for 
infinite nuclear matter is an independent-particle model 
in which each particle is in a self-consistent (velocity- 


”R, D. Amado, Phys. Rev. 111, 548 (1958). 
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dependent) potential defined, for example, by 


V(k)= D> Kemkm—Kemot- 
m<pPr 

This model has been chosen to give the correct binding 
energy and nothing else, since it merely picks out of an 
expansion for the binding energy the most relevant 
terms and sums them up. There are certain subgroups in 
the summation which are very naturally interpreted 
as single-particle potentials, and of course, since the 
spatial symmetries are maintained (in this case trans- 
lational invariance) the wave functions will have the 
correct rotational or translational properties. It is 
nevertheless surprising that these single-particle poten- 
tials should give to good approximation the actual 
energy levels of the system, since it may easily be seen 
that it is not possible to define an ordinary potential 
which correctly describes the system in detail. This is so 
since the actual nuclear state obviously has a distribu- 
tion of momenta not given by a Fermi sphere, but one 
in which the surface of the sphere is somewhat diffuse ; 
on the other hand any reasonable single-particle poten- 
tial must predict that states of the lowest momentum 
are filled first. Perhaps even more important is the fact, 
mentioned in I and amplified below, that the contribu- 
tion to the total energy from the kinetic-energy part 
of the Hamiltonian is much greater than $Nkr*. The 
“true” interaction energy is correspondingly greater 
than that predicted by Brueckner ef a/.,’ since it must 
compensate for the increase in potential energy. Since 
the model does not separate the contribution from the 
kinetic and potential energy in the “‘correct’’ way, there 
seems to be no a priori reason that the model energy 
levels should correspond to the true energy levels; 
indeed it might be supposed that the model energy 
levels are too high. There is experimental evidence, 
however, such as deuteron stripping on O#*, which 
indicates that the single-particle levels given by the 
shell model are not greatly in error." (The levels in 
question are those of closed-shell-plus-one nuclei. The 
success of configuration mixing requires still another 
explanation.) 

The resolution of this dilemma can be given after a 
study of the “true” formalism. The “true” formalism, 
it will be remembered, is able to predict all quantities 
of interest; it works directly with the original propa- 
gators G and Gi: of Eqs. (4), (5) before the time integrals 
were truncated. This formalism is interesting inde- 
pendent of its relationship to the model; in particular, 
there are certain quantities of direct experimental 
interest such as the momentum distribution of nuclear 
matter which we can discuss with its aid. 

Following the ideas of the previous section, we 
replace the interaction operator J;2 by the primary 
potential v, in order to study the single-particle states 
which are most important for nuclear matter. One may 


ay. F. Elliot and A. M. Lane, as ane of Physics (Springer- 
Verlag, Berlin, 1957), Vol. XXXIX, p. 3 
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introduce a reaction matrix K in the same manner as 
before to obtain the equation 


Kmnmgno(£) = Dmnmgno 


_ > Pmamjn}.Smjnj* (EL) Kmnymono( EF) 
mini 

+ SY) omnmoneSmony (EL) Kmonymono( EF) ; 
mene 


Smyn,+= — (2xi)! f dE, 


XGm1*(E:)Gm*(E—E;). (28) 





Ga(E) = Ga (B14 Cri) 2 faz Knans(E+E)Gu(E)G«(E | 


1 
Gat(E)=Ga*(E)— 


a. fave: 
(2ri)? 2 


1 
Ge-(E)=Ga-(E)+——¥ f dE dE; 
(2xi)? 2 


The sum of the last two of these equations is equal to 
the first equation; the “plus” and “minus” indicate 
tne hole and particle propagators respectively, while 
G® is defined by Eq. (17) of the preceding section. The 
density of particles of a given momentum in the ground 
state is given by the equation 


px = lim (—)(2niy> f ae e*EG,(E). (32) 
r+ 


The evaluation of this expression will be undertaken 
below. (px~ is denoted by }>..| ¢~(k,a) |? in I.) For the 
present, we shall assume that the propagators may be 
represented by the expressions 


Gx*(E)= — px*/(E— Ex*+in), (33) 


where the excitation energies in the denominators are 
assumed not to differ grossly from the definitions given 
in Eq. (22), (23). Since all experience leads one to believe 
that the exact structure of these propagators is not a 
very sensitive consideration in the calculation of reac- 
tion matrices, if this assumption turns out to be con- 
sistent, one may consider it to be well founded. The 
density functions p,* are assumed to have more or less 
a sharp cutoff at the Fermi momentum. p,* is defined 
by px*+px-= 1. 

We turn now to the expression for the interaction 
energy, Eq. (4). This expression may be rewritten 


Eyer 4 #2)" f dE{ Kamat (E)Sax7(E) 


+Kasns-(E)Sust(E)}—a.s., (34) 


by separating the particle and hole contributions. If the 
last term of Eq. (28) is neglected, on the grounds that 
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This equation, which is very similar to Eq. (9), differs 
from it by the inclusion of the last term (hole-hole 
scattering), and by the different definition of the 
propagators. It turns out that the last term is very 
important in this instance and cannot be neglected in a 
calculation of the energy. Note that Eq. (28) is not 
completely similar to Eq. (20) but differs from it by 
terms of the type oS~(E)K*(£). 

An equation for the propagators may be derived by 
the method of the preceding section. These equations 
follow : 


(29) 


Gm (E1)K mama(E1+ E2)Gm(E1)Ga(E2) 
E-E,+in 
Gm (E1)K mama(E1+ 22)Gm(E1)Ga(E2) 
E-E,\—in 





(30) 





(31) 





it represents hole-hole interaction, then only the first 
term on the right-hand side of Eq. (34) will contribute, 
with the result 


E\rr~} > maK mama(Em + En) pm pa — 4.5. (35) 


This expression looks very much like the model inter- 
action energy and in fact will be shown to be practically 
equal to it. On the other hand, if the last term is not 
neglected, the interaction energy may be found in 
iterated form to be 


Eywr=}3 ie pap | Saxe? 2 Ymnm}n} 
mn 


mjni 
pm;*pn,* 
Em,+ En;— Em— En 





emmmat--]—as., (36 


which differs from the expression Eq. (35) by the 
inclusion of the factors m multiplying the mth order 
term. This series for the interaction energy evidently 
converges less rapidly than the ordinary reaction- 
matrix iteration. The binding energy will be a difference 
of two large numbers, so that it does not seem to be of 
great advantage to compute the energy in this way. It 
can in fact be viewed as a triumph of the model that this 
separation of kinetic and potential energy is avoided. 
Since one must also give up a one-particle picture in 
the “true” approach, it has not been seriously con- 
sidered for a calculation of the energy. 

It is interesting to estimate the true interaction 
energy, and to compare it with the model interaction 
energy. We will study the case of a very strong potential, 
so that the iteration solution of the integral equation 
may not converge, rendering meaningless any considera- 
tions based on the term by term examination of the 
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series. The true interaction energy, according to the 
above, may be obtained from the model interaction 
by the device of differentiation with respect to the 
coupling constant. In other words, we replace » by 
\v, differentiate with respect to \ and afterwards set 
d equal to unity. In this process we do not differentiate 
with respect to the \ dependence in the propagators. 
Symbolically and heuristically, we have 


K(A)=\v-++A0SK (A), 
K(A)=)o/(1—A0S). 


If we replace the K matrix by its formal solution we can 
explicitly perform the differentiation, and we obtain 


—K(a) -(. . -)s Betcha 3 
dd " 1—AvS nea 1-05 


where we have not differentiated the propagator. In the 
case of repulsive forces, v is positive and large, S$ is 
negative (being the negative reciprocal of an excitation 
energy), and consequently the model interaction energy, 
which is just the increment in energy over the non- 
interacting system, approaches a constant value for 
large v which is of the order of the number of particles 
times a typical excitation energy. It then follows that 
for this case the true interaction energy vanishes in the 
limit of very strong potentials, all of the energy becom- 
ing kinetic energy. This can be understood since the 
limit of infinite repulsion is also the limit of hard 
spheres, in which case there is no overlap of the wave 
functions and the expectation value of the potential 
vanishes. The reaction matrix can only be used to 
describe hard-sphere interaction in this limit, since if 
the potential has a tail, there comes a time as its 
strength is increased when this tail causes higher order 
clusters to become important. 

For attractive forces of some strength, both » and S 
are negative; consequently the denominator of (38) 
vanishes as the strength of the potential is increased, 
which is to be interpreted as a condensation or change 
of phase of the matter. For a system near condensation, 
the denominator is small and positive, hence the true 
interaction energy is larger in magnitude than the model 
energy, as is to be expected. These heuristic considera- 
tions have been checked by comparison with the soluble 
case of a separable potential; the more realistic case 
of an attractive potential with a repulsive “core” can 
be considered in this way with results characteristic of 
an attractive potential. This procedure is outlined in 
Appendix B. 

The reason that the last term of Eq. (28) contributes 
so much to the interaction energy is that the sum over 
momentum in the second term of Eq. (34) is effectively 
over a much larger volume of phase space than is the 
correspondingly sum in the first term. This compensates 
for the smallness of the hole-hole scattering term, which 
was small precisely because the volume of momentum 


(37) 
(38) 


(39) 
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space belonging to “holes” is less than the volume 
belonging to “particles.” There is no doubt that 
inclusion of particle-hole scattering would make a 
significant contribution to the energy also. To repeat, 
individual terms of the “true” reaction matrix are given 
to good approximation by neglecting the last term of 
(28); the formula for the interaction energy magnifies 
the importance of these corrections. Nothing similar 
happens in the model theory because the formula for 
the total energy involves the particle part of the 
reaction matrix only after the truncation of the time 
integrals. 

It is now clear that the energy levels of the excited 
states, which are essentially given by the individual 
terms of the “true” reaction matrix, can be found to 
good approximation by neglecting the hole-hole 
scattering. It was pointed out before that in the ap- 
proximation the structure of the “true” reaction 
matrix is very similar to the structure of the “model” 
reaction matrix. It can now be verified that the energy 
denominators appearing in the propagators should be 
essentially the same as the energy denominators ap- 
pearing in the model propagators. The major difference 
remaining is in the way the momentum sums are to be 
performed, in the model a square cutoff at the Fermi 
momentum being prescribed, in the “true” formulation 
a smoothed-out cutoff [given by Eq. (32) ] being used. 
It may be argued that this difference is not very serious, 
since it is known that the exact manner in which the 
Pauli principle is included in this calculation does not 
sensitively affect the result.? The reason for this is that 
the volume of momentum space affected is small in 
comparison with the total volume of momentum space 
important in the sums. This argument is certainly 
correct in general; however, for excitations near the 
Fermi energy, the smoothing out of the cutoff becomes 
important. The structure of the reaction matrix equa- 
tion indicates that for energies away from the Fermi 
energy, when small denominators occur in the sum, 
denominators of different sign tend to cancel. This 
cancellation or principal value effect cannot take place 
if one uses a sharp cutoff and considers energies near the 
Fermi energy; the smoothness of the cutoff becomes 
quite important. As a result, the single-particle energies 
near the Fermi surface calculated via the model may be 
considerably larger (in magnitude) than those cal- 
culated by the “true” reaction matrix. This tends to 
agree with the remarks of Hugenholtz and van Hove” 
on the discrepancy between the single-particle energy 
at the Fermi level and the binding energy per particle. 
It also agrees with the finding of Brueckner® that this 
discrepancy can largely be accounted for by inclusion 
of diagrams that can be interpreted as the interaction 
of the single particle with excited particles of the 
medium. 


2 N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958). 
8K. A. Brueckner (private communication). 
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To summarize these remarks, we have found that the 
model should predict the energy levels successfully, 
except perhaps close to the Fermi surface. This follows 
from phase-space arguments which apply because the 
interaction potential is so singular that a large volume 
of momentum space is important in the computation. 
The conclusion should also apply to finite nuclei since 
the important correlation structure is such a local 
effect that the nucleus may be considered for the most 
part to be a piece of nuclear matter.*® 

We conclude this section by a discussion of the 
momentum distribution. To do this we consider in 
greater detail the single-particle Green’s functions. An 
inspection of Eq. (29) indicates that the propagator has 
a branch line along with the reaction matrix, and that it 
probably has no poles at all. This is tantamount to a 
proof that the excited states in the noninteracting 
system do not have a one-to-one correspondence with 
the excited states of the interacting system. The one- 
particle excited states will in general correspond to 
metastable states of the interacting system which have 
complex energies in the well-known way. If strongly 
interacting collective states are important, the approxi- 
mation of complex energies breaks down in calculation 
of the propagators. There is no reason to believe that 
such is the case except for the possible existence of an 
energy gap near the Fermi surface for excitations of the 
single-particle type, which has sometimes been conjec- 
tured in analogy with the theory of superconductivity." 
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While the Green’s functions cannot give us detailed 
information about the true excited states of the system 
(which necessarily have real energy), it does give us a 
direct way to consider averages over these states in ways 
in which we are particularly interested. As an example 
we calculate the density of particles of a given momen- 
tum. This quantity has direct experimental significance 
as well as being of crucial importance in the calculation 
of quantities like the imaginary part of the optical 
potential. 

To obtain an expression for this quantity, we start 
from Eq. (32) which may be integrated by closing the 
contour in the upper half plane with the result 


px =0(pr—k) 


— (xi) = f Ge (8) Kemam(Ert Es) 


XGx(E1)Gm(E2)dE dE, (40) 
On the right-hand side of this equation we make the 
simplest approximation to the propagators, given by 
Eq. (33). For momenta less than the Fermi momentum 
we assume that only the Green’s function for holes 
contributes, and correspondingly for momenta out of 
the Fermi sea. Then we may complete the integration 
to obtain the expression 


Kumum* (Ex-+ Em) — Kumemt (?+En) 


; k<pr 





px =1—pe Do pm 
m 


Ey —-F? 


(41) 


Kmim (Ext+Eat)— Kumem (P+Em*) 





ri (1—px-) ? Pm* 


; k>br. 
Eyt-# Pr 


The approximations leading to this equation are only good for momenta somewhat away from the Fermi surface, 
so we may as well replace the K matrix by the model reaction matrix K. An expression for the matrix K~ in terms 
of K may be found by considering the final term on the right-hand side of (28) to be a small correction. Keeping 
terms linear in this correction yields for the energy-dependent part of the K~ matrix the formula 


Kmkym;* (E\~+ Em;~) pie: pmy~ Kym komo* (Ex, + Em,~) 
E—Ex\-— Em\-—in ; 


(42) 





Kicmkomo (EZ) = > 


kim! 


If, for the sake of orientation, one makes the rather crude supposition that the reaction matrix is linear in its 
energy dependence, one obtains the expression used previously.’* 
1 2 
Kemkym; (Ey-+Em~) 
~— Exy+— Em;* 





k< pr 


px 1 — 
m<pr |Ey +En 
miki >pr 
1 2 
oe amt (Ba+ Ea) ; k> pr. 
ay A Eyt+Eqt— Ex; — Em; 
miki <P 





4 See reference 1 for elucidation of this poin 
15 Bohr, Mottelson, and Pines, Phys. Rev. 110, 936 (1958); C. de Dominicis and P. Martin, Bull. Am. Phys. Soc.{ Ser. II, 3, 224 


(1958). 
16K. A. Brueckner, Phys. Rev. 103, 172 (1956). 
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It may be pointed out that the width of the spread 
introduced into the Fermi distribution is given by the 
characteristic momentum spread of the (model) re- 
action matrix, the magnitude of the spread by the 
strength of the matrix. In this approximation there is 
evidently a discontinuity in p, at pr; very likely there 
is a point of inflection at the Fermi momentum in the 
actual case. 


V. THE ELECTRON GAS 


In contrast to the case of nuclear matter, the inter- 
actions in the electron gas are weak but long ranged. 
Thus, instead of considering fairly large moment*m 
transfers, it is necessary to consider vanishingly small 
momentum transfers. It is well known that the Coulomb 
field of an electron polarizes the medium, cancelling 
out the divergence due to the infinite range of the 
Coulomb field. On the other hand, one does not expect 
the net effect to be too large since the coupling constant 
is small. This means that we must calculate the inter- 
action operator more accurately, to include the most 
important “vacuum”’ polarization effects, but that we 
may replace Eq. (6) for the two-particle Green’s 
function by its first iterate. Since the most important 
effects are those actually divergent for small momentum 
transfers we may neglect the correction to the free- 
particle propagators. The only thing remaining is to 
approximate correctly to the interaction operator. 

It is well known that the polarization graphs may be 
summed to give an effective potential!’ which we may 
then substitute for /;. [in Eq. (6) ]. It is possible to 
obtain an integral equation for this potential, whose 
kernel is best defined by means of diagrams. The first 
approximation to the kernel then yields the desired 
potential. It is plausible that we want the effective 
potential to depend at all stages upon only one momen- 
tum transfer g* which we will eventually integrate down 
to zero. This will ensure that we obtain the leading 
terms for small g*. Diagrammatically, the interaction is 
given in Fig. 8. The wavy line represents the effective 
interaction. The integral equation corresponding to 
Fig. 8 is 


V (xy— x2) = v(x, —= Xe) 


+ fdxary (| x1 —x|)G (x— y) 


XG (y—x)V(y—x2). (44) 


It is interesting to note the formal similarity of the 
integral equations for V and the reaction matrix. The 


Fic. 8. Graphical representation of the integral 
equation for the effective potential. 


17 F, J. Dyson, Phys. Rev. 75, 1736 poigh Hubbard, Proc. 
Roy. Soc. (London) A240, 267 (1957); A243, 336 (1958). 
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equation is easily integrated by making the Fourier 
transform. One is instructed to insert 


1G12= [o+ 0G," 'G, V ILG, y G2 —G,© G,° 7 


into the Eq. (6) for the interaction energy. The integral 
over the coupling constant may be done, since the 
coupling constant enters into the effective potential 
in a trivial fashion. This is precisely the result obtained 
by Hubbard!’ and agrees with the result of other 
investigators.'* It should be pointed out that the use of 
an effective potential changes the meaning of the states 
in that the propagator now describes collective states. 
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APPENDIX A 


In this Appendix we describe the linear interaction 
approximation. This may be done most elegantly if 
the “variational derivative” method is employed. 
In this method a source function /’S (x))t(x)W(x)d*x is 
added to the Hamiltonian and later allowed to vanish. 
The one- and two-particle Green’s functions are then 
compactly described by 


6 | 
G= Cox —~ ad §}— ish | 
5S a 


S=0 


| 1 , (Al) 


| SaeQy 


rs) 5 
=— (isl s}- is - -s) 
al 6S 
and 


6 
Gi2.= Gor'| vpLS ]— is] 
5S 


n 


6 
Gor »——mfS]~iS | ; (A2) 


| S==0 


where the latter equation is appropriately antisym- 
metrized. We use the results 


) 
Go | vpL.S | ane s| 
5S 


an 


S=:0 


6 6 
ay e808 Go9|o( —t— 
6S dR 


—vp_R]— in| 


R=S=0 


(A3) 


18M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957); K. Sawada, Phys. Rev. 106, 372 (1957); E. W. Montroll 
and J. C. Ward, Phys. Fluids 1, 55 (1957). 

19 J. Schwinger, reference 2. 
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and 


6 
Gor| s—— vp S ]— is esone 
6S 


a 


oe 
= e808 Gop o( — —) —vpLS]— is} (A4) 
6S 6bR 


wt 


where R is an independent source function. If we neglect 
the dependence of the density function p on S and also 
neglect (6?/4S?)G-! we may obtain the result 


6 
Gy2= ease G op oy —— pry LS 
5S 


6 
Gor" or —— pri (AS) 


R=S=(0 


Expansion of the exponential leads to the linear inter- 
action approximation : 


1 n n 
Gu=>. —(i)"—GLS }oie"—GLR ] ’ (A6) 
5S” 5R” 


! | 
| Re See) 


nn. 


where 
(8/8S (xn))G(y; 2)=G(y; xn)G(xn; 2), 
since 
(5/55 (%n))G (yz) = — 64(xn— y)5*(an—2). 
A diagramatic representation of Eq. (A6) yields the 
generalized ladder illustrated in Figs. 3 and 4. 


APPENDIX B 


In this Appendix we record the solution of the 
reaction matrix equation if a separable potential is 
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used. This approximation is intended only to give some 
idea of the structure of the solution. We begin by re- 
placing the potential vimkomp=o(k—ko) by Urto 
=)y0_ veo! — ov, vko®, where we intend to let A, 
approach infinity. The reaction matrix has the equation 


Kkko = Uieko+>_ Ue Ski Kiki ko. (B1) 


ki 


In this equation we ignore the dependence of the 
propagator on K and we also ignore the dependence of 
® on the total momentum, which enters only through 
the definiiion of the propagator. The solution of this 
equation is given in terms of the quantities Rj;, A, 


R= — De MeO Sure, A= (RuR2—RivR2x1)/Ru. (B2) 


The quantity A is positive by Schwartz’s inequality, 
the R’s are positive since S is negative. Allowing \, to 
approach its limit, the solution may be written 


V_ YK sA2Roe— 1 
Kkko= —— ( ) Aine na 
Ry 1—)AA 


Rye (oe v9 — vy 09 J 


2 (B3) 
Ri 1—)2A 

This solution shows the possibility of a phase transition 

characteristic of attractive potentials. The total energy 

is given by the formula 


E= 3Npr’+ SoN[ Kepkp— Kkickz |, (B4) 
where kp is some average momentum of the system for 
direct scattering and kg an average momentum for 
exchange scattering with kp<k,g. The final term of 
(B3) does not contribute to this expression. 
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The existence of the heavy neutral vector meson recently suggested by Nambu is studied as a possible 
explanation of two phenomena: (1) the small charge root-mean-square radius of the neutron, and (2) the 
nucleon anomalous magnetic moments. The types and strengths of its interactions required to account for 
these phenomena are then used to predict the modes and rates of its decay as a function of its mass. The 
possibility of its detection by observation of these decay products is briefly discussed. Results are 


inconclusive. 


I. INTRODUCTION 


AMBU! has recently hypothesized the existence 
of a heavy neutral vector meson, the p’, in order 
to explain the proton and neutron charge distributions 
observed by Hofstadter and others? in electron scat- 
tering experiments. He also suggested that the p® tends 
to bring about better agreement between theory and 
experiment regarding the anomalous magnetic moments 
of the nucleons. We here study the possibility of 
matching the experimental values of the charge root- 
mean-square radii and the magnetic moments of the 
nucleons by adjusting the types and strengths of the 
interactions of this meson. We also discuss the possi- 
bility of observing the p® by means of its decay products. 
The p’ is coupled to nucleons by a vector coupling as 
with photons, with a coupling constant (4)!f. A pos- 
sible direct coupling to electrons, assumed in Sec. IV, is 
also taken as a vector coupling, with coupling constant 
(4) 4h. We use the symbols y, 9, 90 for the squares of the 
ratios of the muon, pion, and p* masses to the nucleon 
mass M, a= 1/137, and use units where h=c=1. Three 
values of the p® mass will be considered, namely, one, 
two, and three times the pion mass. Quantities referring 
to these three values will be given in the form C= (0.695 ; 
0.512; 0.410) for mo= (1; 4; 9)n. The usual Kemmer 
charge-independent pseudoscalar interaction of pseudo- 
scalar pions and nucleons with coupling constant (4m)!g 
is used. All quantities are computed only to lowest order 
in the weak-coupling approximation. 


II. NUCLEON MAGNETIC MOMENTS 


The nucleon anomalous magnetic moments are calcu- 
lated as 


w= g’A ter g’B(3— 70)/4+- fC (1+ 70)/2, 
m=[(A—$B)ge+Cf? IL (1+70)/2] 
—((A+B)g*[(1—70)/2], 


where 7o is the s component of isotopic spin of the 


* National Science Foundation Predoctoral Fellow. 

1Y, Nambu, Phys. Rev. 106, 1366 (1957). 

2R. Hofstadter, Revs. Modern Phys. 28, 214 (1956); E. E. 
Chambers and R. Hofstadter, Phys. Rev. 103, 1454 (1956); J. A. 
McIntyre, Phys. Rev. 103, 1464 (1956); Yennie, Lévy, and 
Ravenhall, Revs. Modern Phys. 29, 144 (1957). 


nucleon, and 


1 1 
A=—}1—2n+n(2—7) In- 
2a n 


n j 
— (2—4n+n’) (—) cos!(}n') ; 


1 me i 
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n ; 
- (3-an(- ~) cos-*(Sn)|, 
1—in 


1 1 
C=— | 1—2no+n0(2—10) In— 
2r "0 


1 
B=— 


T 


6 no : 
— (2—4not+n0*) cos~!(}0?) . 
1—4n 


The A, B, and C terms are contributed by the processes 
of Figs. 1(a), (b), and (c), respectively. Using the values 
n'=0.15 and no/n= (1; 4; 9) gives 


A=0.1106, B=0.1507, C= (0.1106; 0.0815; 0.0652). 


Fitting the experimental values 1.793 and — 1.913 for 
the proton and neutron anomalous moments gives 


g=7.32, f*= (14.0; 19.0; 23.7). 


This is an unhappy situation for two reasons. First, the 
f® values are too large to create any confidence in a 
perturbation treatment at all, especially for a vector 
coupling constant. Second, the f? values are larger by at 
least an order of magnitude than the values obtained by 





Fic. 1, Diagrams contributing to the anomalous magnetic 
moments of the nucleons. 
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Fic. 2. Diagrams contributing to the rms charge radii 
of the nucleons. 


fitting the experimental charge radii in Sec. III. There- 
fore let us refer to the experimental situation where the 
nucleon core contribution is rather small ; and accept the 
fact that by some mechanism, the contributions 1(b) 
and 1(c), the higher order contributions to 1(b) and 
1(c), and the strange-particle effects nearly cancel. The 
entire anomalous moment contribution then comes from 
1(a), which may be used to determine a value g*= 16.7 
by fitting the isotopic vector part of the moments 
+1.853. This is also closer to the value g*= 14, corre- 
sponding to a squared pseudovector coupling constant 
of 0.08, as determined by pion-nucleon scattering 
experiments. 

This same procedure may be used to calculate the 
anomalous moment rms radii, which are 0.55 fermi 
(1 fermi=10-" cm) for both nucleons with the value 
g’= 16.7. This is about three-fourths of the experimental 
value, but perhaps close enough that higher order and 
other effects could bring about agreement with ex- 
periment. 


Ill. NUCLEON CHARGE RADII 


The radius is found by equating the S matrices from 
two approaches to electron scattering by nucleons. In 
the first approach, the nucleons, mesons, photons, and 
electrons are taken as point particles, and the S matrix 
is expanded as a power series in k*, the square of the 
momentum transfer to the electron. In the second ap- 
proach, the scattering of point electrons, via point 
photons, by nucleons with an extended charge and 
Dirac magnetic moment is considered. The momentum 
and coordinate form factors are related by 


1 
F(#)= f re F(e2)=1— Ue nk + kt 


Thus the coefficient of &? in the S matrix in the first 


approach can be associated with an equivalent mean 
square radius in the second approach. 

Using this treatment to determine the mean square 
radii of the nucleons gives 
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The A’, B’, C’, and D’ terms are contributed by the 
processes of Figs. 2(a), (b), (c), and (d), respectively. 
The evaluation of Jauch and Rohrlich’ for the integral 
over the internal momentum of the nucleon loop, which 
is formally similar to the photon self-energy integral, 
has been used to evaluate D’ (see Appendix). D’ is a 
divergent quantity, but may be evaluated by imposing a 
sharp momentum cutoff Q [and energy cutoff (M?+(*)*]. 
D'no then has values 0.53, 0.68, and 1.07 for Q=0, M, 
and 2M, respectively. The value D’no=0.68 is used in 
this discussion. Again, using the values n!=0.15 and 
no/n= (1; 4; 9), 1/M=0.210 fermi, gives 


A’=0.344, C’= (1.13; 0.74; 0.55), 
B’=0.223, D’= (30.2; 7.56; 3.36). 
Fitting this to the proton value R= (0.77+0.10) 
fermi measured by Hofstadter,? and the neutron value 
8 J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 


(Addison-Wesley Publishing Company, Inc., Cambridge, 1955), 
pp. 188-196. 
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(r*) = 0+0.006 fermi? derived from experimental data 
by Yennie, Lévy, and Ravenhall,? gives 


g=23, f= (0.12; 0.46; 1.03). 


However, in accord with the reasoning of Sec. II, and 
because the nucleon core effects are relatively smaller 
here than for the moments anyway, the core contribu- 
tions 2(b) and 2(c) will again be neglected. By con- 
sidering only the meson cloud contributions 2(a) and 
2(d), and using g*= 16.7, the zero neutron radius can be 
fitted with 
f?= (0.19; 0.76; 1.72). 


This then gives a proton radius R= 0.68 fermi, which is 
within the experimental error. 

In the remainder of this paper, we shall use the values 
obtained by neglecting core contributions, and con- 
sidering only meson cloud effects. 


IV. DIRECT o’-ELECTRON INTERACTION 


The divergent quantity occurring in the contribution 
2(d) is not removable by renormalization with the 
interactions hypothesized so far in the discussion. To 
alleviate this difficulty, we might assume a direct p°- 
electron vector coupling, with coupling constant (47) *h, 
and calculate the contribution to the charge radii by the 
process in Fig. 2(e). The entire 2(d) contribution is then 
found to be absorbed in the 2(e) contribution by 
renormalization (see Appendix), and the D’ term in 
(r*) is replaced by the term — fhE’/M? where E’=6/ano 
= (1620; 405; 180). 

A fit to the zero neutron radius now gives the same 
proton radius, 0.68 fermi, as before, and requires 


hf= — (0.35; 1.41; 3.18) 10~. 


The constants # and f are not determined separately, 
but only their product. In order to have a value for h to 
use where it is needed in the following discussions, we 
shall assume that /? lies within the range 0.1 to 1.0. 
Then #? lies within the range (1; 20; 100)10-* to 
(1; 20; 100) 10-*. 

Radiative corrections as a result of this direct p’- 
electron interaction contribute to the Lamb shift. The 
approximate shift is a fraction /*/a of the ordinary 
Lamb shift, with a probable further reduction because 
of the large p® mass. Since this ratio is at most 10~, the 
additional shift is not larger than 0.1 Mc/sec. This is 
about equal to the present experimental error, and 
nearly an order of magnitude smaller than the present 
discrepancy. Thus the direct p°-electron interaction is at 
least not ruled out on this ground. 

Because of the similarity of electron scattering and 
the binding of electrons in an atom, all interactions 
which can be replaced by an equivalent nucleon form 
factor for electron scattering can be replaced by this 
same form factor for Lamb shift calculations. Treating 
the extended charge distribution as a perturbation from 


AND 


MAGNETIC MOMENTS 


et e~ Bt po 


(d) 


° \w 
‘ae ' 
\ 
\ \ 
\ 
N N N 
p° 


(g) 


Fic. 3. Diagrams for the various possible decay modes 
of the p® meson. 


a point charge gives a Lamb shift contribution of 
a(r”)/12a°, where a is the Bohr radius, which for 
R= (0.77+0.10) fermi is + (0.12+0.02) Mc/sec. This 
value does not depend upon the existence of the p° 
meson. The magnetic moment distribution will influence 
the hyperfine structure of the two levels involved, but 
will not shift their centers of gravity. 


V. DECAY OF THE o° MESON 


Calculations give the following mean lifetimes and 
branching ratios for the processes of Fig. 3: Branching 
ratios for 3(b)/3(a) and 3(c)/3(a), respectively : 
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TABLE I, Branching ratios and partial mean lives for the various 
possible decay modes of the p® meson. R; and R; are the branching 
ratios for the u++~ and the x*++2~ modes, respectively, relative 
to the e++e~ mode, in the absence of a direct p°-electron coupling. 
T, and Tg are the mean lives for the e++e~ mode without, and 
with, respectively, a direct p°-electron coupling. T,, T,, and 7; 
are the mean lives for the decay modes r°+-y, 27°+-, and x++2~ 
++, respectively. » and are the squares of the pion and p° 
masses. 
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Mean lifetimes for 3(h) and 3(i): 
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These branching ratios and lifetimes are given in Table I 
for f?= (0.19; 0.76; 1.72), g?= 16.7, and h?= (1; 20; 100) 
X 10~ for various values of the p® mass. 

Processes 3(a), 3(b), and 3(c) have divergent inte- 
gals remaining in the expressions for the lifetimes. These 
may be treated by the cutoff method, and in computing 
values in the table a sharp cutoff at nucleon momentum 
Q=M (corresponding to the D’ value used in Sec. IIT) 
has been used. The branching ratios for 3(a), 3(b), and 
3(c) are independent of the cutoff, and essentially de- 
pend only upon the phase space available. Alternatively, 
the divergence in 3(a) may be removed by renormaliza- 
tion with 3(d) (see Appendix). For this calculation, the 
value of hk from Sec. IV has been used. The above 
branching ratios are no longer correct, of course. 
Process 3(e) does not occur at all by Furry’s theorem, 
while 3(f) does not occur in lowest order by charge 
independence. The lifetimes for 3(h) and 3(i) are equal. 
For these processes, because of the complexity of the 
integral over internal momenta, the square of the 
magnitude of the matrix element was expanded in 
powers of the squares of the external momenta, and only 
the lowest two orders retained in the above expression 
and table. This is probably correct at least to an order of 
magnitude, since the retention of the second-order 
terms was found to lower the lifetime by a factor of 
three over retention of the lowest order term only. 

The problem of the observation of these decay 
products is strongly dependent upon the p° mass: 

1. For mo<n, only the decay p*-e++e~ occurs. The 
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electrons have a unique energy in the p° rest system, 
which would help to identify the p® and determine its 
mass. However, we may obtain information on the p’ 
mass by appealing to experiments‘ on the relative num- 
bers of electron pairs and photons associated with 2 
capture by protons. About 1% as many pairs as photons 
are observed, in essential agreement with the pre- 
dicted internal conversion of photons from processes 
(a) e+p—7+n and (b) a+ p—7"+n; x27. If ener- 
getically possible, process (c) -+p— "+n; p’et+e7 
will compete with (a) and (b). A lowest order perturba- 
tion calculation gives the ratio of the rates of (c) to (a) 
as f?/a times the ratio of the phase-space integrals for 
the two processes. If (c) is to be not greater than 1% 
of (a), then an upper limit is determined for the phase- 
space integral for (c). This restricts the p® mass to be no 
more than three electron masses less than the x~ mass. 
A comparison of (c) and (b) according to a perturbation 
treatment would lead to a much less restrictive con- 
clusion on the p® mass, but this comparison is felt to be 
nonvalid because of the large pion-nucleon coupling, and 
because of the different character of the pion and the 
p’ coupling to nucleons. This reasoning is partially sup- 
ported by the fact that the Panofsky ratio is unity, 
while the appropriate ratio of squared coupling con- 
stants and phase-space integrals is 10°. The p® and the 
photon are coupled to nucleons less strongly and in the 
same manner. 

2. For» <o<4n, the decays p—y*+y- and p*>2"+¥ 
begin to compete. Again the products have a unique 
energy in the p® rest system. The p’—7°+7 decay is 
from 10 to 100 times as frequent as the electron and 
muon decays, however, and would serve as a means of 
detecting the p® meson. Because of the short 7° lifetime, 
this decay will be seen as p*-+3y. One photon will have 
a unique energy (no—7)/2no! in the p® rest system, while 
the other two photons will have a continuous energy 
spectrum centered around (no+n)/4mo!. This decay 
might serve to identify the p® and determine its mass if 
it is in this range. 

3. For no>4n, the three decays p°—>a++-a-, prt 
+a-+7, and p’—27°+7 also compete with the others. 
The former is too infrequent to be significant, however, 
so that the last two decays predominate for this mass 
range. 

The photons from p'—>22°+y—5y are about 60 times 
as numerous as those from p’—7"+-. In addition, the 
photons from the former decay have a continuous 
energy spectrum, which could complicate matters if this 
continuous spectrum were to interfere with the detection 
of the unique-energy photon from the latter decay. 
Calculations of the Doppler effect show that the unique 
energy begins to merge with the continuous spectrum 
when the p’ has a lab kinetic energy of 4 to 8 Mev, and 
that the two become indistinguishable at a p® energy of 


‘ spent, Cornelius, Rinehart, Lederman, and Rogers, Phys. 
Rev. 98, 1349 (1955); Lindenfeld, Sachs, and Steinberger, Phys. 
Rev. 89, 531 (1953). 
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10 to 30 Mev. At the threshold for p® production, by 
bombarding nuclei with photons, pions, or nucleons, the 
lab kinetic energy of the p° is low enough for the two 
spectra to be distinguished for all except the very light 
nuclei. Thus, as for 7 <no <4, the unique energy photon 
from p’—2"+-7 could serve as a means of identifying the 
p’ and determining its mass, provided medium or heavy 
nuclei are used, and bombarding particles of con- 
tinuously variable incident energy are available, so that 
the p® can be produced at just above threshold. 


VI. CONCLUSIONS 


Experimentally, the nucleon anomalous magnetic mo- 
ments are nearly equal, but with opposite signs, indi- 
cating that the core contributions are small relative to 
the pion cloud contributions. For the charge mean 
square radii, on the other hand, the core and pion cloud 
contributions nearly cancel for the neutron, and there- 
fore must be of about equal magnitude. The weak- 
coupling approximation to lowest order is somewhat be- 
tween these two extremes for both phenomena. Here the 
core contribution is too small to cancel sufficiently the 
pion cloud contribution to the neutron radius, and yet 
not small enough to give a reasonable ratio of the 
neutron and proton anomalous magnetic moments. 
(This treatment is also in rough agreement with the 
P-wave pion contribution to the Chew-Low static 
model.*) Hence, the core contribution to the magnetic 
moments must be reduced and the core contribution to 
the charge radii enhanced, if we are to have better 
agreement with experiment. 

There are three factors which might improve this 
situation. First are the higher order corrections in the 
weak-coupling treatment. For example, inclusion of the 
next higher order effects® reduces the ratio of the neutron 
to proton anomalous moments from 7 to about 1.2 for 
g’=10. Here the core contribution is not reduced, but 
has opposite sign for the neutron and proton, so that the 
pion cloud contribution is effectively increased in rela- 
tion to the core contribution. Higher-order corrections 
might similarly reduce the predicted neutron radius, 
although they do not seem to have been calculated yet. 
Second are the effects of known particles, the hyperons 
and K mesons, and which also do not seem to have been 
calculated quantitatively yet.’ The third possibility, 


5G. F. Chew, Phys. Rev. 95, 1669 (1954); S. B. Treiman and 
R. G. Sachs, Phys. Rev. 103, 435 (1956); H. Miyazawa, Phys. 
Rev. 101, 1564 (1956). 

*H. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. II, pp. 293-294; 
Nakabayasi, Sato, and Akiba, Progr. Theoret. Phys. (Japan) 12, 
250 (1954). 

7G. Domokos, Nuovo cimento 6, 1513 (1957), states that “a 
rough calculation . . . seems to indicate, that both the magnetic 
moment and neutron-electron interaction can be put in order by 
means of the K-meson contribution.” Note added in proof.—S. N. 
Gupta [Phys. Rev. 111, 1436 (1958)], has recently finished a 
perturbation calculation of the effects of heavy mesons and hy- 
perons on the nucleon anomalous magnetic moments, which tends 
to bring about better agreement with experiment if the K mesons 
are pseudoscalar, and which suggests the existence of an unstable 
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similar to the second, is the one considered in this 
paper—the existence of another particle. The difference 
between this particle and the known hyperons and K 
mesons involves mainly the interactions used. Although 
the existence of the p® may bring about better agreement 
between theory and experiment in these respects, the 
existence of several other possible explanations means 
that no definite conclusions can be reached concerning 
the p® meson. 

There is also no definite experimental evidence for the 
existence.” However, a possible test would be a search 
for the products of the two-particle decays of low-energy 
p’ mesons. These products are easiest to identify because 
of their unique energies in the p° rest system, and fairly 
narrow energy spectra in the lab system for the decay 
of low-energy p’ mesons. The products to observe would 
be electron pairs, or a photon, depending upon the p° 
mass. 

The p’ would be produced in photon-nucleon, pion- 
nucleon, or nucleon-nucleon collisions, or wherever high- 
energy (depending upon the p* mass) photons or pions 
are produced. 
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APPENDIX 


The evaluation of the integral over the internal 
momenta in the nucleon loop affords some difficulty 
whenever Fig. 4(a) occurs as part of a Feynman diagram. 
The integral is quadratically divergent. It is also 
formally the same as the integral occurring in the 
problem of the photon self-energy. Because of this 
similarity, we follow the treatment of Jauch and 
Rohrlich* for the photon self-energy. They determine 
the integral as proportional to 
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Fic, 4. Diagrams which may contribute divergent expressions for 
processes involving the p® meson. 


heavy neutral scalar meson. Angular momentum conservation or 
Furry’s theorem prevents the processes of Figs. 2(d), 3(a), (b), 
(c), (g), 4(a), and (b) from occurring with a scalar p®, so that the 
direct p°-electron interaction of Figs. 2(e), 3(d), and 4(c) would 
then be necessary for the arguments of this paper. Even so, the 
decay p*—x°+-y does not occur for the detection of the p°. 
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where D is an ambiguous quantity, anywhere from zero 
to infinity, but which must be zero to satisfy gauge 
invariance. (Note that we are using the notation goo= 1, 
£11= £22= g33= —1, which is opposite to that of Jauch 
and Rohrlich.) Because of the symmetry of the integral 
with respect to » and’ »y, their gauge-invariance argu- 
ments will be valid whether one or both of the lines con- 
nected to the nucleon loop are photons. Further, they 
argue that the term wit. the factor k,k, will not con- 
tribute to the S-matrix element. This is obvious by the 
subsidiary condition ¢*k,=0, if either the p® or photon 
line refers to a free particle. Also if a line is connected to 
a fermion line or two free fermions as in Fig. 4(b), then 
from the Dirac equations a(p’)(p’— M) =(p— M)u(p)=0, 
we have kyii(p’)y#u(p) =1(p’)ku(p)=a(p')(p’—p)u(p) 
=u(p’)(M—M)u(p)=0. Only these two cases will be 
needed here, but Jauch and Rohrlich give a more 
general argument that the &,k, term never contributes. 
We are now left with an expression proportional to 


ese 


i 
on | (2) 
= 


5M? 


for the integral. This is obviously still divergent. How- 
ever, one alternative is to evaluate the integral by the 
cutoff, where, for a sharp momentum cutoff Q [and 
energy cutoff (0®+ M’)!], we find 


(0?+M)4 
dqo 
— (08+) 


v aera 


with e= +0, the integral (3) then has the values 0, 0.24, 
and 0.84 for cutoffs Q2=0, M, and 2M, respectively. 

If the photon line is an internal line connected to the 
line for another charged particle, expression (2) is 
multiplied by 1/k? for the photon propagator, so that 
the divergent part no longer has a factor k*. If there is 
also a direct interaction with coupling constant (42) #ho 
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between the p® and the same charged particle to which 
the photon line is connected, then there will be an 
additional term from the diagram of Fig. 4(c) in the 
S-matrix element for the same process. This term will 
be proportional to 4o, but independent of k?. This sug- 
gests another alternative for dealing with the divergence 
of expression (2) ; namely, removing it by a renormaliza- 
tion of the coupling constant ho. If the photon line is an 
external line, then expression (2) vanishes since it is 
proportional to k’, and k?=0 for a free photon. Thus we 
need only consider the case where the photon line is 
internal. 

The first two terms in expression (2) are equivalent to 
a correction to ho: 

if i Mg 

5ho= -af_-|— f ——— +t 

3rlir® J (g?— M2 
Thus we may retain only the terms proportional to 
k*Lk®/5M?+---], from the diagram of Fig. 4(b), and 
use the renormalized coupling constant 4= /4o+6ho in the 
S-matrix element for Fig. 4(c). This is consistent to 
lowest order in /, since the question only arises when the 
photon line is internal, and then for each occurrence of 
the diagram of Fig. 4(b), there is one and only one 
occurrence of the diagram of Fig. 4(c). This procedure 
would have to be carried through separately for each 
charged particle, and has not been studied here for other 
than the electron. The branching ratios mentioned in 
Sec. V for the electron, muon, and pion pair decays 
would be correct only if the renormalized constant h 
were identical for all charged particles (similar to a 
common charge e for all charged particles). 

This renormalization has been chosen in such a way 
that only terms from Fig. 4(c) contribute to the nucleon 
charge mean square radii. The remaining terms from 
Fig. 4(b) do not contribute to the radii because they are 
of higher order in &’, and hence contribute only to the 
fourth and higher moments of the radii. These terms 
from Fig. 4(b) do contribute to the p° lifetime, however. 
A different choice for the renormalization would not 
change any physical quantities in the weak-coupling 
approximation to the present order. 


(4) 
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Meson Exchange Effects in Two-Nucleon States 
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It is suggested that the most fruitful study of meson exchange effects requires a unified treatment of all 
processes in which they occur. A new representation of the eigenstates of the two-nucleon system, based on 
the Heitler-London method, is proposed as being particularly useful for this purpose. Heitler-London states 
have the property that they become equal to the exact eigenstates when the two nucleons are far apart. 
Matrix elements between Heitler-London states can be expressed in terms of the properties of isolated 
nucleons, by means of expansions in the number of exchanged mesons. The Heitler-London method affords a 
mathematically precise method of incorporating phenomenological isobar effects into a field-theoretical 
model. Most of the discussion of the details of the formalism is confined to the fixed-source model, but in the 
final part of the paper the application to a more general model is discussed briefly. 


I, INTRODUCTION 


HE problem of obtaining an understanding of 
nuclear interactions, starting from meson theory, 
has considerable general interest and has been the 
subject of intensive study. The particular problem which 
most earlier investigators have attempted to solve is 
that of deriving an equivalent potential, which could be 
used in a Schrédinger equation for calculating the 
binding and scattering of two nucleons. A general survey 
of many of the different methods which have been 
applied to this problem may be found in the review 
paper of Nishijima,' along with a discussion of certain 
limitations of this approach to the problem of nuclear 
forces. The general point is that the two-nucleon system 
can be represented by a two-body Schrédinger equation 
with an energy-independent, Hermitian potential only 
when the configuration of the meson field around the 
two nucleons is ignorable, as in the familiar adiabatic 
approximation. For a more generally valid treatment, it 
is necessary to pay more attention to the state of the 
meson field, and to take account explicitly of the extra 
degrees of freedom which are associated with it. 

When the degrees of freedom of the meson field are 
not eliminated completely from the Schrédinger equa- 
tion for the two-nucleon system, it is natural to think of 
treating simultaneously such problems as nucleon- 
nucleon scattering and the production of mesons. There 
is in fact great practical advantage in studying, in a 
systematic way, all properties of the two-nucleon system 
which involve the exchange of + mesons. Since our 
understanding of the interaction between mesons and 
single nucleons is still somewhat fragmentary, and since 
the interaction between nucleons at very short distances 
will involve in addition phenomena which are as yet 
unknown, any discussion which can be made at the 
present time of the effects which exchanges of mesons 
have in any one problem will necessarily involve con- 
siderable guessing. It is to be expected, however, that 


* Alfred P. Sloan Foundation Research Fellow. 

1K, Nishijima, Suppl. Progr. Theoret. Phys. (Japan) No. 3, 138 
(1956). The reader is referred to this article for references to earlier 
work on the nuclear potential problem. 


in a comparison of several different processes, some of 
the uncertainties may be eliminated, and eventually 
understood. 

A complete discussion of meson exchange effects in 
two-nucleon states must encompass the following prob- 
lems : (1) the long-range part of the nuclear potential! ; 
(2) the static electromagnetic properties of the deu- 
teron®:?; (3) the photodisintegration of the deuteron, 
especially at high energies*“"; (4) the production of 
mesons in nucleon-nucleon collisions”~**; (5) the photo- 
production of mesons from deuterium!*—*; (6) meson- 
deuteron scattering.?°-** While problem (1) is the most 
studied, much work has also been done on problems 
(2)—(6), leading to much valuable information, but since 
a unified method has not been used, it is difficult to 
correlate the studies of the various processes. The 
purpose of this paper is to suggest a method which may 
be used in a comprehensive study of the meson cloud 
around two interacting nucleons. 

A useful method for treating any of the problems 
listed above should satisfy two criteria. The first is that 
it should be well suited for treating a// of the problems, 
and for exhibiting their common features. That is, a 
particular problem, such as the calculation of the nuclear 
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potential, should be considered not as an end in itself 
but as a part of the general problem of understanding 
meson exchange effects. The second criterion is that only 
physical particles should enter directly into the formal- 
ism, so that only the experimental mass, coupling con- 
stant, and other properties of a physical nucleon would 
appear in equations. This would make it possible to 
relate the structure of two-nucleon states to properties 
of single nucleons which had a direct physical signifi- 
cance. 

Most of the previous investigators of the problems set 
forth above have used some type of perturbation method, 
such as the Tamm-Dancoff method. Such methods 
satisfy the first criterion, but only in a clumsy way. It 
is important to keep in mind the distinction between the 
state vector V of the two-nucleon system and the ‘‘wave 
function” (x), which in the Tamm-Dancoff method 
gives merely the probability of finding two bare particles 
at given positions; it is only a very limited class of 
problems, such as the calculation of the scattering phase 
shifts, in which knowledge of ¥(x) alone suffices. In all 
other physical problems, one must first calculate the 
rest of ¥. The renormalization of the mass and coupling 
constant, and the elimination of other “bare” quanti- 
ties, must all be done explicitly, and by perturbation 
methods. The defects of the Tamm-Dancoff method are 
all directly related to the fact that the second criterion 
is not satisfied. 

The question of defining and constructing nuclear 
potentials has also been approached through the use of 
various general properties of that portion of the S 
matrix which describes the elastic scattering of one 
nucleon by another.?~* In these papers, direct use is 
made of the properties of physical particles, and hence 
the second criterion is satisfied completely. However, 
the first criterion is not satisfied; the “nuclear po- 
tentials” and the associated “‘wave functions” y(«) are 
merely mathematical artifices, introduced as auxiliary 
quantities to aid in the discussion of the S matrix, and 
have no independent physical meaning. The state vector 
W and this ¥(x) are unrelated except that p(x) gives the 
right phase shifts, and it is improper to use such a p(x) 
to calculate, e.g., the charge distribution of the deuteron. 
A treatment of the two-nucleon problem, in the general 
sense, would require an analysis of the remainder of the 
S matrix, which refers to more than two incident or 
emergent particles. 

One general way of treating the above-mentioned 
problems, in which both criteria would be automatically 
satisfied, would be to construct the actual state vectors 
of the system, in a representation in which the properties 
of physical particles were used explicitly. It would be 
desirable to imitate much of the recent work on the one- 
nucleon system, in which use is made of the one-nucleon 
eigenstates and various identities which these satisfy.*~** 


3 F. Low, Phys. Rev. 97, 1392 (1955). 
* G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
25 G. F. Chew and F. Low, Phys. Rev. 101, 1570, 1579 (1956). 
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In the body of this paper, a method which has these 
features will be described. It is based on a representation 
which is closely related to the method Heitler and 
London used to discuss the hydrogen molecule.*® It is 
remarkable that this famous method has not been used 
hitherto in field-theoretical problems, especially since it 
appears to be even better suited to nuclear than to 
molecular physics. 

Most of this paper will be devoted to a discussion of 
the fixed-source meson theory. The simplicity of this 
model will enable us to present the basic formalism with 
as little obscurity as possible, and its study will acquaint 
us with some of the mathematical features of the real 
two-nucleon problem. One should not expect to obtain 
from the fixed-source model any quantitatively reliable 
information about real two-nucleon states; nevertheless, 
one may expect to be able to obtain interesting quali- 
tative information about nuclear interactions. 


II. HEITLER-LONDON REPRESENTATION 


The usual fixed-source meson theory has two simpli- 
fying features: the nucleons do not move, and the 
mesons do not interact with each other, only with the 
fixed nucleons. Thus the a,* and a,, the creation and 
annihilation operators for bare mesons, also create and 
destroy the physical particles in this theory. For con- 
venience in later calculations, we introduce the notation 
Pr= 4 +0_,*, r= —}i(a,—0_,*). 

Creation and annihilation operators for the bare 
nucleons will be denoted by a,* and az, x being the 
position of the nucleon. The spin and charge indices are 
suppressed from the notation. 

The vacuum state will be denoted by ). Eigenstates 
with one physical nucleon and zero, one, two, etc. 
mesons will be denoted by |x), |x,K), |x,KL), etc. We 
shall not generally specify whether the states have 
ingoing or outgoing scattered waves; it will generally be 
sufficient to assume that all the states are defined in the 
same way. Similarly, we shall denote two-nucleon 
eigenstates by | xy), | xy,K), etc. ; sometimes we shall also 
use the symbols V,, and Vz, x, etc., for the same states. 

The Hamiltonian is 


H=>d pwy(ap*e pti ee *¢,) +H’. (1) 


(Natural units are used here and throughout.) We shall 
assume in the formal development of this section that H’ 
is some arbitrary function of the ¢, (and is bilinear in 
the nucleon operators). It is assumed that appropriate 
counter terms (independent of the ¢, and m,) are in- 
cluded in H’, so that H)=0 and H|x)=0. 

In the development of Wick*‘ and Chew and Low,” 
use is made of an expression for the one-meson scattering 
state which has the form 


|x,K)=ax*|x)+x2x*. (2) 


The first term contains the incident plane wave; the 


26 W. Heitler and F. London, Z. Physik 44, 455 (1927). 
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second, the scattered wave. The second term can also be 
formally expressed in terms of the first, as is shown in 
references 24 and 25. It should be noted that the 
simplicity of Eq. (2) depends on the fact that the meson 
operator ax* creates a physical meson. Thus it would 
not be reasonable for us to imitate Eq. (2) directly, and 
write 

: (2') 
This would treat the two nucleons unsymmetrically, and 
destroy whatever advantages result from including 
directly the meson cloud of the physical nucleon at x. A 
more suitable approach would be to define an operator 
¥,*, which had the property that 


%)TX ay 


XY)HaAy 


§_*)= |x); (3) 
then we could use the state 
®,,=52*5,*), (4) 


as a first approximation to the eigenstate V,,. 

It is obviously possible to find infinitely many opera- 
tors §,* with the property of Eq. (3).27* One way of 
suitably restricting the form of ,*, so that Eq. (3) 
defines a unique operator, is by requiring also that ¥,* 
depend only on some specified combination of the 
operators ¢, and m, (¥,* must also contain as a factor 
the operator a,*, and depend on the spin and isotopic 
spin matrices). That is, if we require that ¥,*=F,*(a,*), 
or ¥.*(¢,), we obtain in either case a unique operator. 
In the first case, the coefficients in a power series ex- 
pansion of ¥,* in the a,* are the same as the amplitudes 
in the Fock-space representation ; in the second case, the 
coefficients in an expansion in the ¢, can also be related 
to the Fock amplitudes, or recursion formulas may be 
derived directly with the aid of the Hamiltonian. There 
appears to be no simple way to decide which of the many 
ways of defining F,* is the best. We shall develop the 
theory using both methods mentioned above. If the 
operators are required to be functions only of the ¢x, 
formulas which are comparatively simple and elegant in 
appearance result, and it is easier to examine certain 
general convergence properties, but it seems easier to 
apply the method to the linear-coupling model when the 
operators are chosen to be functions of the a,*. We shall 
distinguish operators which are functions of the g, by a 
prime: $.’*(¢,), and shall similarily denote the states 
formed by a product of two such operators: ®,,' 
= §,'*F,'*). Operators and states not distinguished by 
a prime may be assumed general in the next few 
paragraphs, but in the latter part of this paper will refer 


270, W. Greenberg and S. S. Schweber (to be published); 
operators with this property, but defined differently than in the 
present paper, are extensively discussed. 

28 Tu. V. Novozhilov, J. Exptl. Theoret. Phys. U.S.S.R. 32, 1262 
(1957) [translation : Soviet Phys. JETP 5, 1030 (1958) ]. Operators 
similar to those constructed in this paper are defined, and used as 
in Eq. (4). The author is grateful to H. Ekstein for calling atten- 
tion to this paper. See also Iu. V. Novozhilov, J. Exptl. Theoret. 
Phys. U.S.S.R. 33, 901 (1957) [translation: Soviet Phys. JETP 
6, 692 (1958)]. 
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to functions of the a,*. There is, of course, no reason 
why the operator $,* should not depend on some 
canonical variables other than those we have chosen; 
we shall limit ourselves to a discussion of these two 
cases for simplicity. 

We define §, to be the Hermitian conjugate of F,*; 
note that (F,F,*)=1. Since F,’* is independent of the 
a,, we find that if x and y are distinct points, F,’* will 
anticommute with both $,’* and §,’, because a,* is 
assumed to anticommute with a,* and a,. In general, 
the operator ¥,* will anticommute with $,*, but not 
with §,. 

It is evident that when the two nucleons are widely 
separated (r=|x—y|—>0) Eq. (4) gives the exact 
ground state of the two-nucleon system (®2,—Wz,). 
This is a general characteristic of the Heitler-London 
method. Some insight into the nature of the approxima- 
tion that is made when the exact state V ,, is replaced by 
®,,=5,*F,*) can be obtained from Appendix A, which 
is devoted to the theory with neutral, scalar mesons. 

In general; it will not be sufficient to consider only the 
state ®,,. In order to define additional Heitler-London 
states, we define additional operators, which also are to 
depend only on the ¢, or a,*, as the case may be. 

F2,x*)= |x,K), (eo 
a Cb ces (9) 
F2,Ki*)=|x,KL), etc. 

We remark that having chosen to define a unique F,* by 
requiring it to be a function of particular variables, it is 
obviously desirable to use those same variables through- 
out. Then we can define as follows another state ®,,, x, 
which we shall interpret as a Heitler-London state in 
which one of the nucleons is in its ground state and the 
other is in an excited state (scattering a meson) : 


~ , ~ 
©.) x’ = 52x *F,/*)+5.'"F,, x'*)— ox*5-'*5,'*), (6) 


or 
—_ ke * eT *e *\ ke *E *)\ 
®.,,.K=52,K Fy +F, Jy,K )—@K 3s Jy). 


The third term is required to make the total amplitude 
of the meson plane wave equal to unity. The states 
defined by Eq. (6) are asymptotically equal to the 
eigenstate V.,,« when r—~ ; ®,,, x gives automatically 
the impulse approximation to the scattering from the 
two nucleons. However, because of the multiple scat- 
tering effect, the difference (V.,,x—®z,,x) is of order 
r—, while (V2y—®z,) is of order exp(—r). 

Before proceeding with the construction of the most 
general Heitler-London state @zy,x;---Kn, it will be use- 
ful to examine more closely the ones we already have. 
It will be observed that there are several differences 
from the usual Heitler-London method. First, we have 
defined the Heitler-London states by multiplying to- 
gether two operators, rather than two wave functions. 
Secondly, the states are not uniquely defined, and re- 
quire an additional assumption (that the operators 
depend only on certain canonical variables) to make 
them so. Thirdly, the definition of the state $.,,x is a 
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little more complicated than one might have anticipated. 
The origin of these differences, which are really super- 
ficial, can be easily understood. 

If we were to use the second-quantized theory to dis- 
cuss the hydrogen molecule, we would also multiply 
together two operators, each of which created an elec- 
tron in a state centered around one of the protons. The 
resulting state would be automatically antisymmetric in 
the two electrons. Thus the representation of Heitler- 
London states by the product of operators is the natural 
concomitant of a field theory, and has the advantage 
that the statistics of the particles need not be considered 
explicitly. 

The uniqueness of the Heitler-London approximation 
to the ground state of the hydrogen molecule is a result 
of the simplicity of that molecule. If it were important 
to a discussion of molecular binding to include the states 
with a positron and an extra electron, the incorporation 
of such states into the Heitler-London approximation 
would also be somewhat arbitrary. That is, in a situation 
in which no single set of Fock states (with a definite 
number of particles) forms the principal part of the 
eigenstates, there is in general no unique way to combine 
two states to form a Heitler-London state. 

The extra complications of the definition (7) of ®.,, x 
(and of the definitions given in Appendix B for the 
remaining states) result from the fact that we consider 
the continuum states associated with each nucleon. The 
incident plane wave necessarily strikes both nucleons, so 
we must use an expression which allows for scattering by 
either of them. In molecular theory it is not usual to 
include the continuum states, so such complications are 
not met. 

It is of course not sufficient to define a representation 

we must also show that it can be used in a convenient 
way. Supposing that we define a complete set of states 
Pzry,Ki---K,n, We can represent the ground state of the 
two-nucleon system by the expansion 


W sy=X@ayt Lx X(K)Oay,x 
+2 Kx X(K,L)®sy, ki+:::. (7) 


An equation for the x’s can then be obtained from the 
variational principle 


5(Wey, [H—Ezy xy) =0, (8) 


by varying the x’s. Evidently we shall need to know the 
matrix elements 


(®,,,H®,,), (®,,,H® zy, xk), etc., 
as well as the matrix elements 
($2,,82,), (Bry ,P ry, K); etc. 


(The @zy,x,---x, will not, in general, be orthonormal 
when r is finite, even though the original states 
|x,K,---K,) are orthonormal.) The necessary matrix 
elements can all be expressed very simply by expansions 
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in the number of mesons exchanged between the two 
nucleons. Of course, if explicit expressions for the $’s 
were known, the matrix elements could also be evaluated 
directly. 

Let us consider first the normalization of the state 
,,'; we define 


(Day Pay’) =(Fy'F2'F 2 *F,'*)=14+A zy’. (9) 


Commuting the ¥’’s, and then using a closure expansion, 
we find 


(5y/Fe'Fe*Fy'*)= (5-5 *Fy/Fy"*) 


~ 1 
= L 752'5.'*a1*---an*) 


n=O) ky---ky n! 


X (ai: --anFy'F,’*). (10) 
Since ¥,’* and §,’ are independent of the r;, we have, 
y Pp ’ 
€.£., 
§.'*a,*= a,*5 ,/*+a_ Pj :*— Fa. ky 


by repeated use of this rather trivial identity, we obtain 


14+4./=> DY (n!)-X x]: 1*---Gn*: |x) 


n=O k1-++kn 

X(y|:gr---gn: |g). (11) 
The colons denote Wick’s normal product.”® Note that 
in the proof of (11) we used only the facts that the ’ 
operators are independent of the canonical variables 7,, 
and that ¥,’*)= |x), and did not require knowledge of 
an explicit expression for ¥,’*; hence we can use the 
same kind of expansion for the other matrix elements. 

The zeroth term of (11) is (x|x)(y|y)=1. The next 
term involves the matrix element (x| ¢,*|x), which can 
be evaluated directly in terms of the renormalized 
coupling constant. Similarly, the second term involves 
the matrix element (x| : ¢.*¢4-*: |x), which can be ex- 
pressed in terms of the S-matrix element for elastic 
scattering of a meson (off the energy shell—see reference 
2), and the higher terms can be related to the matrix 
elements for inelastic meson scattering. Hence, each 
term of (11) can be expressed—at least in principle—in 
terms of the physical properties of an isolated nucleon. 
(See also Appendix A.) 

Before discussing the matrix elements of the Hamil- 
tonian, we first derive some identities. Let F4’* and 
¥p’* be operators that create states with energy Ex 
and Ex. We first note that 


(H,F4'*J=2 pool tLe p*,Fa *]] 

+L» 2 pl p*,F.a’* jr pt (H’,F4'*]. (12) 
Since H’ and $,4'* both depend only on the nucleon 
operators and on the gx, we have [H’,$4’*]Fs'* 


2G. C. Wick, Phys. Rev. 80, 268 (1950). 
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= — F,/*(H’,54'* ]. Hence 
HE 4'*5 g'*)= $F 4'*HS g'*)—Fp/*(H,F4'*)) 
+2 p 2wy[4p*,F.4’* Lm p,Fa'*]) 
= (Ea,t+Ep)54'*Fp'*) 
+> 2w pL p*,F’* | w p,Fn’*]). 
We may also write 
HS 4/*5p'*)= (Egat Ep) 5 4'*F p'*) 
—2 p(2wp)La_p,F4'* ]Lap,F2’* )). 
For our second identity, we let G denote any function of 
the g,. Using the fact that r,)=4i¢,), we obtain 
Hox*G)= ox*(H+wx)G)—2iwx[wx*,G]). (15) 


(13) 


(14) 


Since [@,,54'* ] depends only on the variables ¢;, we 
can again use our previous expansion theorem, Eq. (11), 
to evaluate matrix elements of the Hamiltonian. Thus 
we find for the “potential’’*° 


V cy = (9.,',H®,,'): 


ov = — 2, (2p) y dD (|: ¢1*++- ga": a_p| x) 


n=) kj---ky 


X (n!)-Ky) : gi-- (16) 


“Oni Y). 
The first term of (16) is: 


V 2y/%=—D » Ww, (x| a_y| xy] a5] y). (17) 
It is easy to show that this gives the usual second-order 
potential, with the renormalized coupling constant. 
The two examples above will suffice for an illustration 
of how matrix elements may be expressed in terms of 
mesons exchanged between physical nucleons. However, 
the matrix elements which involve the other states have 
certain complicating features, which we shall now 
describe. Let us first consider A zy'(;K)= (®zy’ Pry, x’) 
Using the same proof as for Eq. (11), we find 


‘(K)= 3 2 (nm!) 


n=) kj-- 

X {(x| : nt ‘on™: |a, Ky: pr + Gn? |y) 
+(x]: gi*- ++ en*: |x)Xy] : pr en: |y,K) 
—(x]: ¢1*+ +n: ox*|xXy| 2 G++ Gut |y)} 


=> 2d sega 


setuitna 
—(x|:91*+--gn*ox*: |x) ] 
Ky]: G1 ++ ent |y)-+(e| 2 g1* 
L(y: | ‘gn: |y,K) 


Miner —(y|:g1-+-gng*: |y)]}. (18) 


* If the interaction Lagrangian depends linearly on the ¢, 
Eq. (16) holds with the destruction operators replaced by the 
positive-frequency part of ¢». 


eo “On*: | x,K) 


++ +@q*: |x) 
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In some of the matrix elements of (18), certain delta- 
function singularities arise; it can be seen from the 
relation”* 


a,|x,K)=6,, x|x)— (H—wx+wrtin)"V,*|2,K), 


that in the matrix element (| : g1- «+ ga: |,K) terms like 
OK AAX| 2 G1- + + Gi-1Pi41° + Gn: |X) (where t=1---m) ap- 
pear, and furthermore, after these singular terms are 
subtracted from the matrix element (x| : ¢1- ++ ¢n:|x,K), 
the remainder is free of terms which contain the delta 
function of two momenta. We shall call the nonsingular 
remainder the irreducible part of the matrix element, 
and denote it by the symbol (x]: ¢1---¢n:|a,K)r. 
Since the difference between (x! ¢)---:¢,/x,K) and 
(x|:¢1-++¢n:|x,K) also lies in terms proportional to 
delta functions like 6«;,-%;, which are contained in the 
first matrix element but not the second, by interpreting 
the expression ‘‘irreducible part” and the subscript J to 
mean the discarding of a// such singular terms, we can 
omit the colons from the notation. Separating the 
matrix elements in (18) into singular and irreducible 
parts, we find that the contribution of the singular parts 
is exactly cancelled by the contribution of the correction 


term — ¢x*F,’*F,’*); hence we obtain 


42,'(K)=E a (n!)~ 


n=0 ky-- 


X {(x| or*- ++ gn*|",K)r{y| gi: en yr 


+(x| gi*- ++ gn* -¢n|y,K)r}. (19) 


The zeroth term of (19) is zero, since (x|x,K)=0. The 
significance of the irreducible matrix elements is that by 
a suitable definition of @,,,x’ the contribution of the 
incident plane wave to the overlap of the two states has 
been made to vanish. 

The matrix element (®2,,x’’,®zy, x’) obviously con- 
tains a term proportional to 6x, x’, and it is clear that the 
coefficient of the delta function can only be 1+-A z,’. Let 
us define the irreducible part of (zy, x’ ,Pzy, x’) to be 
has (EK; E}: 


(Bay, K" Pay, K) =x, K'(A ey +1) 4A ey (K’; K). 


ix) r{y| gr 


(20) 
It is a matter of straightforward algebra to verify the 


form of Eq. (20) and show that 


A zy (K’ => a empael 


n=l ki-- 


¢i** - On| y)r 


-¢n*| x,K) r{y| 
-on*|x)xXy] G1 
-on*|x,K) x{y,K’ | gr: 
‘pn*|%)r 


X(y,K"| gr: 


X {(x,K"| ai*- 
+(x,K'| ai*-- 
+(x| ~i*-- 
+(x] ¢i*-- 


On| y,K)1 
-@nly)r 


“nl y,K)r}. (21) 
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Similar calculations are used for the matrix elements 
of the Hamiltonian. Let V .,/(;K)= (#2,',H® zy, x’); we 
obtain 


V 2y'(;K)=— i a ths p(n!) 


p n=0 ki- 
X {(x| ap*oi*---on*|x,K)7 
X(y|a_p* er: 
+(x|ap*¢i*---¢n 


] 
X(y|a_p*¢r- 


Onl ¥)I 
*lx)7 


-gn|y,K)r}. (22) 
In discussing the matrix element (®2y, x-’,H®zy, x’) we 
proceed as follows. Let 


H@,,, x’ =wKP ry, x’ +X 2y,k’; (23) 


where X z,, x’ is calculated by using Eqs. (14) and (15). 
It is only the contribution of X,,,x’ to the matrix 
element that we can consider as the “potential.” In 
order to make Hermitian the irreducible potentials 
which are defined, we symmetrize explicitly : 


(@.,, x’ ,H® zy, x’) 
= 3 (wx+wr’) (Pry, Kx! Poy, x’) 


+43(X ay x Pay, K )+3(@ay, Kx’, X zy, K)- (24) 


As in Eq. (20), we must separate out the irreducible 
potential : 


4(X ey, K’ Pry, x )+ 3 (Pay, K’,X ay, K’) 
=8x,.K:'V2,/+V2,'(K’; K). (25) 

In Appendix B, the general state @zy,x;---x,’ is 
defined, and the derivation of general expansions similar 
to those given above is sketched. 

When the operators are chosen to be functions of the 
a,*, slight modifications in the previous derivations 
must be made. We use an identity for the anticommu- 
tator of F,(a,) and F,*(a,*), 


eo | 
(FF."}+ 2 — 2 LoL. ‘Lav, 2*]--- J] 


n=1 NIK 
X<(L- , ‘[Fy,an*] ee - ],a:*]=0, (26) 


and then use a closure expansion to prove that 


(®2y,P zy) =14+A sy =(FyF2F 2*F,*) 
*.. *Oy*Ay41° ° -ay |x) 


a|y). (11’) 


The matrix elements of the Hamiltonian involve the 


*Ay1*dy- oe 


X(y|an*:- 
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commutators 


Vie=(A’,a.*), Vij=(ox,H’), (27) 


if the interaction is linear; more generally, the com- 
mutators 


: 1 
) doveg]teveg = —LV te009) 
§ 


L++s@—ly a,* | 


1 
=-[a,, F geccectteeint (27’) 
r 
are also required. An identity analogous to Eq. (14) is 
not hard to prove: 


HS 4*Fp*) 
= (E4+Eg)Fa*Fp*) 


-WV [1-- 


.v¥p*) 


+z a Lal: ‘Law,F4*]]-- 


N=1 ki- 


<<. <. 


N=1 ki---kN 
XLa,[---Low,Fe*]]---]Vi...1 


Using this identity, and proceeding as for Eq. (11’), one 
finds 


vFa*). 


(14’) 


(®2y,H® zy) 
=14+Vey 
1 


-pu (N—vy)!y! 


o M-1 wow WN 
= 2. } a ap 
M=1 yp N=0 v=0 ki---kn PI-- 


X {(x|ai*---a,*Vr.. -an |x) 


X(y|an*-- 


+wlutT++»MOy41° * 


-aya,:- -a1| ¥) 


(16’) 


*, _* * 
“Opp Gr ** Oy Ayyr°* 


+symmetrical term in (x,y)}. 


The general state @zy,x1---K,, and the general expan- 
sions, are also given in Appendix B. 

In previous discussions of the interaction energy, the 
energy has been expanded in powers of the coupling 
constant, or, in the more recent work, in the number of 
mesons which are exchanged between the nucleons 
during an “elementary” interaction.2~* The Heitler- 
London method leads to a completely different ap- 
proach, as two expansions are used. The first is the 
expansion of the state vector of the system in the basic 
states; the second is an expansion of the “overlap 
functions” A ,, and the “potentials” V ,, in terms of the 
number of mesons exchanged between the clouds, or, 
more precisely, in terms of the number of mesons that 
are found in states which are common to the clouds of 
both nucleons. There is, of course, no direct relation 
between the number of exchanged mesons as it is used 
in the present work, and what previous writers have 
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considered to be the number of exchanged mesons when 
looking at the net interaction energy. 

It is generally believed that the conventional ex- 
pansion of the interaction energy in the number of ex- 
changed mesons converges when r is sufficiently large. 
But it is possible that when r<ro, where ro is some 
critical distance, such an expansion does not converge 
there is at present no information about this point. In 
other words, the interaction energy calculated in such a 
way is not known to be reliable, even qualitatively, at 
distances smaller than some unknown distance. The 
double expansion provided by the Heitler-London 
method fortunately allows us to investigate this mathe- 
matical question more fully. As is shown in Appendix B, 
provided the one-nucleon states satisfy certain condi- 
tions, the Heitler-London method is a convergent 
method for calculating the energy of two-nucleon states, 
however close the two nucleons may be. These condi- 
tions are expected to be fulfilled in a large class of simple 
models, including those of greatest physical interest. 
The double expansion of the Heitler-London method 
leads most naturally to nonrational approximations to 
the energy, and is accordingly not equivalent to a simple 
perturbative type of expansion. It is therefore reason- 
able that in many cases in which the usual types of 
expansions diverged, the Heitler-London method would 
still give a variety of convergent sequences of approxi- 
mations to the energy. 

The rate of convergence of the expansion of the state 
vector in Heitler-London states is difficult to assess, and 
is perhaps best studied with reference to particular ex- 
amples; the existence of a simple model (Appendix A) 
in which a single term suffices, suggests that even in 
more complicated models a few terms might give a good 
approximation. It is important to notice, however, that 
for calculating the energy, we may use variational 
methods, and thereby not only increase the accuracy, 
but obtain reliable upper bounds even with crude as- 
sumptions about the state vector. It is essential to the 
estimation of the interaction energy by a variational 
method that the self-energy of the particles automati- 
cally be eliminated exactly, and this is achieved by the 
use of Heitler-London states. 

When we use the method described in the previous 
paragraphs to calculate the properties of a two-nucleon 
system, we achieve both a more direct relation to the 
measured properties of a single nucleon, and a greater 
confidence in the reliability of the results, than is 
possible with any formalism hitherto applied. A further 
advantage of the Heitler-London method is that it 
enables us to discuss the structure of a two-nucleon 
state in a simple, natural, physical way. For instance, 
we wish to understand to what extent, and in what way, 
the structure of a physical nucleon is altered, and its 
properties changed, when it approaches another. The 
meson clouds which make up the outer part of the 
nucleons will certainly be distorted in some way when 
the nucleons come close together. The Heitler-London 
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method allows us to make a convenient and important 
distinction between two kinds of distortion effects, each 
of which has its counterpart in the structure of molecules. 

The first distortion effect is due to the Bose-Einstein 
statistics of the mesons, and is similar to the effect of the 
Pauli exclusion principle on the electronic clouds in 
molecules. This mesonic ‘‘exchange effect” arises from 
the stimulated emission and absorption of mesons by a 
nucleon which is caused by the presence of the meson 
cloud of the other nucleon. The density of mesons is 
therefore generally different from the sum of the 
densities associated with isolated nucleons. Another 
picture of this effect is gotten when we realize that the 
expression ‘“‘meson cloud” gives only a meager descrip- 
tion of the properties of the meson wave field; when 
considering the state of the meson field, we must take 
into account the interference between the meson waves 
that circulate around each of the nucleons. In the 
Heitler-London method, this exchange polarization 
effect is taken into account automatically, even when 
only a single basic state is used. 

The other polarization effect, which is related to the 
dynamical properties of the meson cloud around a 
nucleon, is similar to the polarization of atoms which is 
associated with the Van der Waals interaction between 
them. It arises from the necessity for adding extra 
Heitler-London states to the basic state ®,,, and hence 
depends explicitly on the properties of the excited states 
of nucleons. The incorporation of these excited states 
into the formalism affords a mathematically precise way 
of treating isobar effects, which hitherto have been 
introduced only in..a purely phenomenological man- 
ner.®5.16 When the nucleons are far apart (r21) this 
polarization effect is the least important; in the atomic 
case, the situation is reversed, because there the Van der 
Waals interaction depends on the long-range Coulomb 
force. The separation of dynamical and statistical 
polarization effects is of course not unique; each way of 
defining the Heitler-London representation leads to a 
slightly different separation. 

The distortion of the meson clouds around the nucleons 
makes every property of the two-nucleon system, such 
as the charge density, a nonadditive function of the 
corresponding property of single nucleons. In any 
method which centers around the explicit construction 
of the states, all the properties of the system may be 
obtained directly; in the Heitler-London method all 
expectation values and matrix elements can be ex- 
pressed by expansions similar to those obtained for the 
energy. As an illustration, we shall conclude this section 
by writing down the expansions for the average number 
of mesons and for the charge density, in the state ®,, 
(it must be remembered that this state is normalized to 
1+Az,). The general method of deriving these ex- 
pansions is to commute all the operators of the form a;* 
or a, through the $* or ¥ operators—then the basic 
expression (11’) can be used. 

The number of mesons in the field is N=}>>, ap*ap. 
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The average number in the state @,, is obtained from 
© N 
(P2y,NP2y)= »  & <n 
N=0 »=0 ki---kw v!|(N—vp)! 
X {(x| ai*- - -ay*Nayy1- > ay! x) 
X(y|an*- ; *On41"dy: -+a1/ 9) 
+(x|ai*- --a,*a,41---an|x) 
X(y|an*- + Opp 1 *Ndy: * Gy | y) 
+¥ o[(x|ai*- - -a,*ap*a,41- --ay| x) 
X(y|an*- ‘ “O41 py --a|y) 
+(x| a1*- - -a,*apdy41- - -dn| x) 
X(y|an*-- -Go41*ap*a,- - -ai|y) ]}. (28) 


The charge density at the point z, p(z), consists of 
two parts: p(Z)=pn(Z)+pm(z), where p,(z) is the charge 
density of the bare nucleons. The meson charge density 
is 

Pm(Z)= — €€za8Pa(Z)4p(Z) =) op Pep(Z) Pak p, 


where 
Poa, pp (Z) = — €€sas expliz- (q+ p) wptwa!. 
With this notation, we have 
2 N 1 
(©,y,0(z)®.y) = > > —————— 
N=0 0 y!(N—y)! ki--- ky 
X {(x|ai*- : “dy*p(Z)dr41° --an |X) 
X(y|an*- . *Qy41*d,- -+@y y) 


+symmetrical term in x, y 


+2 Pap(Z)[(x| a1*- + Dy pO y41° + “On |X) 
@.P 


X(y|an*- + -dryi* Ged, + -ai| y) 


+symmetrical term in x, y]}. (29) 


An application of the results of this section to the 
linear-coupling model will be presented in a subsequent 


paper. 
Ill. A GENERALIZED MODEL 


In this section the method introduced above will be 
applied to a more general model, for the purpose of 
describing briefly how various additional effects might 
be treated. 

There is no reason in principle why the Heitler- 
London method (with operators defined as functions of 
interaction representation variables) should not be 
applied directly to the usual covariant theories. How- 
ever, the operators $* would then be functions of 
operators which did not create physical mesons, hence 
the expansions for matrix elements would involve 
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unrenormalized quantities, which, because it would re- 
quire that the meson propagation be treated by pertur- 
bation theory, it would be desirable to avoid. The main 
difficulties lie in the treatment of virtual nucleon pairs; 
it is reasonable to assume that at low energies such 
effects could be treated phenomenologically. This may 
be done by an extension of the method of Sec. II. 

We introduce operators F.*, which have the property 
that F,*)=|,k), where |,k) denotes a state with a 
physical meson of momentum &, which are Hermitian 
(F,.*=F_,), and which satisfy [P,F,.* ]=kF;,*, P being 
the momentum operator. We may use as annihilation 
and creation operators the quantities 6,= (2w,)“(wik’s 
—[H,F;,]), and 6,*. Operators which create the inner 
structure of a nucleon are also considered. We shall not 
discuss how definite operators might be constructed, but 
use the operators in a phenomenological theory. The 
commutators of the 6,* and 6, will, in general, be much 
more complicated than the commutators of the a,* and 
a,, but the vacuum expectations of these commutators 
have the usual forms. When the operators 6,* and 6, are 
used to describe the meson field, the Hamiltonian may 
contaii terms which lead to an interaction between 
mesons, but the self-energy of a meson is automatically 
taken into account. The failure of the 6,* and the }, to 
satisfy the usual commutation rules introduces an addi- 
tional, kinematical, interaction between mesons." 

Meson-nucleon scattering may be discussed in exactly 
the same way as in the static model, by using the 
operators which create physical mesons. We let | ,) 
denote the state with a physical nucleon of momentum p 
and energy E,, and let | p, k+) denote a scattering state. 
Then 


|p, ka) = b,*| p,) — (H—w,.— E,Fie)"V;| p), (30) 


where Vi=(H,b.*]—wid,*. A Low equation for the 
scattering amplitude (p’, k’— | V;.| p,) may be derived in 
the usual way. The meson-meson interaction does not 
appear explicitly in the Low equation for the elastic 
scattering amplitude; it is hidden in the prescription for 
extrapolating matrix elements such as (p’, k’— | Vi! p,) 
off of the energy shell. It should be noted that quantities 
such as (p’, k’—|V,|p,) do not have simple Lorentz 
transformation properties (except on the energy shell), 
because the definition of the 6,* is not covariant; 
information about the transformation of general matrix 
elements may be deduced by considering the Low 
equation in various coordinate systems. 

The Heitler-London method is now formulated as 
before, using the operators 5, and 6,*, and the nucleon 
operators, to construct operators $,* such that ¥,*) 
=|p,), etc., and using these operators to construct the 
states ® pg, Pog, x, etc. As before, it is necessary to specify 
the operators of which the $* are supposed to be 
functions ; now it is also necessary to specify their order. 


Since the 6,* create physical mesons (when acting upon 


8 F, J. Dyson, Phys. Rev. 102, 1217 (1956). 
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the vacuum), the effects of virtual nucleon pairs in the 
outer part of the nucleon will be accounted for in the 
meson-meson interaction ; remaining effects will arise in 
several ways: the nucleon operators may not appear 
linearily in the $* and they might not commute with the 
F,, the closure expansion by which the matrix elements 
are to be evaluated must include states with real nucleon 
pairs, and Heitler-London states which contain nucleon 
pairs must be included in the expansion for the eigen- 
state. These effects are expected to be important only at 
small distances, and might be treated phenomeno- 
logically. 

The expansions previously obtained will be modified 
by the meson-meson interaction: the meson operators 
do not commute, the Hamiltonian contains additional 
interaction terms, and in the closure expansion it is not 
possible to use a product of » “creation” operators 5,* 
to represent an m-meson state. If some assumed meson- 
meson interaction were used, these effects would be 
calculable ; for the present it is simpler to neglect meson- 
meson interactions (since they are not known to be 
important) and use the previous expansions with a; and 
a,* replaced by 5, and b,*. The form of the matrix 
elements is slightly modified, because they now refer to 
nucleons of given momenta; for instance: 


(Py q' Pq) is by pq’a— 5 yp gq’ ptA (p’q ; Pq); (31) 


and 
(® p'q’,H® pq) * 3(Ey+ E,tEy+E£y) (® pq’,P pg) 
+V(p'q'; £9), 


where A and V are antisymmetric in p and g, and in p’ 
and q’. 

The Heitler-London method, being based on a 
Schrédinger representation, is not manifestly covariant, 
but this introduces no insurmountable difficulties. There 
are no renormalization problems, because only re- 
normalized masses and charges, and other physical 
quantities, appear in any equation. While it is not 
possible to use invariance properties directly to simplify 
the dependence on the momenta of such matrix elements 
as (p’| Vx| p), the transformation properties are related 
to those of the Low equation. 

A two-nucleon eigenstate (in the c.m. system) may be 
represented as a sum of the form 


(32) 


Va=L x(p)® », vt 2. x(Pik)P 46, — pth at ++, (33) 
P P, 


and a Schrédinger equation for the amplitudes x ob- 
tained by the variational method. An interesting ques- 
tion is the relation of the static model with an adiabatic 
assumption, that is, with use of the energy E,, as the 
potential energy in a simple Schrédinger equation, to a 
more general model such as discussed here. Velocity- 
dependent and other corrections to the interaction 
energy appear in several ways. The matrix elements 
A(p’; p) and V(p’; p) (q=—p, and the exchange term 


EFFECTS 


IN TWO-NUCLEON STATES 1035 
is omitted) can be approximated by functions of the 
difference p’—p, which could be identified with the 
Fourier transforms of the Az, and V,, of the static 
model; velocity-dependent effects appear as depend- 
ences on the variable p’+ p. Since the velocity-depend- 
ent effects which arise in this way depend on the static 
properties of the meson clouds of the nucleons, they are 
not to be interpreted as nonadiabatic corrections. Much 
more complicated effects are associated with the ampli- 
tudes x(p,k), x(p,kik2), etc., which refer to excited 
configurations of the meson field. Inclusion of the 
amplitudes for these excited configurations in the 
Schrédinger equation makes it possible to describe such 
phenomena as meson production with the same equation 
that describes the deuteron. It is obvious that the 
contribution of such states to the interaction energy E., 
only very imperfectly represents their true role, and 
may be considered as a measure of the inadequacy of 
any method which represents two-nucleon states by a 
single amplitude x (p). 

In the deuteron, when the two nucleons are separated 
by a relatively large distance, the additional amplitudes 
should be small, and we might expect the static matrix 
elements to be adequate; assuming this to be true, and 
treating the nucleons nonrelativistically, we are led to 
the equation 


1 1 
(-—v+ V( *) x(a ——{V’,A (x)}x(x) 
M 2M 


= E[1+A (x) }x(x), (34a) 
which is not of the same form as is given by the adiabatic 
assumption. The relation of the adiabatic equation to an 
equation such as (34) has been the subject of much 
discussion in connection with the Tamm-Dancoff 
method; the proper analysis for that method is appro- 
priate, and more directly applied, here.'**:* The correct 
normalization of the amplitude x (x) is obtained from the 
expansion (33) for Wa; if we define [= (1+A)-}, 
x(x)=I'(x)@(«), then the proper normalization is 
JS ¢*¢dV =1. The normalized amplitude ¢(x) satisfies 
the equation 
Eg= — (1/M)V*6+ Ue, (34b) 

where 
U (2) V (x) 1 7 1 ™ 

2) =———_—_ —_{G,, IG JT} ——_{V,,LT,G; }}, 

( 1FA(@) —, } — [T,G;]} 


(G=VI-"). (35) 
The only true velocity dependence contained in Eq. (34) 
is thus the spin-orbit interaction given by the last term 
of Eq. (35). The first term in U(x) is the adiabatic 
interaction energy; the two corrections do not have 

® K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953). The erroneous numerical estimate arises from neglect of 


the tensor interaction. 
%D. Feldman, Phys. Rev. 98, 1456 (1955). 
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great significance. We see that the static model, with the 
adiabatic assumption, gives very nearly (but not ex- 
actly) the correct potential, when the conditions stated 
in the first part of this paragraph are satisfied. 
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APPENDIX A. NEUTRAL SCALAR MESONS 
The model in which neutral scalar mesons interact 
linearly with fixed sources is well understood; the 
eigenstates can be found exactly by very simple methods. 
This makes it a good example for illustrating some of the 
properties of the Heitler-London method. 
The Hamiltonian is 


H=Hotg> «(2w:) dy -(Qy+a- «*)> -e**® *az,;*az; 


—EY ;az;*az;, (Al) 


where 2, is the source function which is introduced to 
make the theory finite. The nucleon self-energy is 
eliminated by setting 


E= —g° >. + (wi 4 kee 
The following expressions for the eigenstates are well 
known: 

x)=C,' exp{—g >> x vu e'* *(2w)-! ox }a2*) 

=C,exp{—g>_ k vote *®-*(2w)-ha, *}ar,*), 

xy)=C.,' exp{—g > x vuw(e** *+**-) 
X (2w)-t¢x}a.*ay*), 
=C,., exp{—g Dox vu (ee **Y) 


X (2w)4an*}a,*a,*). 


(A2) 
In (A2), C., C.’, Czy, and C,,’ are constants chosen to 
normalize the state vectors. The interaction energy is 
E,=—¢ Dw ve =”, 
We see from (A2) that 

F2'*( gx) =C,' exp{—g > x we***(2w) hy }az*, 
F.*(ay*)=C,exp{—g> x vw *e~ ***(2w) hay *}a.*. (A3) 
In either case $,* is an exponential function of 
the meson variables; hence it is obvious that ®,,’ 
= F,'*(gx)F,'*(¢x)) and &,,=5,*(ax*)F,*(ax*)) are 
both exact eigenstates—both are proportional to | xy). 


We may use our expansion theorem, Eq. (11), to 
calculate the normalization of ®,,’. We first consider 


M p.--q=(x| : (@p*+a_»): - -(@q*+a_,): |). 
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Since V «*={ax,H’ |] commutes with H in this model, we 
have 
ay| x)= — (H+) V5" |x) 

= —we !(2w,)tgv,e~**| x); 


(A4) 


therefore we find that 


2gv pe*?'* 2gve*t'* 
My«=(-==—)...(- — el). (AS) 
Ww p(2wp)! W q(2w 4)! 


Hence with the notation 


A(r)=g Dix we *vi2e*® (F-D), 
we obtain 
(®,,',&,,’) = 1+ A w= erAlr). 


If v,=1, we find A (r) = (g?/4ar)2Ko(r)/z. 

It is not hard to show, for instance by using the 
expansions of Appendix B, that the states ®zy,q.---an’ 
are also eigenstates, and are also normalized to 
exp[_2A (r) ]. The simple form of the -meson eigenstates 
is of course related to the fact that the mesons are not 
actually scattered by the nucleons, in this model. 

The expansion theorem (11’) may be used to calculate 
the norm of ®,,. It is found that (®,,,&,,)=exp[A (r) ]. 
In this example, the terms in the expansions decrease 
more rapidly if one uses functions of the a,* to define 
the representation, rather than functions of the ¢x*. 

We have shown that in this special model, the Heitler- 
London method gives an exact solution to the two- 
nucleon problem. In this example it is natural to speak 
of the two nucleons as preserving their identity and 
remaining unexcited when they approach one another. 
It should be noted, however, that the density of mesons 
at any point is not the sum of the densities associated 
with isolated nucleons, so that the average number of 
mesons in the field increases when the nucleons are 
brought closer together. Thus the Heitler-London states 
describe correctly the stimulated emission and absorp- 
tion of mesons by one nucleon which is caused by the 
presence of the meson cloud surrounding the other. 


(A6) 


APPENDIX B. N-MESON STATES 
We shall first give an inductive construction of the 
state ®zy,¢1---gn’, which has m mesons impinging on two 
nucleons. Let {2} denote the set of » meson variables, 
{n|a} one of the 2” subsets, and {m|a’} the comple- 
mentary subset. Let (a)=(ij---) refer to the subset 
{n|a} obtained by removing q;, gj, --* from {n}. Then 


we define 
Pay,(n}'=L Fa (nial "Fo, { nja’}’*) 
a 


-) Gi*P ay, {nJ ay 
i 


=D: Gi* 95": Bey, (miss) 
i<j 
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It isnot hard to verify that when r> © , ® zy, { n}/—>'V zy, {n}- 
The following lemma is useful for separating the 
matrix elements of the ®,y, |,’ into irreducible parts: 


Ag P ry, (n)’ =>. 4 59'¢P zy, {n\i)' + (nonsingular part). (B2) 


The nonsingular part is free of delta functions of 
the momenta. We obtain for the matrix element 
(ry, tm)’ Pry, {n}’): 
(Bey, {mj ;Pay, (n)) 
=A 2,'({m}; {n}) 
+E; ) v 5¢a’aiA zy ({m|a}; {n|i}) 
+¥ YS [be0'e5os'e;+50n'0:800'0; ] 


i<j a<b 


XA 2y/({m| ab} ; {n|ij})+--- 
where 


A zy'({m} ; {n}) 


=CSErEe x wy 


a pp N= kj---ky 
X(x,{m|B}| gi*- +> ew* 
X(y,{m| 8} gure 


x,{n\a})r 


on|y,{nla’})r. (BA) 
Unless m= n=0, the N=0 term vanishes. 

The potentials are obtained by first using a simple 
extension of Eqs. (14) and (15): 
(B5a) 


H®,,, ta)’ =), w Poy (ni +X ay, {nl 
i 


anja)’ Lr”, Fy, {n a’}'* }}1) 


X ey, (n) =D > 2w p{ La p,F 
Ppa 


, 
X sy, {nl ij} 


—h os*X ev tatd 2: ¢i* Yj 


i<? 
(B5b) 
The irreducible part (denoted by {---}7) of the first 
term of (B5b) means the part left over after discarding 


the terms containing delta functions such as 5pq;. 
As with the zy, ;n)’, we find 


, ’ , ’ 
aX zy, (n} =) 5e’aiX zy, {n| i} 


+ (nonsingular parts). (B6) 


The matrix elements of H are very similar to (B3) and 
(B4). When m>n, we write 


(Pay, (m)/sX ey, (n})= Vay’ ({m} ; {n}) 
+z, Saiaa’V zy’ ({m| a} ; {n|i}) 


+++, (B7) 
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where 


V zy’ ({m} ; {n}) 
=-ZEZEE a ae 


a B N= kj-- 
X(x,{m | B}| gi*--- 
X(y,{m| BY}! gies: 


gn*a_y| x,{n|a})1 


gnay|y,{n!a’})r. (B8) 

When m=n, the above expressions are symmetrized. 
If the representation is defined by functions of the 

creation operators, the m-meson state is defined as 


follows: 
P ey, {n} => F.* nial *F yf nja’)*) 
a 


* 
—> a; P cy nia) 
i 


— Sa,*a;*b 


<7 


zy{ nj 43) 


—a;*---a,*2,. (B1’) 


Equations (B2), (B3), (B5a), (B6), and (B7) apply also 
in this representation. Equation (B4) is replaced by 


A zy({m} ; {n}) 
r) N 1 
+ he OE : 
a,B N=0 0 ki---kv p!(N—y)! 
-ay|x{n\a})r 


a1| y{n|a’})7, (B4’) 


* 
‘ad, Gy41° . 


X (x{m |B} | a1*- - 
X (y{m|B"} |an*+ + -dr41*a,- + 
and Eq. (B8) is replaced by 

V zy({m} ; {n}) 

1 
(V—»)! 


--kN pl---pm yp! 


X {(xfm| 8} | a*---a,*V 7. 


‘ay |x{n|a})r 


++pltT++s M 
XK dei1° ° 


X (y{m |B} lay*- Gy *Or* ++ Oy*Qyyr' 


X ama, + +a;|y{n|a"})r 


+symmetrical term in (x,y)}. (B8’) 

The states ®zy.a1---¢n have the property of being 
asymptotically stationary (in the sense of Van Hove) 
when r—, and are asymptotically orthonormal.** It is 
not necessary, however, to also remove the mesons very 
far from the nucleons in order to achieve this property, 

* L. Van Hove, Physica 21, 901 (1955). The author is grateful to 
B. Zumino for pointing out the relation of this paper to the 
present work. 
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as is the case with the Van Hove states; if r-=, 
Pzy.q1---¢n describes correctly the interaction of the 
incident mesons with one or the other of the nucleons. 
The @zy.¢1---¢n also form an asymptotically complete set 
when r—~ ; we shall in addition assume that they form 
a complete set for all finite separations of the two 
nucleons. In applications, we must of course require 
that a small number of Heitler-London states give a 
good approximation to the exact states. In any case, it 
is always possible to form other states (by multiplying 
together various operators), which are not Heitler- 
London states; they do not approach eigenstates when 
r—o . Such states are inconvenient, and it is to be hoped 
that they are redundant in physically interesting models, 
as well as in the neutral scalar model. 

Provided the Heitler-London states are normable and 
complete, we may form expansions from them which 
will converge (in the mean) to the required eigenstates 
of H. It is obviously necessary to assume that the states 
zy,¢1---gn' are normalizable, and in order to insure the 
convergence of various matrix elements of physical 
interest, we shall further require that 


s 
Tp II gh, (n)” 


i=l 


be normalizable, where S is any integer. (We restrict 
ourselves here to a discussion of states formed by 
operators which are functions of the ¢;; other cases 
seem to be more difficult to analyze.) This condition, 
which is not trivial, may be investigated most easily by 
using the representation in which the ¢; are diagonalized 
(standing waves are also used for this discussion). We 
shall assume that only mesons with a sufficiently low 
momentum interact with nucleons, and that the system 
is enclosed in a box, so there are only a finite number of 
degrees of freedom. Then it is sufficient to assume that 
the functions 


Ss 
Toll oiFz in)’ *( Gn) Fy, imi *(¢x) exp(—F De ox’) 


i=1 


be square integrable functions of the g;. (We shall call 
this condition A.) Condition A will be satisfied if the 
more restrictive condition B, that 


8 
9 


well ¢iFzini’*(¢u) exp(—} Le oe) 


1=1 
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be bounded and square integrable, is satisfied. The 
existence of discrete one-nucleon eigenstates, and the 
requirement that the same operators have finite matrix 
elements between these states, yields only the weaker 
condition that 


tell Fz, (n)'*(¢x) exp(—} Le gn) 
i 


be square integrable. This is equivalent to condition A 
when the two nucleons are very far apart, but not when 
their meson clouds overlap. 

The expansions for the matrix elements were derived 
from a closure expansion, which converges, provided the 
operators involved satisfy certain boundedness condi- 
tions. These conditions are examined in the same way as 
in the preceding paragraph. A sufficient condition that 
expansions such as those in Eqs. (B4) and (B8) converge 
is that 


roll 06F 2,{n) (Gu) Fz, tm) *( Gx) exp( at ar gi’) 
‘ 


be bounded and square integrable, for which condition 
B is sufficient. If the sufficient condition B is not 
satisfied, the matrix element might still exist and be 
equal to the sum of the series, if the sum is evaluated 
appropriately (perhaps by first summing over the 
k,---k, and then over m). If condition B is not satisfied, 
the sum might converge only when the nucleons are far 
enough apart. 

The model with neutral, scalar mesons (Appendix A) 
obviously satisfies the sufficient conditions of this 
section. In general, if the interaction Hamiltonian is 
linear (H’~>> Uxgx), then ,’*(¢x) has the asymptotic 
form 


F.'*(¢i)~C exp(—L we Vig), 


when the argument of the exponential is large. This 
asymptotic form is such that we might expect that 
condition B will be satisfied when the interaction is 
linear. It may be noted that the class of models in which 
condition B is not satisfied includes models in which 
discrete two-nucleon eigenstates do not exist when the 


nucleons are too close to one another.*® 


85 This occurs in the pair-interaction model [G. Wentzel, Helv. 
Phys. Acta 15, 111 (1942)] with a suitable, negative, interaction 
constant. 























